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In this paper we shall give another global upper bound for Jensen’s discrete in-
equality which is better than existing ones. For instance, we determine a new
converse for the generalizetl— G inequality.
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1. Introduction

Throughout this papef; = {z;} is a finite sequence of real numbers belonging to
a fixed closed interval = [a,b], a < b, andp = {p;}, >_p; = 1 is a sequence of
positive weights associated with If f is a convex function ord, then the well-
known Jensen’s inequalityL [ 4] asserts that:

1.1 0< i xl < ; z) ) On An Upper Bound
( ) Z p Z pit Slavko Simic

One can see that the lower bound zero is of global nature since it does not depend on el 10.iss. 2,art. 60,2009
p andz but only onf and the interval, whereupory is convex.
‘ An upper global _bound (i.e. depending ¢rand ! only) for Jensen’s inequality i e
is given by Dragomir 3].

Contents
Theorem 1.1.1f f is a differentiable convex mapping édnthen we have
<« >
L2 S pif(w) (me) < (b= a)(f'(b) — f'(a)) := Dy(a,b). p R
In [5] we obtain an upper global bound without a differentiability restriction on Page 3 of 11
f. Namely, we proved the following: -
Theorem 1.2.1f p, T are defined as above, we have .
ull Screen
a + b
@3 S opifle) — £ (Do piw) < @)+ 1) = 2f = Sy(a.b), Close
. journal of inequalities
for any f that is convex ovef := [a, b]. in pure and applied
mathematics
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For instance, forf () = —2°,0 < s < 1; f(z) = 2°,s > 1; [ C R, we have
that

(1.4) Sf<a7b) < Df(a’7 b),

for eachs € (0,1) (1, 2] U[3, +0o0).
In this article we establish another global boufda, b) for Jensen’s inequality,
which is better than both of the aforementioned boubgéz, b) and Sy (a, b).
Finally, we determind’;(a, b) in the case of the generalized— G inequality.
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2. Results

Our main result is contained in the following

Theorem 2.1.Let f, p,x be defined as above apdg > 0, p + ¢ = 1. Then

(2.1) > pif(a:) (sz ) < max[pf(a) +¢f(b) — f(pa + qb)]

On An Upper Bound

= Tf(a’ b). Slavko Simic
Remarkl. Itis easy to see that(p) := pf(a) + (1 —p)f(b) — f(pa + (1 — p)b) is vol. 10, ss. 2, . 60, 2009
concave fo) < p < 1 with g(0) = ¢g(1) = 0. Hence, there exists a unique positive
max;, g(p) = Ty(a,b). Title Page
The next theorem demonstrates that the inequaélity) is stronger thari!.2) or

(1 '3) . Contents
Theorem 2.2.Let I be the domain of a convex functigrand I := [a,b] C I. Then 4« >

< >

. Tf(a’ b) < Df(av b)a
Page 5 of 11
Il. T¢(a,b) < S¢(a,b),
R Go Back

for eachl C I.

Full Screen

The following well knownA — G inequality (] asserts that o
ose
(2.2) A(p,x) =2 G(p, T), : : "
journal of inequalities
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are generalized arithmetic, i.e., geometric means, respectively.
Applying Theorem<2.1 (cf [2]) and 2.2 with f(z) = —logx, one obtains the
following converses of thel — G inequality:

A(p, 7) (b —a)?
(2.4) 1< ) < exp< 1ah )
and
A(p,7) _ (a+b)?
(2:5) '=C6.D = dm
(b—a)?

Sincel + z < e*, x € R, puttingx =
stronger than4.4) for eacha, b € R*.

An even stronger converse of the— G inequality can be obtained by applying
Theorem?.1.

Theorem 2.3.Letp, &, A(p, Z), G(p, ) be defined as above and € [a,b], 0 <
a <b.

> One can see that the inequalify) is

Denoteu := log(b/a); w := (e* — 1)/u. Then
A(p, ) _w 1
29 G e T

Comparing the bound®, S andT, i.e., (2.4), (2.5) and(2.6) for arbitraryp and
x; € [a,2al, a > 0, we obtain

A3
2.7 1< 22 < M8 x1.1331,
@7) < Ga) =

A7)
2.8 1< 2~ 9/8 —1.125,
(28) <ee.a =Y
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and
A(
G(

)
)

™
=

(2.9) 1< < 2(elog?2)™' ~ 1.0615

3
=N

Y

respectively.
Remark2. One can see thdt(w) = S(t), where Specht’s rati§(¢) is defined as

$1/(t-1)

with ¢ = b/a.

It is known [6, 7] that S(¢) represents the best possible upper bound forithe>
inequality with uniform weights, i.e.
(2.11) S(t)(w1xg - ap)” > R B <Z (x19 - - xn)%> )

n

S=

Therefore Theorem.3 shows that Specht’s ratio is the best upper bound for the
generalizedd — G inequality also.
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3. Proofs

Proof of Theoren?.1. Sincex;

€ [a,b], there is a sequende\;}, \; € [0,1], such

Hence
Zpl :U’L (Z pl‘rl>
On An Upper Bound
—Zpl f(a+ (1= X)b) — f(sz (hia+ (1 =X )b)) Slavko Simic
vol. 10, iss. 2, art. 60, 2009
<Y opiNaf (@) + (1= X)f() = flad pidi+0Y_ pi(1 = X\)

a) (Z pz’>\i> + f(b) (1 - ZPMi) —f [a <Z pi)\i> +b <1 - Zpi)\iﬂ . Title Page
Denotingd_ p;\i :==p; 1 — > p\i :=q,we havethat <p,¢q <1, p+q=1. Gz
Consequently, <« »

> pif (@) = £ (D) < pf(a) +af ) — flpa+ab) U
< max[pf(a) +qf(b) — f(pa + ¢b)] Page 8 of 11
= Tf(a, b), Go Back
and the proof of Theorem.1is complete. O Full Screen
Proof of Theoren?.2, Close
Part I. , . ”
ournal of inequalities
Sincef is convex (and differentiable, in this case), we have :ntg:re onlg aqpup";'d
(3.1) Vot el: f(z)> f(t)+ (x—t)f(b). s
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In particular,

(3.2) f(pa+qb) > f(a) +q(b—a)f'(a); flpa+qb) > f(b)+ pla—0b)f'(b).

Therefore
pf(a) +qf(b) — f(pa+ gb) = p(f(a) — f(pa + gb)) + q(f(b) — f(pa + qb))
< p(qla —0)f'(a)) + q(p(b — a)f'(b))
= pQ(b —a)(f'(b) — f'(a)).
Hence
Ty(a,b) == mgX[Pf(a) +qf(b) — f(pa + gb)]
< mgX[pq(b —a)(f'(b) = f'(a))]
= 10— a)(70) ~ f(a)
= D¢(a,b).
Part Il.

We shall prove that, for eadch< p,q,p + ¢ =1,

(33)  pf(@) +af®) — flpatqb) < fla) + F(b) —2f (C‘ - b)

Indeed,

pfla) +qf(d) — f(pa+qb) = f(a) + f(b) — (¢f(a) + pf(b)) — f(pa + qb)
< f(a) + f(b) — (f(qa + pb) + f(pa + qb))

J
|l\;|m

*

P A
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< fla)+ 10 = 21 (o + 20+ o+ a0))
~ @+ f0) 21 (257

Since the right-hand side of the above inequality does not depepgvemimmedi-
ately get

(34) Tf(a, b) S Sf(a, b)
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Proof of Theoren?.3. By Theorem?.1, applied withf(z) = — log x, we obtain
~ o~ Title Page
0 < log AP-7)
=108 G(Z;’ j;) Contents
< T iogz(a,b) 4« »
= max|log(pa + ¢b) — ploga — qlog . p R
p

Using standard arguments it is easy to find that the uniqgue maximum is attained at

; Page 10 of 11
the pointp:

b 1 Go Back
(3.5) P= 5 =4 logb—loga’ Full Screen
Sincel < a < b, we getd < p < 1 and after some calculations, it follows that Close
Alp, 7 b—a alogh —bloga
(36) 0<log % < log (1 - ) + gb — 8% _ 1. journal of inequalities
p,r 08 0g @ a in pure and applied
Puttinglog(b/a) := u, (e* — 1)/u := w and taking the exponent, one obtains the mathematics
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