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A selfadjoint involutive matrix/ endowsC™ with an indefinite inner produgt, -]

given by[z,y] := (Jz,y), z,y € C". We present some inequalities of indefinite
type involving theow—power mean and the chaotic order. These results are in the
vein of those obtained by E. Kamd,[7].
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1. Introduction

For a selfadjoint involution matri¥, that is,J = J* and.J? = I, we considerC"

with the indefinite Krein space structure endowed by the indefinite inner product
[z,y] = y*Jx, z,y € C". Let M,, denote the algebra of x n complex matrices.
The J—adjoint matrix A# of A € M,, is defined by

[Az,y] = [z, A*y], z,yeC

or equivalently,A#* = JA*J. A matrix A € M, is said to beJ—selfadjointif
A% = A, thatis, if JA is selfadjoint. For a pair of —selfadjoint matricesi, B, the
J—order relationA >’ B means thafAx, z] > [Bz,z], z € C", where this order
relation means that the selfadjoint matsid — J B is positive semidefinite. I/, B
have positive eigenvaluekpg(A) > Log(B) is called the/—chaotic orderwhere
Log(t) denotes the principal branch of the logarithm function. Thechaotic order
is weaker than the usudt-order relationd > B [11, Corollary 2].

A matrix A € M,, is called aJ—contractionif I >7 A# A. If A is J—selfadjoint
and/ >’ A, then all the eigenvalues dfare real. Furthermore, if is a.J —contraction,
by a theorem of Potapov-Ginzburg, [Chapter 2, Section 4], all the eigenvalues of
the productd# A are nonnegative.

Sano [L1, Corollary 2] obtained the indefinite version of the Lowner-Heinz in-
equality of indefinite type, namely fot, B J—selfadjoint matrices with nonnegative
eigenvalues such that>’ A >’/ B, thenl >7 A~ >7 B* forany0 < o < 1. The
Loéwner-Heinz inequality has a famous extension which is the Furuta inequality. An
indefinite version of this inequality was established by Sadrip Theorem 3.4] and
Bebianoet al. [3, Theorem 2.1] in the following form: Le#l, B be J—selfadjoint
matrices with nonnegative eigenvalues and>’ A >’ B (or A >’/ B >’ 1) for
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somey > 0. For eachr > 0,

(1.1) (A5APA3)0 >7 (A3pPAE)
and
(1.2) (BEAPBE)® >/ (BEBPBS)

hold for allp > 0 andg > 1 with (1 +7)g > p+r.
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2. Inequalities for «—Power Mean

For J—selfadjoint matrices!, B with positive eigenvaluesi >/ B and0 < o < 1,
thea—power mearof A andB is defined by

AfB — A} (A—%BA—%)“ A3

Sincel >’ A~ BA~z (orI <’/ A2 BA~2)theJ—selfadjoint power(A—%BA—%>a
is well defined.

The essential part of the Furuta inequality of indefinite type can be reformulated

in terms ofa—power means as follows. I, B are J—selfadjoint matrices with
nonnegative eigenvalues and >’ A >’ B for somey > 0, then for allp > 1 and
r>0

(2.1) A7 B <’ A
and
(2.2) B 41 AP >7 B,

p+r

The indefinite version of Kamei’s satellite theorem for the Furuta inequd]ty [
was established ird] as follows: If A, B are J—selfadjoint matrices with nonnega-
tive eigenvalues and/ >’ A >’ B for someyu > 0, then

(2.3) A1 B </ B<? A< B 1. AP

ptr T
forall p > 1 andr > 0.
Remarkl. Note that by 2.3) and using the factthat # AX >/ X#BX forall X ¢
M, ifand onlyif A >/ B, we haved!t" >/ (A%BpAg);% and<BgApBg);+T: S

Inequalities for J—contractions
G. Soares

vol. 10, iss. 4, art. 95, 2009

Title Page
Contents
44 44
< 14
Page 5 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:gsoares@utad.pt
http://jipam.vu.edu.au

B, Applying the Léwner-Heinz inequality of indefinite type, with= l—ir we
obtain X )
A>7 (A2BrAz)» and (BzA’B2)"" >’ D
forallp > 1 andr > 0.
In [4], the following extension of Kamei’s satellite theorem of the Furuta inequal-
ity was shown.

Lemma 2.1. Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and
pul >7 A >’ Bforsomeu > 0. Then

A7t B </ B! and A' <) BT A7,

pr

forr > 0and0 <t <p.

Theorem 2.2.Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and
pul >7 A >’ Bforsomeu > 0. Then

1

(24)  ATheB < (A”"jjtﬂpr

p+r

< B A< (B A7) <) B AP

p+r p+r
forr >0andl <t <p.
Proof. Without loss of generality, we may consider= 1, otherwise we can replace
AandB by ;A andiB. Let1 <t < p. Applying the Léwner Heinz inequality of
indefinite type in Lemma&.1with o = % we get
1 1
(A*TﬁMBP)t </ B<) A< (B*’"jijp> "

ptr pEr
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LetA;, = AandB; = (A*WHTTBPY. Note that
-r P _ AT -r P _ AT Rt
(2.5) A1 BP = A" (A o B ) = A7t B

Sincepd >7 A; >7 By, applying Lemma2.1to A, andB;, witht = 1 andp = t,
we obtain )
A"t B <7 By = (A—Tﬁ%Bp)t .
The remaining inequality inZ(4) can be obtained in an analogous way using the
second inequality in Lemma 1, with¢ = 1 andp = ¢. ]

Theorem 2.3.Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and
wul >7 A >’ Bforsomeu > 0. Then

1

(A7t )" <7 (4720 ) " and (B2 A7) 27 (B hge A7)

p+r ptr p+r p+r

forr >0andl <t, <t <p.

Proof. Without loss of generality, we may considger= 1, otherwise we can replace
1

A andB by ;%A andiB. LetA, = AandB; = (A—TijBp) ?. By Lemma2.1

p+r

and the Lowner Heinz inequality of indefinite type with= -, we haveB, <’
B <’ A; <7 1. Applying LemmaZ2.1to A, andB;, with p = t,, we obtain

t1

(2.6) AT B <7 Bl = (A" tue B7) .

p+r

On the other hand,

17tz
27) mwgm:mmﬁﬂm%wmf}:mwmw.

p+r to+r
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By (2.6) and ¢.7),
A0 BP <7 (A"”ﬁtw Bp) £
p+r p+r

Using the Lowner-Heinz inequality of indefinite type with= %, we have

(A‘TjjﬂB”> oY (A""jjﬂBp> e

ptr ptr
The remaining inequality can be obtained analogously. m

Theorem 2.4.Let A, B be J—selfadjoint matrices with nonnegative eigenvalues and
ul >7 A >7 B forsomeu > 0. Then

t t
A*TﬁH_TTBp SJ (Afrﬁl%Bp> SJ Bt SJ At SJ (BlejiJrrAp) SJ Bfrﬂ%Ap
foro<t<1<pandr>0.
Proof. By the indefinite version of Kamei’s satellite theorem for the Furuta inequal-

ity and sinced < t < 1, we can apply the Lowner-Heinz inequality of indefinite
type witha = ¢, to get

(A_"ﬁmBi”y <7 Bt <7 At <7 (B_TﬂH*APY'

p+r ptr

Note that

A7 BP = (AN e [(A—mep)t} % .

p+r 1+r p+r

t
Sincepl >7 At forallt > 0 [10] and A* >/ (A—Tﬁ%BP> , applying the in-
definite version of Kamei’s satellite theorem for the Furuta inequality widnd B
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t
replaced byA' and (A*’"ﬁ %BP> , respectively, and withr replaced by-/¢t andp
replaced byl /¢, we have

t
A"t ee BP <7 <A*’”ﬂ1+JBp> .

p+r p+r

The remaining inequality can be obtained analogously. H
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3. Inequalities Involving the J—Chaotic Order

The following theorem is the indefinite version of t8&aotic Furuta inequalitya

result previously stated in the context of Hilbert spaces by Fujii, Furuta and Kamei

[5].

Theorem 3.1. Let A, B be J—selfadjoint matrices with positive eigenvalues and
ul >7 A, nI >’ B for someu > 0. Then the following statements are mutually
equivalent:

(i) Log(A) =7 Log(B);
(i) (A2BrAs)» <’/ A" forallp > 0andr > 0;
(i) (B5A?BE)7 >/ Br forallp > 0andr > 0.

Under the chaotic ordérog (A) >’ Log (B), we can obtain the satellite theorem
of the Furuta inequality. To prove this result, we need the following lemmas.

Lemma 3.2 ([LQ]). If A, B are J—selfadjoint matrices with positive eigenvalues and
A >’ B,thenB~! >7 AL,

Lemma 3.3 ([LO]). Let A, B be J—selfadjoint matrices with positive eigenvalues
andl >’ A, I >’ B. Then

1 1 1 A—1 1
(ABA)* = AB? (BiA2B§) B:A,  MeR

Theorem 3.4 (Satellite theorem of the chaotic Furuta inequality).Let A, B be
J—selfadjoint matrices with positive eigenvalues and>" A, uI >’ B for some
p > 0. If Log (A) >/ Log (B) then

A1 B </ B and B "f1. AP >7 A

p+r p+r

Inequalities for J—contractions
G. Soares

vol. 10, iss. 4, art. 95, 2009

Title Page
Contents
44 44
< 14
Page 10 of 16
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:gsoares@utad.pt
http://jipam.vu.edu.au

forall p > 1 andr > 0.

Proof. Let Log (A) >7 Log (B). Interchanging the roles efandp in Theorem3.1
from the equivalence between (i) and (iii), we obtain

(3.1) (B%ATB%>m >7 BP,

forall p > 0 andr > 0. From Lemmas.3, we get

p—1

147
r P p

A3 (AEBPAR) P A5 = Bb [(BaA’"Ba)pir] " Bt

SIS

Hence, applying Lemma&.2to (3.1), noting thatd < (p — 1)/p < 1 and using the
Léwner-Heinz inequality of indefinite type, we have

A5 (ABBPAB)P A% < BEBIPBE = B,
The result now follows easily. The remaining inequality can be analogously ob-
tained. u

As a generalization of Theorefh4, we can obtain the next characterization of
the chaotic order.

Theorem 3.5. Let A, B be J—selfadjoint matrices with positive eigenvalues and
ul >7 A, nI >’ B for someu > 0. Then the following statements are equivalent:

(i) Log (A) >/ Log (B);
(i) A*Tﬁ%Bp </ Bt forr >0and0 <t < p;

(i) B™"feer AP >7 At forr > 0and0 <t < p;
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(iv) A‘Tﬁ%Bl’ <7 A=t forr > 0and0 <t <r;
(v) B—’“jj%MAP >J Bt forr > 0and0 < 4§ < r.

Proof. We first prove the equivalence between (i) and (iv). By Thedseiog(A) >/
Log(B) is equivalent t A2 BPAz) 7" <7 A", forall p > 0 andr > 0. Henceforth,

since0 < ¢t < r applying the Léwner-Heinz inequality of indefinite type, we easily

obtain

—t+r

<J A’V’—t

(AFprAs)# = (AsBraz) 7]

Analogously, using the equivalence between (i) and (iii) in Theoteinwe easily
obtain that (i) is equivalent to (v).

(i) < (v) Suppose that (i) holds. By Lemnia3and using the fact that # AX >/
X#BX forall X € M, ifand only if A >’ B, we have

t+

ASB'AR >7 (ASBPAR)T

D
2

—  AiBS (B AB

[NIiS]
N—
S
+
3
s
(NS
s
o3

It easily follows by Lemma3.2, that

—t+p

prt <’ (BgATB§> A

forr > 0 and0 <t < p. Replacing by r, we obtain (v).
In an analogous way, we can prove thatf\)ii). O

Remark2. Consider two/—selfadjoint matrices!, B with positive eigenvalues and
ul >7 A, nl >’ B for somey > 0. Letl < t < p. Applying the Lowner
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Heinz inequality of indefinite type in Theoreib5 (ii) with o = % we obtain that
Log (A) >’ Log (B) if and only if

1

(A*’“ﬂ%Bp)t <’ B.
1

Consider4; = A andB; = <A‘Tjj%Bp)t . Following analogous steps to the

proof of Theoren?.2we have

A1 BP = A1, BL
p+r t+r

SinceB; <’ B <’ ul andA; <’ I, applying Theorens.5(ii) to A, andB;, with
t = 1 andp = t, we obtainLog (A,) >’ Log (B,) if and only if

1
A" BP <7 (A*TﬁMB”)t .
p+r p+T
Note thatLog (A;) > Log (B;) is equivalent tol.og (A) > Log (B), when
r — 0. In this way we can easily obtain Corolla#ys, Corollary3.8and Corollary
3.8from Theorens.5:

Corollary 3.6. Let A, B be J—selfadjoint matrices with positive eigenvalues and
ul >7 A, uI >7 B for someu > 0. ThenLog (A) >’ Log (B) if and only if
1 1
A" B < (A*”ljtin)t <’B and A<’ (Bf’"uﬁApy <7 B s AP,
ptr ptr p+r

p+r

forr > 0andl <t <p.

Corollary 3.7. Let A, B be J—selfadjoint matrices with positive eigenvalues and
wul >7 A, unl >7 B for someu > 0. ThenLog (A) > Log (B) if and only if

1

1 1 1 1
<A7Tﬁﬂ3p> n<d (Airﬂﬂ3p> ?  and (B’Tﬁmflp) > <B*TﬂmAp) 2

p+r p+r p+T p+r
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forr > 0andl <t, <t; <p.

Corollary 3.8. Let A, B be J—selfadjoint matrices with positive eigenvalues and
ul >7 A, ul >7 B for someu > 0. ThenLog (A) >’ Log (B) if and only if

t t
AT B <7 (A—Tﬁlin) </ B' and A'<’ <B_Tjj1%Ap> <T B h e AP,

p+T ptr

forr >0and0 <t <1<p.
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