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1. Introduction and Preliminaries

The Walsh-Kaczmarz system was introduced in 1948 by Snedflad¢ showed that

the behavior of the Dirichlet kernel of the Walsh-Kaczmarz system is worse than of
the kernel of the Walsh-Paley system. Namely, he showef ithét the inequality

lim sup 15221 > € > 0 holds a.e. for the Dirichlet kernel with respect to the Walsh-
Kaczmarz system. This allows us to construct examples of divergent Fourier series
[2].

On the other hand, Schipp][and Wo-Sang Youngl[0] proved that the Walsh-
Kaczmarz system is a convergence system. Skvor8pvdrified the everywhere
and uniform convergence of the Fejér means for continous functions. Gat pdjved [
that the Fejér-Lebesgue theorem holds for the Walsh-Kaczmarz system.

It is easy to show that thé! norm ofsup,, |D,,| with respect to both systems is
infinite. Gat in B] raised the following problem: "What happens if we apply some
weight functiona? That is, on what conditions do we find the inequality

Y a(n)

n

< 00
1

to be valid?" He gave necessary and sufficient conditions for both rearrangements
of the Walsh system. The main aim of this paper to give necessary and sufficient
conditions for the maximal function of Fejér kernels with weight functicior both
rearrangements.

First we give a brief introduction to the theory of dyadic analygjdl].

Denote byZ, the discrete cyclic group of order 2, thatds = {0, 1}, the group
operation is modul@® addition and every subset is open. The normalized Haar
measure 0r¥, is given in the way that the measure of a singleton /i, that is,
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n({0}) = p({1}) = 1/2. Let
G := IEOZQ,

G is called the Walsh group. The elementstotan be represented by a sequence

r = (vo,21,...,Tk,...), Wherez, € {0,1} (k € N) (N := {0,1,...},P :=
NA{0}).

The group operation o' is coordinate-wise addition (denoted by, the mea-

sure (denoted by) and the topology are the product measure and topology. Conse-

quently,GG' is a compact Abelian group. Dyadic intervals are defined by

Iyz) =G, I.,(x)={yeG:y= (20, Tn-1,YnsYnt1---)}

for € G,n € P. They form a base for the neighborhoodsafLet0 = (0 : i €
N) € Gandl, := 1,(0) forn € N.

Furthermore, lef.?(G) denote the usual Lebesgue spacesg-afwith the corre-
sponding normj| - ||). The Rademacher functions are defined as

ri(z) = (=1)" (r € G, keN).

Each natural number can be uniquely expressed as= » ° n;2", n; €
{0,1} (i € N), where only a finite number of;’s are different from zero. Let the
order ofn > 0 be denoted byn| := max{j € N : n; # 0}. Thatis,|n| is the
integer part of the binary logarithm af

Define the Walsh-Paley functions by

00
[n

wa(@) = [[(ru(a))s = (~1)ZkZamers,
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Let the Walsh-Kaczmarz functions be defineddgy= 1 and forn > 1

In|—1

bon(®) = 1y () TT (g1 @)™ = 1y () (— 1) 250 k1o,

k=0

The Walsh-Paley systemis:= (w, : n € N) and the Walsh-Kaczmarz system
iS K := (K, : n € N). Itis well known that

{kp:2F<n< 2"} ={w,: 2" <n < 2"}

forall £ € N andkg = wy.

A relation between Walsh-Kaczmarz functions and Walsh-Paley functions was
given by Skvorcov in the following wayg]. Let the transformation, : G — G be
defined by

TA(Sﬁ) = (ZUAflafo% <3 X1, X0, LA, LA, - )
for A € N. We have that

Fin(2) = T (£)wp g (T (2)) (€ N,z € G).

Define the Dirichlet and Fejér kernels by

n—1 n
DY =Y ¢,  Ki:= lZD,ﬁ’,
k=0 n k=1

wheregp,, = w, Or k, (n € P). DY, K$ =
It is known [7] that

2" x el
D n — Y ny
2 () {0, otherwise(n € N).
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Let o, 3 : [0,00) — [1,00) be monotone increasing functions and define the
weighted maximal function of the Dirichlet kernel3* and of the Fejér kernels
K&

DEDL sy e sup LE5E)

6% (1) 1= sup 1o DL a(log )
D ( ) nell\)l a([log n])’ neN a([log n])

@ (x € G),

where ¢ is either the Walsh-Paley, or the Walsh-Kaczmarz system. For the the
weighted maximal function of the Dirichlet kernels with respect to the Walsh-Paley
systemD<* Gét [3] proved thatD«* € L' if and only if >"7_, ﬁ < 00. More-

over, he proved that

N —

.1 =1
Y = <Dt <2) —.
=4 =4

For the Walsh-Kaczmarz system, he showed that the situation is changed, namely
Dr* e L'ifand only if Y%, ﬁ < oo. Moreover, he proved that there exists a
positive constant’ such that

I A
Difi= =) —— -

A=1

The two conditions are quite different for the two rearrangements of the Walsh sys-
tem.
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2. The Results

For || K¥*||;, we immediately obtain from Gat'’s result the following lemma:

Lemma 2.1. K¥* € L' ifand only if}°7" | —1< < oo. Moreover,

)
1 1 =1
D D) S IRy g
4~ a(A) = a(A)
Proof. The upper estimation follows trivially from

|K;f($)| |Dw( )| 1 . W, * T W, €T
(il Snjz A <02y D) < D),

j:1

that is
K™ (z) < DJ*(x) (v € G).

The lower estimation forh) = w or x comes from the following. On the set
I4\14.1 we have

Koy () = iA ZZ 2A+1
Thus, we have -
LRI 3 INCACTEES o K)o
Ia\Tat1 a0/ Ia\la a(4)
=Z%/f w2 1Y
A—0 AMat A=0
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We will show that we can obtain as good an estimatior| f6f-*||; as for|| K.
This means that the behavior of the Walsh-Kaczmarz-Fejér kernels is better than the
behavior of the Walsh-Kaczmarz-Dirichlet kernels. This is the main reason, why
we have so many convergence theorems for Walsh-Kaczmarz-Fejér nde&is |

Namely,

Theorem 2.2. There is positive absolute constaritsuch that

[e.9]

1 1 =1
- —— < ||KF <0y ——

Corollary 2.3. K%* € L* ifand only if "%, ﬁ < 0o0.

Skvorcov in B] proved that fom € P, x € G

In]—1 In]—1
nKF(z) =1+ Z 2' Dyi (z) + Z 27y () K (15(x))
=0

(n = 2" (Dgjni () + 7o) () K21t (710 (2))).

To prove Theorem2.2, we will use two lemmas by Ga4].

Lemma2.4.LetA,t € N, A > t. Suppose that € I,\I,,;. Then
0 if v —xe & 14,
2t=1if o — 26y € 14.

If v € 14, thenKy, (v) = 2241
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Set
a+b—1

“o= > DY (a,beN),
andn(® := > n;2" (n,s € N). iJ;ing simple calculations, we have
nK; = ZnEnSK:(sH)’QS +Dy  (neP).
s=0
Lemma 2.5. Lets,t,n € N,andx € [[\[;;. If s <t < |n|, thenyK:(Hl),QS (x)] <
25Tt If t < s < |n], then we have

0 if.fE_.Ttth[S,
:(s+1>,gs(x) = )
Wyetn ()25 if o — wpey € I,

Throughout the remainder of the pagéwill denote a positive absolute constant,
though not always the same at different occurences.

Proof of the Theorer.2. We will use Skvorcov’s result and

1

bt D 2Dy(a) + (n—2"") Dy ()

na(|n]) -~ na(ln|) = na(|n|)
[n|—1
< —— 4 = 2'—=——~ DY < —— + CD¥*(2).
=a) n i al) o (@) = Ty O @)
Now, we discuss
In|—1

o) Z 2'ry(2) K5i(7i())-
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LetJ; = {z € G:2,y = =z = 0,2,y = 1}and J} :== {z €
G : x;_y = 1}. For everyl < i € N we can decompos€ as the disjoint union:

By Gat's Lemma2.4, if z € J/, then K (7;(z)) # 0 only in the case when
= 2o = 0, and in this casés, (7;(x)) = 271

xi—t—2 _— ...
/ |7“z 21 TZ ’du / K¢ f Tz d# / K< f 7—z dﬂ ) L NormMo;;rim;;llveighted
2Z 1 Kéaroly Nagy
+ .
= + Z/ K5 (1i(x))dp(x) vol. 9, iss. 1, art. 16, 2008
i—1 .
<14 Z/ 2Ly Title Page
a {z€G:z;—t—1=1,2;=01f j<iandj#i—t—1} SR ETE
1—1 t 1
<1+ Z <o « »»
< >

Thus, we have Page 10 of 17

1 In|—1 ‘ Go Back
2, () K¢ (7,
Sgp na(|n|) ZZ; " (x) 2 (T (x)) Full Screen
B 1
00 1 q—1 Close
< sup 2 () K (13(x)) | dp(
;/qu 21a(q) o Iri@) K (@) ldu() journal of inequalities
. g—1 in pure and applied
1 ; w mathematics
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We have to discuss

n — 2"

p mﬂm(fﬁ)f(ﬁznl(ﬂnl@))‘-

n — 2"

ot (@) K7yt (T ()
SZ%/GSUP - Ky (T (2))] dpa()

1 n—2m
W/ sup KY o T|n| ‘d,u

dp(x)

/sup
G n

hE

=1 I; ‘TL|:Z n
— 1 / n _ ol
+ < sup —— Kw ol Tn dpJ
; OZ(Z) I, |n|=l n —2 | | ’

= St 52

If @ € I}, thent, (z) € Iy and‘K Q‘n‘(ﬂn‘(x))’ < O(n — 2) and

1 - L (”_2|n|)2 "
o0 1 .
< C;W/hmlg(n—? ()
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=1 n — 2l
S? < — K (i ()] dpa(
= Z a(l) £ /Jl sup — sup it (T (2 | p(@

[n|=l|n—2lnl|=¢ T
q<l

o~
—_

- q
sup sup — g N
—0 /L |n\ lln 2Inl|=¢ ™ 5

1
a(l Z/ sup  sup |Dn olnl T|n| ‘d,u

l |n|:l |n—2|"‘| q
q<l

Koo 52 (7 (@) dp()

=1
SZWt

OO

Letz € J'. By Lemma2.5of G&t, if s < ¢, then‘K;;(SH) Zs(w(x))( < 9ot if

q=>s>tthenkK 2S(TW( x)) #0ifandonlyifz, 4y o =--- =2, =0,and
in this cas% (1) 98 (Tn) ( ’ = 251,
0o 1 -1 -1 1
<oy L [ K 2|
DELDIFTTII I BEReD DL SCNEI B
[e'e) 1 -1 t 1 q
<C)y —— / 2" dp(x)
; a(l) t=0 ¢=0 2+ 21 ; Ji
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2s+tdlu(x)

Ji

o) 1 1 q
+ C L / 25+td T
Z Oé(l) Z 2! 4 24 Z {zeliwi__o==x;_=0} IU( )

-1

+
Q
NE
2|
-
%)
+ | =
83
M-
o

2(1 — t)

1
al) = 2

t=0 ¢=0 s=0 =1

The mequallty‘ an‘(nm(x))‘ < n — 2" gives

oo 1 n — n|
ggz%z/sup sup "2 )

=0 JJt Inl=tn—2lnlj=g T
q<

The lower estimation comes from Lemr#al.
This completes the proof of Theoren®. ]

Leta € R, and define theth (C, o) Fejér kernel# and the weighted maximal
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function of the(C, «) Fejér kernelﬁg’“’* by

1 < | K&
K& = — N ATIp? 9% .— sup .
OB R o)

whereg = w or k and A2 := 1= for anypn € N o € R(a # —1,-2,...).
It is known thatA$ ~ ne.
To investigateX;™", we have to use the following lemma of Gat and Goginava

[5]:

Lemma 2.6 (G. Gat, U. Goginava).Leta € (0,1) andn := nt) =n, 24 + ... +
no2°, then

A 1 2P—1
cl . .
K& < T(LQ)E > 22T N KY| 4 20Ky )| + 2Dy
=0 p=1 j=2p—1

Theorem 2.7.Let0 < a < 1, then there are positive absolute constants' (¢, C'
depend only om) such that

=1 =1
ey = <|[Kg*i<C)y ——.
Azzoﬁun oo ;ﬁm)

This means that the behavior of the weighted maximal function of{ hev)
kernels is the same as the behavior of the weighted maximal function o6ftHe
kernels with respect to this issue.

Corollary 2.8. K*" € L'ifand only if -7 m < 0.
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Proof. a = 1 is given by Lemma&. 1.
Let |n| = A. Then by Lemm&.6 of Gat and Goginava we have

’Kﬁva‘ < C Oé zA: Z2p(a 1) 2172:1 |KW|+2’LO{|K |+2zaD
< 5o i1 2i
3A) = 2WG(A) 2
Z 221704 1) 2&:1 |Kw gia ‘K;—ly _|_2ia Dy
S 2Ao< Pt ﬁ ﬁ(z — 1) ﬁ(Z)

< O(a)(K2" + D5™).

This, Lemma2.1and [3] of Gat gives that the upper estimation holdsfég’“’*.

To make the lower estimation we need to investigfafg‘l, where¢ = w or k.
On the seff 4\ 74,1 we have

24
ZAgAl DY (x ZA Li=) AR -
=0

Therefore by an Abel transformation arg ' = A7~ %t < AP~ it follows that

+1
2A 24_2 l 241
DA = (AT =AY @t -+ AT Y (4 -
1=0 1=0 Jj=1 =1
= L2424 — 1)
> AL Z T e
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and

a 1 § a— a— 2A(2A — 1)
KS)A ( ) ocA AZAi]Dj)CC) — Ac AQAil 2
24 4=0 2

Thus,

Teaah Z / K29 (2)dpu(z)
A\ A+1
. K7 (@)

N /IA\1A+1 - B4)

1 2A(2A — 1)
A1 d
ﬁ /A\IA+1 A 2 2 Iu(z)

du(x)

M8?TM

9A
>c Z %
A=0
This completes the proof of Theoreiny.
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