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Abstract

Let P denote the collection of positive sequences defined on N. Fix w € P. Let
s, t, respectively, be the sequences of partial sums of the infinite series )  wy
and ) s, respectively. Given z € P, define the sequences A(z) and G(z) of
weighted arithmetic and geometric means of = by

n
. W \ e/ Sn .
Ay () = Z — g, Gplz) = H (z';"’ . n=12...
k=1 """ k=1

Under the assumption that log ¢ is concave, it is proved that A(G(z)) < G(A(z))
for all x € P, with equality if and only if z is a constant sequence.

2000 Mathematics Subject Classification: Primary 26D15
Key words: Weighted averages, Carleman’s inequality, Convexity, Induction.
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In [13], Kedlaya proved the following theorem.

Theorem 1.1.Letx, s, ..., x,, wy, woe, ..., w, be positive real numbers, and
defines; = wy + wy + -+ - +w;, i = 1,2,...,n. Assume that
(1.1) -
S1 S9 Sn
Then
n g wi/sn
w; w
1.2 ut 0 = |
am T(XN%e) XM
=1 J=1 J=1 i=1
with equality if and only ift; = 29 = - - - = x,,.

Choosingw to be a constant sequence, we recover the inequality

(1.3)

. 1 < n
=1 7j=1

which Kedlaya [ 7] had previously established, thereby confirming a conjecture
of the author §]. The strict inequality prevails inl(3) unlessz; = 2, = - -+ =

x,. Evidently, inequality {.3) is a sharp refinement of Carleman’s well-known
one [, 7]. (Indeed, as a tribute to Carleman, the author was led to formulate
(1.9 in an attempt to design a suitable problem for the IMO when it was held
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in Sweden in 1991. However, unbeknownst to him at the time, two stronger
versions of it had already been stated, without proof, by Nanjundigh) [

In passing, we note thal (3) is also a simple consequence of more general
results found by Bennet?[ 3], and Mond and Raaric [14].

Also in [13], Kedlaya deduced a weighted version of Carleman’s inequality
from Theoreml.1, viz.,

Theorem 1.2.Letwq, wo, ... be a sequence of positive real numbers, and define

S; = wy +we + - +w;, fori =1,2,.... Assume that P —_——
Compositions of Weighted
(1 4) ﬂ > % > ... Arithmetic and Geometric
’ S1 Sy ’ Means
.. . Finbarr Holland
Then, for any sequeneg, a,, . . . of positive real numbers with_, wia;, < oo,
o o0 5
Title Page
Z Wy, aqlul/s’“ e azjk/sk <e Z WA
—1 —1 Contents
44 44

Carleman’s classical inequality is obtained from this by setting- 1, i =
1,2,.... This beautiful result has attracted the attention of many authors, and < >
has been proved in a variety of ways. It has also been extended in different

directions by a host of people. Anyone interested in knowing the history of Go Back
Carleman’s inequality, and such matters, is urged to consiilt\which has an Close
extensive bibliography. In addition, the fascinating monograph by Bentett | Quit
contains some very interesting developments of it, and meniioies,alia, the

significant extensions of it made by Cochran and L'deHeinig [¢] and Love Page 4 of 17

[14, 15]. Readers interested in its continuous analogues should alsolrdad [
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Kedlaya expressed a doubt that the monotonicity conditiof) (vas needed
in Theoreml.2. His suspicions were well-founded, for, already in 1925, Hardy
[6, 7], following a suggestion made to him by Pdlya, proved this statement with-
out any extra hypothesis on the weights. In fact, in the presence of condition
(1.4), a much stronger conclusion can be drawn, as the author has recently dis-
covered [(]. This begs the question: does Theor&rh also hold under less
stringent conditions on the weights than1)? It is trivially true whenn = 1,
and a convexity argument shows it also holds without any restriction on the
weights whem = 2. However, as Kedlaya himself pointed out, the result is An Inequality Between

false in general. As he mentions, a necessary condition for the truth of Theorem  Compositions of Weighted
Arithmetic and Geometric

1.1is that Means
wy, Sn—1 wq w1 Wo w2 Wy Wn—1 Finbarr Holland
-n < [ = = e .
() =) (%) ()
L L Title Page
On the other hand, examples show that the sufficient assumptidnig not
necessary. For instance, with= 3,w; = 2,w; = 1,ws = 3, thenw, /s, < Contents
ws/s3, SO that condition.1) fails, yet <« >
2a+\/3a26+3\/6a2bc3<6 , (2a+0 2a + b+ 3c\* < >
6 =\ 3 6 ’ Go Back
. I . .. . Close
for all a,b,c¢ > 0, with equality if and only ifa = b = ¢. (This is a simple
consequence of the fact that, if Quit
Page 5 of 17

(2+ 2+ 3y/xy)°
(24 23)(2 4 23 + 3y?)%’

F(z,y) =
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then

max max F'(z,y) = max

1 (%( 24z + 3@,)?)1

2>0 y>0 >0 |2 4 a3 2+ 23 4 3y?
(4 + 10z + 2* + 32)?
= max
z>0 (24 23)4
=72,

which can be verified in a routine manner, even by non-calculus arguments.

Alternatively, it can be inferred as a special case of Thedtenwhich follows. A T e

Compositions of Weighted

Moreover, there is equality if and onlyif=y = 1.) Arithmeticar;i rieometric
As an examination of his proof of Theoreinl reveals, Kedlaya actually
proved something stronger thah.Z) under the hypothesislL (1), namely, de- Finbarr Holland
noting byL,,, R, the left-hand and right-hand sides &f%), then
(L5) (&)Slé <2)52§§ (&)*Sn. Title Page
Ry Ry R, Contents

However, this statement is false in general, and, in particular, is not implied
by (1.2). To see this, note that, with= 3, and the same choice of weights =
2,wy = 1,ws = 3 as before, so thatl(2 holds, the claim thatL;/R3)% > < 4
(L2/Ry)* is equivalent to the statement that

4« 44

Go Back
2(2a + b+ 3¢)(2a + Va2b) > (2a + Va2b + 3Va2bc3)?,  Va,b,c > 0. s
However, this is not true generally, as may be seen by takiagl, b = 64, ¢ = Quit
121. So, Kedlaya proved a stronger statement with the hypothesis that the se- Page 6 of 17
age 6 0

quences; /w; is increasing. By adopting a different proof-strategy, we show
here that {.2) holds under a weaker hypothesis than this.
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The purpose of this note is to present the following result which strengthens

Theoreml.L

Theorem 2.1.Letxy, xo, ..., x,, wi, wo, ..., w, be positive real numbers. De-

fines; = wy +wy + - +w;, i =1,2,...,n. Assume that

§2 k-1
(2.1) >N s, k=23 ,n—1
W41 —
7=1
Then
n g wi/sn n i
wj wj wi/s;
(X)) =320
=1 Jj=1 J=1 =1
Equality holdsifand only ity = 29 = - - - = x,,.

Remark 1. In terms of the sequenée= sy + sy +---+s;, i =1,2,...,n,it
is not difficult to see that( 1) is equivalent to the statement
tfztifltidH, i:2,3,...,n—1,

i.e., thatlog t; is concave, wheread (1) is equivalent to the assertion thiag s;
is concave. But we make no use of this alternative descriptioh 9f (

Before turning to the proof of Theoretnl we show thatZ.1) is implied by
(1.2).
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Lemma 2.2. Letw,, w,, ... be a sequence of positive numbers, and define the
sequencey, ss, ... by

si=wrtwy+ - Fw, =1,2,....

Suppose
w w w
> 2>
51 52 Sn
Then
5 k-l An Inequality Between
S — Wi41 E S; > 0, k= 2, 3, e Compositions of Weighted
1 Arithmetic and Geometric
J= Means

Proof. The proof is by induction. To begin with, sineg s, — wss; = wys3 —
wySe > 0, we have that

Finbarr Holland

sg — W3S81 = W18 + WeSy — W3S > W18 > 0. Title Page
So, suppose the claimed result holds for some> 2. Then, noting that, for Contents
1> 2, w;s; — Wit1Si—1 = W;iSit1 — Wi+1S; = 0, we see that 44 [
m m
< >
2 Wm+-2
Sma1 — Wm+2 Z Sj 2 Sm415m — W42 Z S;
j=1 Wmt1 j=1 Go Back
W42 i Close
= Sm+1Sm — Wm+1 Z Sj i
Wm+1 = Quit
m
Winaa [ o Page 8 of 17
= Sy T Wim41Sm — W41 Z S
Wm+1

J=1 J. Ineq. Pure and Appl. Math. 7(5) Art. 159, 2006
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w m—1
m+2 2
= Sy, — Wil g sj | >0,

wm+1 =1

by the induction assumption. The result follows. O

We prove Theoren2.1 by induction, and, to make productive use of the
induction hypothesis, we need the following elementary result.

Lemma 2.3.LetA, B > 0. Letp > 1, = p/(p — 1). Then, for alls > 0,
(A+ Bs)P < (A9 + BYHP7H(1 + sP),
with equality if and only it = (B/A)471.

Proof. The inequality is trivial ifs = 0. Supposes > 0. Exploiting the strict
convexity oft — t¢, it is clear that

A+ Bs\? [A+(Bs'?)s"\’

(1—1—81’) —< 14 sP )
<Aq+(lefp)qu
- 1+ sP
AT+ BY
1+

Y

with equality if and only ifA = Bs'~?. The stated result follows quickly from
this. N
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Corollary 2.4. Letp > 1,q = p/(p — 1). Let A, B,C,D > 0. Then, for all
t>0,

(A + Bt)p 1 —1 —1\p—1
< A1 BICa1\P
Cr D =D +BICT

with equality if and only it = (BC'/AD)7.

We are now ready to deal with the proof of Theor2rh
For convenience, define the sequences of weighted avedagés, of x4, zo,
ooz, by

k
Ak:Z?l’z, Gk:Hx:UZ/sk, k:1,2,,n
i i=1

We are required to prove that

i—1 °n i=1
holds under condition( 1), with equality if and only if

T1 =Ty =+ =Tpn.

Proof. We prove this by induction. The result clearly holds fore= 1. More-

over, as we mentioned in the introduction, a simple convexity argument estab-
lishes that it also holds when= 2. We continue, therefore, with the assump-

tion thatn > 3. Suppose the result holds for some positive integemwith
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1 <m < n —1, so that, with
X =T A",
=1

then

m+1 m w;
Ww; G Sm Zizl j Gz + wm—i—le—i-l
P =

=1 Sm+1 Sm+1

SmX + wm+1Gm+1

Sm+1
=1-a)X+aYay,,,

wherea = wy,+1/Sm+1 and
m

Y — Hx;Ui/Sm+1 _ Gfrybn/Serl _ G71n_a'
=1

In addition,

SmAm + Wim+1Tm+1

Am+1 = s
m+41

We claim now that

(1 — a)X +aY x;anrl < XSm/Sm+lAm+1wm+1/sm+1

= Xl_o‘((l —a)Ay, + axp,)S,

=(1—a)An, + arpy.
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(1 —a)X + aYa:%H)l/a
(1 —a)An, + azpmi

By Corollary2.4, withp = 1/, A= (1 —a)X, B=aY,C = (1 — a)4,,
D = a,q=1/(1 — «), the left-hand side does not exceed

S X(l—a)/a'

<(1 — Q)X V/(-a) 4 qy1/(1-a) Agn/(l—a)>(1a)/a
Am ’ An Inequality Between
Compositions of Weighted
with equality if and only if Arithmetic and Geometric
YA,, 1/(1-a) Finbarr Holland
Tm+1 = (T) .
Title Page
Thus, to finish the proof, we must establish that ?
Contents
(1-— Q)Xl/(l—a) + ayl/(l—a)A%/(l—a) < XA%/O_O‘), % N
i.e., that < >
a/(1-a) 1/(1—a)
Sm (A_> + meT < Sm+1- Go Back
" Close
In other words,
Quit
TIm, Av/s\ e o\ Page 12 of 17
(2.2) Sim, (HA—l) + Wi H <XZ) < Simat, g
m i=1 1
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with the additional assertion that there is equality if and onbyf if= 2, = - - - =

. Thisinequality is of independent interest, and can be considered for its own
sake. To prove it, consider the second term on the left-hand side?f This

is equal to

m i

— Y = +1 | | - )
X " A,
i=1 v

whence, by the convexity of the exponential function, bearing in mindsthat
> i, w;, we see that this does not exceed

m
Wm+1 WXy

Sm Az .

=1

Moreover, there is equality if and only if

L€, 11 = X9 =+ = Typ,.
Now we focus on the first term. To begin with, observe that

X I A
Ay Asm
. Hm 1sz . m— 1( )S'L
V Afﬁn ! 1 z+1

1=

An Inequality Between
Compositions of Weighted
Arithmetic and Geometric

Means

Finbarr Holland

Title Page
Contents
<44 44
| | 2
Go Back
Close
Quit
Page 13 of 17

J. Ineq. Pure and Appl. Math. 7(5) Art. 159, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:f.holland@ucc.ie
http://jipam.vu.edu.au/

Hence, once more by the convexity of the exponential function,

O\ /-9 Mol s Wint1/5%,
Sm(_) = S ICmH( Z)
Am i1 Ai+1
m—1
S Wm+1 e i S
Sm i1 Ai+1
_ Wmta S si1A4i1
= 5 Cm + ; —Ai ,
where ,
s —
Cp = — 52— — s; > 0,
by hypothesis. Equality holds here if and only if
A
1= , 1=1,2,...,m—1,
Aipa
ie.,
i+1 i
siijszsiHijxj, 1=1,2,...,m—1,
j=1 j=1
equivalently, if and only ifr,,, = - -+ = 25 = 1.

An Inequality Between
Compositions of Weighted
Arithmetic and Geometric

Means

Finbarr Holland

Title Page
Contents
<44 4 4
| | 2
Go Back
Close
Quit
Page 14 of 17

J. Ineq. Pure and Appl. Math. 7(5) Art. 159, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:f.holland@ucc.ie
http://jipam.vu.edu.au/

Combining our estimates we see that

¢\ @/1-0)
Sm (A_> + W41

Wm+1

<

Sm

wm+1

Wm+1

Sm

Wm+1

Sm

Wm+1

Sm

= Sm+1-

(

Yl/(l—a)
X

Si— lAz 1 = wW; T4
S Y )

=1

Si—Ai— + w;x;
SRS 1;, )

Cm+w1+zsz z>

1=2

Cm + Wi S; + 3m>
i=1

2
S
m_ Sm)
Wm+1

Thus @.2) holds. Moreover, equality holds ir2 ) if and only if z; = x5 =

- = x,,. Of course, 2.2) implies the inequality in Theore 1, by induction.
It therefore only remains to discuss the case of equality in this. But, i
Ty = =1a,,thend,, = X =z, andY = xim/s’"“, whence equality holds

throughout only if, in additiong,,,

= YV0-o — 4, also. But, clearly, the

equality holds if all ther's are equal. This finishes the proof. O
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