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Abstract: In this paper we shall give another global upper bound for Jensen’s discrete in-
equality which is better than existing ones. For instance, we determine a new
converse for the generalizedA−G inequality.
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1. Introduction

Throughout this paper,̃x = {xi} is a finite sequence of real numbers belonging to
a fixed closed intervalI = [a, b], a < b, andp̃ = {pi},

∑
pi = 1 is a sequence of

positive weights associated with̃x. If f is a convex function onI, then the well-
known Jensen’s inequality [1, 4] asserts that:

(1.1) 0 ≤
∑

pif(xi)− f
(∑

pixi

)
.

One can see that the lower bound zero is of global nature since it does not depend on
p̃ andx̃ but only onf and the intervalI, whereuponf is convex.

An upper global bound (i.e. depending onf andI only) for Jensen’s inequality
is given by Dragomir [3].

Theorem 1.1. If f is a differentiable convex mapping onI, then we have

(1.2)
∑

pif(xi)− f
(∑

pixi

)
≤ 1

4
(b− a)(f ′(b)− f ′(a)) := Df (a, b).

In [5] we obtain an upper global bound without a differentiability restriction on
f . Namely, we proved the following:

Theorem 1.2. If p̃, x̃ are defined as above, we have

(1.3)
∑

pif(xi)− f
(∑

pixi

)
≤ f(a) + f(b)− 2f

(
a + b

2

)
:= Sf (a, b),

for anyf that is convex overI := [a, b].

In many cases the boundSf (a, b) is better thanDf (a, b).
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For instance, forf(x) = −xs, 0 < s < 1; f(x) = xs, s > 1; I ⊂ R+, we have
that

(1.4) Sf (a, b) ≤ Df (a, b),

for eachs ∈ (0, 1)
⋃

(1, 2]
⋃

[3, +∞).
In this article we establish another global boundTf (a, b) for Jensen’s inequality,

which is better than both of the aforementioned boundsDf (a, b) andSf (a, b).
Finally, we determineTf (a, b) in the case of the generalizedA−G inequality.
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2. Results

Our main result is contained in the following

Theorem 2.1.Letf, p̃, x̃ be defined as above andp, q > 0, p + q = 1. Then∑
pif(xi)− f

(∑
pixi

)
≤ max

p
[pf(a) + qf(b)− f(pa + qb)](2.1)

:= Tf (a, b).

Remark1. It is easy to see thatg(p) := pf(a) + (1− p)f(b)− f(pa + (1− p)b) is
concave for0 ≤ p ≤ 1 with g(0) = g(1) = 0. Hence, there exists a unique positive
maxp g(p) = Tf (a, b).

The next theorem demonstrates that the inequality(2.1) is stronger than(1.2) or
(1.3).

Theorem 2.2.Let Ĩ be the domain of a convex functionf andI := [a, b] ⊂ Ĩ. Then

I. Tf (a, b) ≤ Df (a, b);

II. Tf (a, b) ≤ Sf (a, b),

for eachI ⊂ Ĩ.

The following well knownA−G inequality [4] asserts that

(2.2) A(p̃, x̃) ≥ G(p̃, x̃),

where

(2.3) A(p̃, x̃) :=
∑

pixi; G(p̃, x̃) :=
∏

xpi

i ,
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are generalized arithmetic, i.e., geometric means, respectively.
Applying Theorems2.1 (cf [2]) and 2.2 with f(x) = − log x, one obtains the

following converses of theA−G inequality:

(2.4) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ exp

(
(b− a)2

4ab

)
and

(2.5) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ (a + b)2

4ab
.

Since1 + x ≤ ex, x ∈ R, puttingx = (b−a)2

4ab
, one can see that the inequality (2.5) is

stronger than (2.4) for eacha, b ∈ R+.
An even stronger converse of theA − G inequality can be obtained by applying

Theorem2.1.

Theorem 2.3. Let p̃, x̃, A(p̃, x̃), G(p̃, x̃) be defined as above andxi ∈ [a, b], 0 <
a < b.

Denoteu := log(b/a); w := (eu − 1)/u. Then

(2.6) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ w

e
exp

1

w
:= T (w).

Comparing the boundsD, S andT, i.e., (2.4), (2.5) and(2.6) for arbitraryp̃ and
xi ∈ [a, 2a], a > 0, we obtain

(2.7) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ e1/8 ≈ 1.1331,

(2.8) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ 9/8 = 1.125,
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and

(2.9) 1 ≤ A(p̃, x̃)

G(p̃, x̃)
≤ 2(e log 2)−1 ≈ 1.0615

respectively.

Remark2. One can see thatT (w) = S(t), where Specht’s ratioS(t) is defined as

(2.10) S(t) :=
t1/(t−1)

e log t1/(t−1)

with t = b/a.
It is known [6, 7] thatS(t) represents the best possible upper bound for theA−G

inequality with uniform weights, i.e.

(2.11) S(t)(x1x2 · · ·xn)
1
n ≥ x1 + x2 + · · ·+ xn

n

(
≥ (x1x2 · · ·xn)

1
n

)
.

Therefore Theorem2.3 shows that Specht’s ratio is the best upper bound for the
generalizedA−G inequality also.
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3. Proofs

Proof of Theorem2.1. Sincexi ∈ [a, b], there is a sequence{λi}, λi ∈ [0, 1], such
thatxi = λia + (1− λi)b.

Hence∑
pif(xi)− f

(∑
pixi

)
=

∑
pif(λia + (1− λi)b)− f

(∑
pi(λia + (1− λi)b)

)
≤

∑
pi(λif(a) + (1− λi)f(b))− f(a

∑
piλi + b

∑
pi(1− λi)

= f(a)
(∑

piλi

)
+ f(b)

(
1−

∑
piλi

)
− f

[
a

(∑
piλi

)
+ b

(
1−

∑
piλi

)]
.

Denoting
∑

piλi := p; 1−
∑

piλi := q, we have that0 ≤ p, q ≤ 1, p + q = 1.
Consequently,∑

pif(xi)− f
(∑

pixi

)
≤ pf(a) + qf(b)− f(pa + qb)

≤ max
p

[pf(a) + qf(b)− f(pa + qb)]

:= Tf (a, b),

and the proof of Theorem2.1 is complete.

Proof of Theorem2.2.
Part I.

Sincef is convex (and differentiable, in this case), we have

(3.1) ∀x, t ∈ I : f(x) ≥ f(t) + (x− t)f ′(t).
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In particular,

(3.2) f(pa + qb) ≥ f(a) + q(b− a)f ′(a); f(pa + qb) ≥ f(b) + p(a− b)f ′(b).

Therefore

pf(a) + qf(b)− f(pa + qb) = p(f(a)− f(pa + qb)) + q(f(b)− f(pa + qb))

≤ p(q(a− b)f ′(a)) + q(p(b− a)f ′(b))

= pq(b− a)(f ′(b)− f ′(a)).

Hence

Tf (a, b) := max
p

[pf(a) + qf(b)− f(pa + qb)]

≤ max
p

[pq(b− a)(f ′(b)− f ′(a))]

=
1

4
(b− a)(f ′(b)− f ′(a))

:= Df (a, b).

Part II.
We shall prove that, for each0 ≤ p, q, p + q = 1,

(3.3) pf(a) + qf(b)− f(pa + qb) ≤ f(a) + f(b)− 2f

(
a + b

2

)
.

Indeed,

pf(a) + qf(b)− f(pa + qb) = f(a) + f(b)− (qf(a) + pf(b))− f(pa + qb)

≤ f(a) + f(b)− (f(qa + pb) + f(pa + qb))
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≤ f(a) + f(b)− 2f

(
1

2
(qa + pb) +

1

2
(pa + qb)

)
= f(a) + f(b)− 2f

(
a + b

2

)
.

Since the right-hand side of the above inequality does not depend onp, we immedi-
ately get

(3.4) Tf (a, b) ≤ Sf (a, b).

Proof of Theorem2.3. By Theorem2.1, applied withf(x) = − log x, we obtain

0 ≤ log
A(p̃, x̃)

G(p̃, x̃)

≤ T− log x(a, b)

= max
p

[log(pa + qb)− p log a− q log b].

Using standard arguments it is easy to find that the unique maximum is attained at
the pointp:

(3.5) p =
b

b− a
− 1

log b− log a
.

Since0 < a < b, we get0 < p < 1 and after some calculations, it follows that

(3.6) 0 ≤ log
A(p̃, x̃)

G(p̃, x̃)
≤ log

(
b− a

log b− log a

)
+

a log b− b log a

b− a
− 1.

Puttinglog(b/a) := u, (eu − 1)/u := w and taking the exponent, one obtains the
result of Theorem2.3.
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