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Abstract

We consider the Hardy-type operator

(Tf) (z) == v(z) / w(t)f(t)dt, x> a,
and establish properties of T' as a map from LP(a,b) into L%(a,b) for 1 < p <
<2,2<p<g<ocandl<p<2<q< oo The main result is that, with
appropriate assumptions on « and v, the approximation numbers a,,(T) of T
satisfy the inequality

b b
c / luv|"dt < liminfna; (T) < limsup na, (T) < ¢ / luv|"dt
Ja e C

n—0o0 Ja

whenl<p<g<2or2<p<g<oo,andinthecasel <p<2<qg<oowe

have d

limsup na; (T') < ('3/ lu(t)u(t)|"dt
Jo

n—oo
and d ,
¢ | [u(t)yu(t)"dt < liminf n/2=YOr+1gr (1),
Jo MO i L)
where r = pﬂ’j’q and constants cy, cs, c3, c4. Upper and lower estimates for the [°

and [** norms of {a,,(T)} are also given.
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The operatofl” : L”(a,b) — L%(a,b) (Where0 < a < b < d < o0) defined by

(L.1) 7f(w) = ola) [ ulo)f ey

was studied in] and [5], in the casd < p < ¢ < oo, for real-valued functions
u € LP(0,¢),v € LP(c,d), for anyc € (0,d) andp’ = p/(p — 1). In the

aformentioned works, the following estimates for the approximation numbers

a,(T') of T' were obtained:

(12) aN(s)JrS S Up€7

(1.3) an(e)-1 = Vg(N(e) — 1)%_%5, forp <g < oo
and

(1.4) an(e)/2-1 = €/2, forp =g,

whereo,, v,, are constants depending grandN (¢) is ane-depending natural
number .

In the cas@ = ¢, these results are sharp and are used]iard [5] to obtain
asymptotic results for the approximation numbers.

Specifically, it was proved in’] that forp = ¢ = 2

n—oo

d
(1.5) lim na,(T) = %/o lu(t)v(t)|dt
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and that forl < p = ¢ < o0,

(t)|dt < liminf na, (T)

(1.6) —ozp/ lu(t)
< lim sup na,(T) < ap/ lu(t)v(t)|dt.
The endpoint cases were studied'ift it was shown there that fgr = ¢ = ~

(and similarly forp = ¢ = 1)

(1.7) /\u vs(t)|dt < liminf na, (T

d
msupna, (7)< [ Ju(ty. o)t

< lim sup na,

where
Us(t) = lim HU X(t—e,t+s)HL°°-
€—>0+

If p < q, the estimatesi(2) and (L.3) are not sharp.
The estimatesl(2) and (L.3) were used in {] to obtain the following asymp-
totic results for the approximation numbers in the chsep < ¢ < oo:

(1.8) limsup na, (T') < cpq/ lu(t)v(t)|"dt
and
(1.9) < dpq/ lu(t)v(t)["dt < liminf n'p p o)t ay (T)
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wherer = pq'/(q + ).

Since the estimates upon which they are based are not sharp, these results
are not sharp either, in contrast tb %), (1.6). Our research is directed toward
finding alternative, refined versions df.p) and (L.3) in the case < ¢, aiming
to get better asymptotic results thang) and (L.9). In this paper, we succeed
in showing that forl < p < ¢ < oo,

(1.10) an@s < 2,
Inequalities Applicable To
andforl <p<¢g<20r2<p<qg<o0 Certain Partial Differential
Equations
(1.11) AN (e)/4—-1 > CE, J. Lang, O. Mendez and
A. Nekvinda
andforl < p<2<g¢g< o0
Title Page
(1.12) aAN(e)/4-1 = CEN(E)%_%: 2
Contents
wherec is a constant independentoand N (¢). And under some condition on «“ b
uwandv we showthatfol <p<¢<20r2<p<g<o0
< 4
b b
cl/ luv|” < liminfna, (T) < liminf na! (T) < 02/ luv]", Go Back
‘ ‘ Close
andforl <p<2<¢g< o .
Quit
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and .
o / lu(t)v(t)["dt < liminf nz~ ¢ 1a’ (T),
0

n
n—oo

wherer = p’,"fq. We also describ& and(™* norms of{a,, }52,.
Under much stronger conditions anandwv in neighborhood of boundary
points of this problem was also studied if][by using different techniques.
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Throughout this paper we will suppose that p < ¢ < 2. In what follows we
shall be concerned with the operafodefined in (.1) as a map fronL.?(0, d)
into L4(0, d) where0 < d < co. The functions., v are subject to the following
restrictions: for all: € (0, d)

(2.1) we LP(0,z),
and
(2.2) ve Lz, d).

It is well-known that these assumptions guarantee That well defined (see
(1.9). Moreover, the norm of this operator is equivalent to:

% d :
J = sup (/ lu(t |pdt) </ |v(t)|th) :
z€(0,d) x
(see [, [8] and [5]). We define the operatdr; by

@3) D) = vl [ uofeu,

wherel = (a,b) C

x>0,
(0, d), and the quantity

g ([ o) ([ i)

It is obvious that/ (/) ~ ||17|/,—,, where the symbok indicates that the quo-
tient of the two sides is bounded above and below by positive constants.

(2.4) J(I) = J(a
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Proposition 2.1. There are two positive constants,, K, such that for any
I = (a,b) C (0,d) the inequality

KyJ(a,b) <||Ty|| < KaJ(a,b)
holds.

We start by proving an important continuity property.of

Lemma 2.2. Suppose that( 1) and @.2) are satisfied. Then the functioii-, )
is continuous and non—increasing ¢ b), for anyb < occ.

Proof. It is easy to verify that/(-, b) is non-increasing o0, b). To prove the
continuity of J, fix x € (0,b) ane > 0. By (2.1) and @.2) there exist® < hy <
min{z, b — x} such that

1
of

T , P
( / Juto) dt) Follaonom) < <.
r—ho

It follows that forh, 0 < h < hy,
J(z,b) < J(z — h,b)

z , p
= s ([ pora)” e
r—h<z<b x—h
2 1
, p
:max{ sup (/ |U(t)|pdt> [Vl g,z.8)
r—h<z<x x—h

1
7

s ([ [Vt ae) ol
r<z<b z—h x
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(2.5) <max{e,e+ J(z,d)} = ¢+ J(x,d),

which yields0 < J(x —h,b) — J(z,b) < . The inequality) < J(z,b) — J(x+
h,b) < € can be proved analogously. O

For the sake of completeness, we include the following known result{$ee [
and P)):

Proposition 2.3. The operator]” defined by 1.1), with1 < p < oo andu,v
satisfying .1), (2.2) and J < oo is a compact map from? (0, d) into L%(0, d)
if and only if lim._.o, J(0,c) = lim.4_ J(c,d) = 0.

In what follows A(I) is a function defined on all sub-intervals= (a,b) C
(0,d), defined by

(2.6) A(I) = A(a,b) :== sup inf |Tf — av||,s.
1Fllp,r=1 2ER

A similar function can be found in5]. Next, we prove some basic properties
of A(I). Choosinga = 0 in (2.6) we immediately obtain for any = (a,b),
0<a<b<d,

(2.7) A1) < T3]l

Lemma 2.4. Let] = (a,b) and||u||,y.; < oo, ||v]|4r < 0. Set

A(I)= sup inf  ||Tf — avl,-

I fllp =1 le1=2llull, 1

ThenA(I) = A(I).
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Proof. Holder’s inequality yields

it = o [(|[ somoa o)
< o ([t (/ vora)’ ([ wora)” o)
b q
s( [ b (/ uopa)” das> — .ol

If [|v]|qr = 0thenA(l) = A(I) = 0. Assume|v||,; > 0. Let| f]|,; = 1 and
suppose thay| > 2||ul|,y.;. Then|a| > 2.2 and using the trivial inequality

[ollg,r
la — b|? > 2'174]a|? — |b|? valid for any real numbers, b we obtain for each
aeR
(a _ / F(Oult)dt

[l romos)
-/ b )

lav(z)] —
b
221—Q|a|q/ ool — | / F(Oult)dt

T
e ( I 1“) / lv(z)|%dz — || Ty]|7 = || Ty ||%
[0]lq.r

)dt

q

dx

dx
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In conjunction with @.7), the above yields

177 = A(1) 1
(@ - / ’ f(t)u(t)dt) v(z) q) "

" ™ {Méﬂfup,J (/b
(a - / ' f(t)u(t)dt) o(a) q> }

b
inf (/
lee[>2[|ull, r a

Inequalities Applicable To

b z N\ ~ Certain Partial Diff ial
=t ([ [ romoa)ue]) = o
a|S2||ufl,r p a a
which finishes the proof, O B T
Lemma 2.5. Let v and v satisfy(2.1) and (2.2) respectively. Them(];) <

A(Iy), providedI; C I,. Moreover, giver) < b < d the functionA(-,b) is Title Page
continuous or{0, b).

Contents
Proof. Let0 <ar<ag<by<b <d, I, = (al,bl), I, = (a2, bz) Then <« >
b1 T q % 4 1
A(l;) = sup inf (/ v(x) (/ (f(t)u(t)dt — a)) d:v)
1£llp,1, =1 “€% \J oy a Go Back
_ b1 v 1 a Close
> sup inf v(x) (fWu(t)dt — ) || dz
1£x15lp,r, =1 ¥€% \J oy a1 Quit

4 . Page 12 of 78
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which proves the first part of Lemniab.
For the remaining statement, fixe (0,d) and0 < y < b. Lete > 0. By
(2.1) and @.2) there exist$) < hy such that) < y — hy and

Yy , Yy
/ < sand/ o < e.
y—ho y—ho

SetD;, = 2|ju||y,y-np forany0 < h < y. Recall that by 2.1), one has

D), < oo for 0 < h < d. Using the trivial inequalitya + b)é < av + bs, the
triangle inequality and the Holder inequality, it follows that

A(y7 b) < A(y - h7 b)

b
= sup inf (/
I llp,(y—n,py=1 a€R A\ Jy—p

Q=

(o= [, sttt} oto)| o)
=1 |a}§£h{ / (O‘_ / f(@) ) v(a )ng;
b </:hf(t dt+/ ft) dt—a) (m)qdm}"

+
Yy
< sup inf /\v(x)\qU |<t)yp’dt>”
Hpr(y h,b)— 1‘a|<Dh y—h y—h

1

4 @aw /yyh |v(w)|qu] ;

a

X (/yh |f(t)|pdt>p dz
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+ _/ybw(x)wdx ([ wora)
([ s

1 1
s{fﬂﬂ+qu+Wmﬂmﬁ

by e
BT l2b, ( /y ( /y F(®u(t)dt — a) v(z)

SinceD, < Dy, < Dy, we have by Lemma.4

([ st )
§|ai|2£70< (/ f(t) dt—a) v(z)

Al b) < Aly = 0) < 207 (&7 Da? o+ ol e + Al 1))

+

. 1
dx)

inf
|a| <Dy,

qm)q:A@¢)

and thus

which proves that
lim A(y — h,b) = A(y, b).

h—04

.
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Analogously,
lim A(y + h,b) = Ay, b),

h—04

which finishes the proof of our lemma. O

Lemma 2.6. Suppose:, v > 0 satisfy(2.1) and (2.2) and thatT" : L?(a,b) —
L9(a,b) is compact. Lef; = (¢,d) and I, = (¢, d’) be subintervals ofa, b),
with I, C 14, |Io| > 0, | — I3] > 0, fabvq(x)dx < o0. Then0 < A(l,) <
A(L).

Proof. Let0 < f € L?(15), 0 < || fllp., < || fllp.n < 1 withsupp f C L. Let
y € I then
HT(C’,y)Hp,Iz >0 and HT(y,d’)Hp,Iz >0

and then by simple modification of[Lemma 3.5] for the case < ¢ we have
min{[| Tt llg. 12 1Tty g2} < min [T sl

which meansA(1,) > 0.

Next, suppose that = ¢ < d' < d. A slight modification of [, Theorem
3.8] forp < ¢, yieldszy € I, andz, € I; such thatA(ly) = ||Th.1lle0
andA(Iy) = |1y 1 ||q.1- Sinceu, v > 0 on Iy, it is then quite easy to see that
To € Ig andzx; € If

If 2o = z1, then, sincer, v > 0 on I, we get

A(]l) = ||T:v1711||q711 > HT$17I1||Q712 = ||T3317[2||Q=]2 = A(IQ>
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On the other hand, ity # =1, then
A([l> - ||T931,11||q,1'1 > ||T9E1J1||qJ2 > HT271J2||QJ2 > HTI()Jqu,b - A(I2)

The case < ¢ < d’ = d could be proved similarly and the case: ¢ < d' < d
follows from previous cases and the monotonicityAgf, ). H

Let/ = (a,b) C (0,d) andl; = (a;,b;) C 1,7 = 1,2,..., k. Say that
{I;}r, e P(I)if Ui, T, o I and assume the intervald;}*_, to be non-
overlapping.

Now, for any intervall C (0,d) ande > 0, we define the number&/ and
N, as follows:

(2.8) M(I,e) :=1inf{n: J(;) < e, {L}, € P(I)}
and
(2.9) N(I,e) :=1inf{n; A(L;) <e,{L}, € P(I)}.

Since by PropositioR.1, A(I) < ||T|| < K»J(I), we have
(2.10) N(I,e) < M(I, Kse).

PutN(e) = N((0,d),e) andM () = M((0,d), ). From Propositior?.3 and
the definition ofJ(/) one gets the following:

Remark 2.1. Suppose thatX 1) and 2.2 are satisfied. Thefi’ : LP(0,d) —
L9(0,d) is compact if and only ifl/ (¢) < oo for eache > 0.
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Lemma 2.7. LetT be a compact operator. Then

lim A(0,z) =0and lim A(z,d) = 0.

z—04 r—d_
Lemma 2.8. Suppose thal’ is a compact operatog > 0 and/ = (a,b) C
(0,d). Letm = N(I,e). Then there exists a sequence of non-overlapping
intervals {I;}7, coveringI, such thatA(l;) = ¢ fori € {2,...,m — 1},
A(L) <e,andA(l,) <e.

Proof. From Remark2.7 and @.10, one hasn < oo. Define a systens =
{I;};es, I; C I, of intervals as follows: Sét; = inf{zx € I; A(z,b) < ¢}.
By Lemma2.7 we havea < b; < b. Putl; = [by,b]. ThenA(l;) < e. If
a = by write S = {I,}, otherwise seb, = inf{z € I[; A(z,b;) < ¢} and
I, = [by, by]. Observe that by Lemma5 we haveA(l;) = €. We can now
proceed by mathematical induction to construct a (finite or infinite) system of
intervalsS = {I;}5_,. Note that we have onlyl(/,) < ¢ (not A(/,) = ¢)
provideda < oo and A(lg) = ¢ for § < «a. Writing by = b we can set
I = [bj,bj 1], 1 < j <o

Our next step is to show that= m. By the definition ofm one hasy > m
and a finite sequence of numbers= a,, < a,,_1 < ...ag = b and intervals
J; = |aj,a;4], 1 = 1,2,...,m such thatA(J;) < e. Notice thath; < a4, for
if not, we can take\ : 0 < A < by, which, from Lemma2.5 and the definition
of 7, would yielde < A(X,by) < A(J1) < ¢, which is a contradiction. Assume
now that for somex > 1,b, > ag. If b1 < ap_1, then talkingay < A < by,
Lemma2.5and the definition of, yield e < A(\, bx—1) < A(Jx) < &, which
is a contradiction, so that,_; < b,_;. Repeating this reasoning, one arrives at
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b, > a1, which is again a contradiction. Thus, < a, forall £ = 1,2,...m.
Choosingk = m we haveb,, = a and consequentlyy = m andS covers/
which finishes the proof. O

For future reference (see the proof @f11) in the next section) we include
the following lemmas and remarks.

Let X be a Banach space and C X. Recall the definition of the distance
functiondist(-, M),

dist(x, M) = inf{||lx — y|;y € M}, z € X.

Lemma 2.9. LetT" be a compact operatot,, v > 0, > 0, I = (a,b) C (0,d)
andm = N(I,¢).

(i) Then there exist8 < £; < ¢ and a sequence of non-overlapping intervals
{I;}™, coveringl, such thatA(I;) = ¢, fori € {1,...,m}.

(il) There exists; : 0 < ey < e suchthatn + 1 = N(/,¢&,).

Proof. The proof follows from the strict monotonicity and the continuity of
A(T). O

Lemma 2.10. Let H be an infinite dimensional separable Hilbert space. Let
Y = {u,...,us,} be any orthonormal set witbn vectors and letX be any
m-~dimensional subspace éf with m < n. Then there exists an integer

1 < j < 2n, such that

dist(u;, X) >

Sl
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Proof. Denote the inner product i/ by (u,v). ExtendY to an orthonor-
mal topological basigu;}32, of H. Choose an orthonormal basis &f say
vy, .. ., Uy. Denote byP the orthogonal projection df into X. Then

m
Pu = Z(u, V;)V; foranyu € H.
j=1
SinceP is a self-adjoint projection we obtain
2n 2n
2 L .
u, — Pu = 1 —2(us. Pug) + (Puw., Pu Inequalities Applicable To
Z ” b k” Z( ( b k) ( ko k>> Certain Partial Differential
k=1 k=1 Equations
2n
=N — Z(uk’ Puk) J. Langi ,C\l).ell:/\ll?:ddsz and
k=1
2n  m
=2n — Z Z(uk, v;)? Title Page
k=1 =1 Contents
m  2n
=20 =) Y (w,v))” <4 33
j=1 k=1 < >
The Parseval identity yields
) Go Back
2 2
Z(Ukﬂ]j) = [lo;[I* =1, Close
k=1
L . uit
which implies Q
2n ) Page 19 of 78
Z(uk, v;)° < 1.
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Consequently,
2n

Z llup — Pugll* > 2n —m >n,
k=1
which guarantees the existence of an intgger< j < 2n, with |ju; — Pu;||* >
1. Then
. 1
dist(u;, X) = ||Ju; — Puj|| > E’

which finishes the proof. ]

Lemma 2.11.Let1l < p < 2 and X be anyn-dimensional subspace of Set

e; € ly, e; = {d;;}2, whered;; is Kronecker’s symbol. Then there exists an
integerj, 1 < j < 2n, such that

, 1
dist,(e;, X) > 7

Proof. Denote by|| - ||, the norm and bylist, the distance function if). Since
|-l < || - |l;, we can consideX as ann-dimensional subspace 6f Thus,
using the previous lemma therejisl < j < 2n with dists(e;, X) > % from
which immediately follows that

dist,(ej, X) = inf{|le; — z||,;z € X}
> inf{|le; — z[|2; 2 € X}
1
= distg(ej,X) > —.

V2
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Lemma 2.12.Let2 < p < oo, n € N and X be anyn-dimensional subspace
of [?. Sete; = {4;;}:2, € I, whered;; is the Kronecker’s symbol. Then there is
j, 1 < j < 2nsuch that

1

(2.11) dist,(e;, X) > 20 'nr 3,

Proof. Let R : [P — [? be the restriction operator given by
R(a) = (a1, a2, ...,a2,,0,0,...),

wherea = (ay,as,...) € [P. Choose:; € X such thatlist,(e;, X) = ||e;—u;]|.
Using the well-known inequality

IR(a)|l2 < (2n)7 % ||R(a)], forall a € I?
it follows that for eachl < i < 2n,

dist,(e;, X) = |le; — will,
> || R(ei) — R(u)llp
> (2n)2 77| R(e:) — R(u:)]|»
> (2n)7 > dista(e;, R(X)).

[V

[

SinceR(X) is a linear subspace &f, by Lemma2.10there existg with

1
dista(e;, X) > —,
2(] ) \/5

which finishes the proof of the lemma. ]
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It is shown in the appendix that the powerroin (2.11) is the best possible
if 2 <p<oo.

With the aid of the last lemmas we can get a modified version Leia
with H replaced byL?(0, d) .

We start by recalling some lemmas referring to the properties of the map
takingz € X toits nearest elemenit/,(z) € A C X.

Lemma 2.13. Assume thaiX is a strictly convex Banach spacg, ¢ X is a
finite dimensional subspace &fandz, € X. SetA = {xy + v;v € V}. Then
for anyx € X there exists a unique elemensuch that

|z — o] = inf{[lz —yl;y € A}.
Denote byM 4 the mapping which assigns toc X the nearest element of.
Lemma 2.14.Foranya € R,z € X andv € V, one has

(2.12) My (ax) = aMy(x),
and
(2.14) Iz ol > 310y (@) = o]

The proof of these last two lemmas can be foundlir.|
Recall thatP : X — X is called a projection if? is linear, P? = P and
[Pl < oc.
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Lemma 2.15. Let X be a strictly convex Banach space aridc X be a sub-
spacedim(V) = y/n s finite. Then there exists a projectiéh: X — V which
is onto such thaf P|| < y/n.

For a proof of the above lemma, see)[lll. B, Theorem 10].

The following lemma, whose proof is included for the sake of completeness,
plays a critical role in the sequel, since it provides an approximation to the map
M 4 above by a linear operator of at most one dimensional range. The proof can
also be found inf].

Inequalities Applicable To
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Lemma 2.16.Let] C (0,d),1 < ¢ < coandlet, |g(t)v(t)|%dt < co. Set TS
i b= R
)|9dt
wr(g) = fI () it 0< [, |ut)|dt < oo;
fl |v )ledt Title Page
it [, Jo(t)|7dt = 2
Contents
Then
44 4 4
(2.15) it (g —a)vller < (g = wr(g)vller < 2 inf [[(g — @)vllyr. < >
, : . : Back
Proof. It suffices to prove the second inequality. Figuch that], ¢(¢)|v(t)|%dt < Go Bac
0. Close
Assume first thagfI lu(t)]9dt = 0. Thenwv(t) = 0 almost everywhere it Quit

and all members inX(15 are equal zero.
Let [, [v(t)|%dt = co. We claim that]javl,; < [[(a — g)vllgr. f o =0
the inequality is clear. Let # 0, otherwise||av||,; = oo and by the triangle
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inequality, it follows thatl|(a — g)v||q.r > ||lav|ler — llgvll,r = oo and hence
the claim. Thus, for each € R

(g —wi(@)vllg.r = [I(g — a+ a)vller < 2[(g — @Jvllgs

which gives

Ig = wr(g))vller = 2 inf [I(g — @)vllqr

Assume now) < [, [v(t)|%dt < oco. By the Holder’s inequality, we obtain,

lti licabl
foranya € ® ggg:ﬁllgeasrtg?%:ffzreitg
Equations
” (a - wI(g)) ||q J. Lang, O. l\/lgndez and
f[ |th q A. Nekvinda
p— d
/1 (a f[ ’U adt v(x)| dx
Title P
i — g7t " o
vl f[ o (t)|7dt z Contents
v(t)|? I <« (13
/’f|§” | [l sopopal a
I U I 4 4
l—q q
= ([ o) [m—@umwﬂmuw*ﬁ Go Back

4 Close
g(/wmwm) [t = syetora [ o)’ o
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which proves| (a — wi(g))vllqs < [[(a = g)vllg.1-
Now, using this inequality, for any real one has:

(g = wi(g))vllgr < Ilg — @)ollgr + (e = wr(g))vllq.s
< 2[|(a = wi(g))vl]-

The lemma follows by taking the infimum overon the right hand side. [

Lemma 2.17.Let X = L*(0,d), p > 1. Letvy, vy, ..., v, be functions inX
with pairwise disjoint supports anfv;||, = 1 fori = 1,2,...,n. SetV =
span{vy, vs,...,v,}. Then there is a projectio®,, with rank P, < n, such
that

1f = My (Dllp,o.a) < I1f = P (Hllpoa < 21F = My (H)llp0.a)
wherely is as defined in Lemma13

Proof. DenoteS; = suppv;, V; = span{v;}. Given anyf € X, with supp f C

Sy et M;(f) = M, (f). PUtP f = w;(fxs,)xs,,andPf =>"" | Pi(fxs,)Xs,-
From the definition of\/, and P, we have

1f = My (f)llp.0.0 < 1f = P (H)llp.0.0),
which is the first inequality. Also

I7= My (91 = 2 s, + Mol )

<Z‘|fXS M;i(fxs,)
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%Zum P(fxs.)

p

,l
P

f- ZP FXs)X

<270|If = P(f)xs.lIE,
which gives the second inequality and completes the proof. O

Lemma 2.18.Let1 < p < 2 and letuy, ..., us, be a system of functions from
LP(0,d) with disjoint supports. LeK C LP(0,d) be a subspacelim X < n.
Then there exists an integgrl < j < 2n, such that

1
dist,(u;, X) > ——=||u;l|,-
ol X) 2 ==l
Proof. If ||u;||, = 0 for somei, it suffices to choos¢ = i. Let ||u,||, > 0 for
alll < ¢ < 2n. Sety;, = Huuﬁ Let V' = span{vy,vs,...,vs,} and letPy

be the projection from the previous lemma. bét= Py (X). ThenY C V,

dimY < n. Denote byZ the subspace df consisting of all sequencds, }°,

such thaty, = 0 for all & > 2n. Lete; be the canonical basis &f. Define a
linear mapping : Y — Z by

2n 2n
I E ;U0 | = E a,€;.
i=1 =1

Since||v;|| = 1 and the functions; have pairwise disjoint supports, it follows
that! is an isometry betweer andZ. According to Lemm&.11there exists
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1 < j < 2n such that

(2.16) dist, (e;, I(V)) > %

and from Lemma&.13there is a unique € X with

(2.17) dist, (v;, X) = [[v; — 2[],-

By the definition of,, and My, we have

1

which yields, with the triangle inequality,

1Py (x) = vill, < 1Py (@) — zllp + llz — vl

< 2f|z = jll,

< 2|z = villy + llz = vjllp < 3l = vy,

This together with%.16 and @.17), gives

disty (v, X) = [lv; — x|,

1
gl = M@)]lp < Sl = Pr(a)lly < llo = My (2)ll, < [lv; = 2],
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Denoting by, the mapping which assigns to affiye L?(0, d) the element of
X nearest tgf and using 2.12 we can rewrite the previous inequality as

dist,(uj, X) = [Ju; — Mi(uy )],
= |lujllp lv; — Mi(vy)llp

1
= ||u;l|, dist,(v;, X) > ——=||u;
ol disty 5, X) 2 =l

which yields the claim. ]

Lemma 2.19.Let2 < p < oo and letuy, ..., us, be a system of functions from
LP(0,d) with disjoint supports. LeK C LP(0,d) be a subspacelim X < n.
Then there exists an integgrl < j < 2n, such that

1_
P

M

1
dist,(u;, X) > ——=||u;l|,n
(5, X) 2 5=l

Proof. Let V, My, Py,Y, Z andI have the same meanings as in Lem2nad
Proceeding as before, Lemral2yields; : 1 < j < 2n such that

1 1
dist,(e;, I(Y)) > 5715_ :

Letz € X be the element given by Lemn2al3so that

[N

dist(v;, X) = [lv; — 2|,
In exactly the same way as in Lemrdl§ one gets

1
dist,(v;, X) > 3" Tz

=
N
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which can be written as

1

1
disty (uy, X) > 5yl nv 2,

and the proof is complete. ]
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We recall that, given anyn € N, the m'™ approximation numbed,(S) of a
bounded operatay from L? into L4, is defined by

an(S) 1= Inf |5 — Flmy.

where the infimum is taken over all bounded linear méps L?(0,d) —

L9(0, d) with rank less thamn. Futher discussions on approximation numbers

may be found in§]. An operatorsS is compact if and only if,,(S) — 0 as
m — oo. The first two lemmas of this section provide estimates:fo7") with
T as in (L.1), which are analogous to those obtainedlihgnd [>]. Hereafter,
we shall always assumé.() and @.2).

Lemma 3.1. Let1 < p < ¢ < oo and suppose that' : L*(0,d) — L9(0,d)
is bounded. Let > 0 and suppose that there exidt € N and numbersy,
k=0,1,...,N,with0 = ¢y < ¢; < -+- < ¢y = d, such thatA(l;) < ¢ for
k=0,1,...,N — 1, wherel, = (¢, cxr1). Thenay 1 (T) < 2e.

Proof. Consider forf € LP(a,b) and0 < k < N — 1 one-dimensional linear
operators given by

P f(x) == xr1,(x)v(z) (/{: ufdt + wry, (/{: ufdt)) ,

wherew, is the functional from Lemma&.16 We claim thatP; is bounded
from L?(0,d) into L9(0, d) for eachk.

Assume first that eithed = ||v||,s, Or ||v|/47, = co. ThenP, = 0 and
consequently, it is bounded.
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Assume now) < |[v|ly,r, < oo andfixf, | flly 0.4 = 1.

inequality, we obtain

” (/ u(t)f( >dt)\

Then using Holder’s

o S u® f 0dto() 1
f[ | (x)|9dx
< flk lv(z f u(t) f(t)dt| |v(x)|9 tdx
- flk lv(x)|9dx
< (f]k z) [, u®)f(t dthd;p> (fI lo(z)| @D dm)
: f[ lv(x)|9dx
177 flg (el
= Tolane = Tolle

and consequently,

[ 1En@a = /

v(x) /mufdt ‘1

A
T
<2 (sl + i)
ol

)
14+ —.
[V]lg, 7

o(z) (/:ufdterlk (/:ufdt>> '

q
+wr,

dx

([, viz))
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SetP = kN;Ol P.. ThenP is a linear bounded operator frof# (0, d) into
L9(0,d). Moreover, we have by Lemnial6and the well-known inequality

00 A 0 .
(zw) < (z rmp) |
k=1 k=1

N-1
|Tf—Pflli= > ITf—Prflir,
k=0
N-1 x x q
= v(x) {/ ufdt — wr, </ ufdt)]
k=0 Ck Ck RPN
N-1
<207 Z 1nf 1T, f af”q I
=0
N-1
<29y AN 2,
k=0

< (2 )E:HﬂWQ

( HﬂVQ> < (2¢)°

by Lemma2.5. Sincerank P , the proof of the lemma is complete. [
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Lemma 3.2. Letl < p < ¢ < oo, T be bounded fronL?(0,d) to L?(0,d),
0 <a<b<c< danddenotel = [a,b], andJ = [b,c|. Further, let

f,g € L*(0,d) withsupp f C I,
Letr, s be real numbers and set

= llgll, = 1.

Assume[* u(t)h(z) = 0. Then

hlly > (|r|? inf | Trf — av]|? + |s| inf |Tyg — av]|? )
Il > (Il i 1735 = ol + 1o inf [T —

Proof. Sincesupp f C I andsupp g C J we have

(3.1) /0

If © € (¢, d) we have (recall thaf u(t)

q

dz = 0.

wq[wmﬁm+w@w

h(xz) = 0) that

q
dz

/ D(rf(t) + sg(t))dt
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Assume firsts # 0. Then it follows from @.1) and 3.2) that
d x
Il = [ Jota) | @ er0 + sote)a
a b c d
URIRIY
— []o@ [ w0 + sqenar
I 0

)
-,

o(z) /Oxu(t)rf(t)dt

q
dx

q
dx

q
dz

o(z) / Cult)(rf (1) + sg(t))dt

q
dx

+ /J o(x) ( /0 "t F )+ /b xu(t)sg(t))dt) e
_ |r|q/1 o(z) /azu(t)f(t)dtqu
+|s|q/J () (/Iu(t)gf(t)dH/:u(t)g(t))dt> "

q
dz

> Wig?/l o(z) (/axu(t)f(t)dt—a)
+ |s|qig§%/] o(z) (/:u(t)g(t)dt _ a)

— q 3 _ q q 3 _ q
= |r[* inf |77 f — avlly; +[s|* inf [|T59 — avlg ;-

q
dx
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Assume nows = (0. Then

d T q
||h||g :/ v(x)/ u(t)rf(t)dt| dx
0 0
x q
:\7"|q/ v(x)/ u(t) f(t)dt| dx
I a
T q
> [rff inf [ [v(a) (/ u(t)f(t)dt—a) da
ac a
= |rl? inf T2 f = aw]l?,
which finishes the proof of the lemma. O
Lemma 3.3.Let1l < p < ¢ < 2, T be bounded froni.*(0,d) to L%(0,d),
e>0,NeNand0 <dy <dy < - <dyy < d. Setly = (d,d+1) and

assume thati(l;) > efork =0,1,...,4N — 1. Thenay(T) > 24" » 2¢.

Proof. Let 0 < ~ < 1. Then there exist functiong, € L?(I;) such that
I 7ellpn = 1 and

(33) inf | Tfi = vl > 7A(L) > 7.

By definition of the approximation numbers, there is a bounded linear mapping
with rank P < N such that

CLN+1(T) > 'YHT - P”p—>q'

ThenP = Zf\il P,, whereP; are one-dimensional operators frdfy(0, d) into
L9(0,d). Thus, we can writd P, f)(x) = ¢i(z)R;(f), whereg, € L%(0,d)
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and R; e (LP(O d))*. Since(Lr(0,d))* = L¥(0,d), it follows thatR; f (v) =
fo ¥;(t) f(t)dt and there are functions; € L*' (0, d) such that

N d
= ao) [ wtn s

Denote byX the range of?. Notice thatdim(X) < N.
DefineJ; := IyUly;, fori =0,1,...,2N—1. Foreach € {0,1,...,2N—
1} let (r;, s;) be orthogonal to the 2-dim vector such that

(34) |Ti|p + |S7;’p > () andn/ ufgi + SZ'/ Uf2i+1 =0.
Io; Ioit1

Setgz( ) - zf21 + SszH—l andh fO dt Fr0m||f || =1 for
eachi: 0 <i < 2N —1and by (3 2) one has

Hmm=<MP/|m@Wﬁ+BM/)|ﬁm@Wﬁ)
Iy; Ioit1
= (ri? + |s:f?)>.

Consequentlyl| ||, = | Tg:ll, < oo. Moreover,fod hi(t)dt = [, h(t)dt =0,
whence

supph; C J;foralli=0,1,...,2N — 1.
Thus, using Lemma.18 one finds that there exists an inteder0 < k <
2N — 1, such that

diStq(hkv ) \/—Hthm
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from which it follows that

CLN-s—l(T) > 7||T - P||p—>q
'Y”Tf - Pqu

> sup
feLP,supp fCJ ||f||p

YNTgr — Pagllq
Hgszp
_ e — Pyllq

gx [
disty(he, X) v [lllg

> > :
9]l 2v/2 [| gkl

Using LemmaB.2, (3.3) and the inequality

1 1 1 1
(rel” + |selP)r < 207 a(fref” + |si )7,
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. . 1
hilly  (rel?infoes (|5, f — av|[T + |se|?infaen [|T1,,,, — av|[T)®
lgell, = (Jrxl? + |si[)7
1
q q\q
> el + sl o o1

1 =
(I[P + [skl?)>
which, together with the previous estimate gives
an1(T) > % 2675732,

The proof is complete.
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Using the properties of approximation numbers on dual operators we can

extend the previous result.

Lemma 3.4. Let2 < p < ¢ < oo and suppose that : LP(0,d) — L%(0,d)
is bounded. Let > 0 and suppose that there exidt € N and numbers
de,k=0,1,... ;AN with0 = dy < d; < -+ < dyy < d such thatA(l;) > ¢
fork =0,1,...,N — 1, wherel, = (dy,dr.1). Thenay(T) > ce wherec is
positive and depends only gnd.

Proof. The adjoint ofT’, 7", is bounded from.¢" into L”". It is easy to see that
Lemma3.2 holds forT replaced byl”’. Then the proof follows immediately
from Lemma 2.5 and Remark 2.6 if][ O

Lemma 3.5.Let1 < p < 2 < g < oo and suppose that’ : L?(0,d) —
L9(0,d) is bounded. Let > 0 and suppose that there existéé € N and
numbersdy, k = 0,1,..., 4N with0 = dy < d; < --- < dyy < d such that
A(ly) > efork = 0,1,...,N — 1, wherel, = (di,dk+1). Thenay(T) >
cena 2 wherec is positive and depends only pnd.

Proof. Let 0 < ~ < 1. Then there exist functiong, € L?(I;) such that
1 fellp,z, = 1 and

(3:5) inf T fy — avllyr, = vA() 2 7=,

By definition of the approximation numbers there is a bounded linear mapping

with rank P < N such that

CLN-s—l(T) > T — P”p—>q'
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Write P = >_~ | P, and letJ; be as in the proof of Lemm&3. In the notation
of Lemmas3.3, in this case we also havié; ||, = || Tg:||, < oo andfod hi(t)dt =

[, hqt)dt, so that

supph; C J;foralli=0,1,...,2N — 1,

whence, by Lemma.1§ there exists an integér 0 < k < 2N — 1, such that

dist, (7, X) > ——n =3 | g
1S , = naea 2 ,
q\"’k 3\/5 kllg

which gives

ClN+1(T) > VHT - P||p—>q
Tf—-P
s wp TF=PA,
feLp,supp fCJg Hf”p
Y9k — Pgelly — b — Parllg

loel, Tl
disty (e, X) v [l

lgell, = 3v2 llanlls
Using Lemma3.2, (3.5 and the inequality

1_1
nae 2

(Irel? + [skl?)? < 2573 (|ref? + |sl?)?
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we obtain

. . 1
||hk||q (’Tk"qlnfae% HTIQkf - O‘UHZ + |Sk|q1nfa€§)% ”T12k+1 - O‘UHZ)Q

lolly = (Irele + [silr)»
1
q 9\ q
(rele +1sul)7 o 33
(Ir&l? =+ [sk[?)
which gives with the previous estimate

> €

i1
q 2

an1(T) = 42 cen

for fixed ¢ > 0 and completes the proof.

]

The following theorem follows immediately from the previous lemmas. It

improves results from1]] and [5].

Theorem 3.6.Suppose thédf’ is compact (see Propositich3and Remarl2.1).

Then, forsmalk > 0,1 <p<¢g<
an(e)+1(T) < 2e,

forl<p<g<20r2<p<g<o

andforl <p<2<g¢g<

S

ajxe,(T) > ceN(g)a 2.

Here N(e) = N ((0,d), ¢) is defined in2.9) and [x] denotes the integer part of

x.
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Proof. The first inequality is an immediate consequence of Len@naand
definition of N(¢). The second inequality follows from Lemmas}, 3.1 and
3.2 O
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The first part of this section is devoted to proving lemmas that will be needed in
the proof of our local asymptotic results, which we present in the second patrt.

Lemma 4.1. Letu and v be constant functions on the interval= (a,b) C
(0,d) and letl < p < g < oo. Then

A(I) := A u,v) = Jullo||1]7 7 A((0,1),1,1).
Inequalities Applicable To

Proof. If u = 0 then A(I,u,v) = 0 and the assertion is trivial. Assume that Certain Partial Differential

. . . ] Equations
u # 0. Using the substitutiong = 7= andt = a + s(b — a), we obtain
J. Lang, O. Mendez and

z A. Nekvinda
A(l,u,v) = sup inf ||v </ uf(t)dt—oz)
I £llp, =1 ©ER a a1 Title Page
= |v||u| sup inf / ft)dt — o Contents
£ llp,r<1 2% [/ a1
L1 Y 44 >»
= sup inf(b—a) ¢ / fla+s(b—a))ds — « :
I £llp, =1 *€® 0 4,(0,1) < >
Go Back

Writing g(s) = f(a + s(b — a)) we have||g||,,0,1) = (b — a)" 7| f|lp,@p and
thus Close

x Quit
/ g(t)dt — «

1
A(Iau7v) = ”UH’LLHI‘1+‘1 sup Page 42 of 78

lgllp,c0,1)=(b—0a)

B 4,(0,1)
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— [o]jul[T[" "7 sup

/ g(t)dt — «
llgllp,0,)=1 1l/a
= [ollul| T]" "2 A((0,1),1,1).

2,(0,1)

The proof is complete. O

Lemma 4.2. Let] = (a,b) C (0,d), 1 < p < q < o0, u,uy € LP(I) and
v e Li(I). Then

| lities Applicable T
JA(L ur,v) — A(L us, 0)] < 0llgrllur — uslly.s Certain Partal Differential

Equations
Proof. Suppose first thatl (1, u;,v) > A(I, us,v). Then B P p—
A. Nekvinda

A1, uy,v) — A(L, ug,v)

= sup 1n§e v(z) (/ (ur(t) — ua(t) + uz(t)) f(t)dt — 04) — A(1,ug,v) Title Page
(¢S]
fllp,r=1 o1 Contents
< sup inf 1(t) —ua (1)) f(t)dt «“ >
||f|| r=10€R a.
< >
< t - a) o A<Iv Uz, U) Go Back
q,1
. Close
< mfhwmmu—wmq+ o) ([ o) )it - o) ] Qi
||f|| g=19€ a q,1
— A(Ius, v Page 43 of 78

< ”UHq,I”ul - u2”p'7[ + A(I,UQ,’U) - A([> UQ,U).
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The remaining case can be proved analogously. O

Lemma 4.3. LetI = (a,b) C (0,d), 1 < p < ¢ < o0, u € LP(I), and
U1,V € Lq([) Then

[ AL w,v1) = AL w, v2) | < 3flor = vallg rllully z

Proof. If A(1,u,v,) > A(I,u,ve) then by Lemm&.4we have

A([, u, vl) — A(I, u, Ug) Inequalities Applicable To
Certain Partial Differential

= sup inf ||vi(x) [/ w(t) f(t)dt — a} — A1, u,vs) Equations
1Fllp, r=1 ek a q,1 J. Lang, O. Mendez and
z A. Nekvinda
= sup inf v () [/ u(t) f(t)dt — a] — A(1,u,vy)
I1£1lp,r=1 11 <2lullp 1 a 0l
. Title Page
< sup inf (v1(x) — va(x)) (/ u(t) f(t)dt — a) e
£ llp,r=1 led<2lully a ol
x <44 44
4 ||oa() ( / w(t) ()t — a) AL, v) ) ,
a q’[
; Go Back
< sup inf WMW—W@MWMMﬂNm+Mm—MMW
1 £11p,r=1 1 <2lullp 1 Close
+ (|2 (/ u(t) f(t)dt — a) — A(I,u,vs) Quit
a a1 Page 44 of 78
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< 3oy — vallg,rlullp,r

+ sup inf  ||vg(x) {/ u(t) f(t)dt — 04} — A(1,u,v9)
I fllpr=1 el <llully 1 a a1
= 3[lor — vallgrllully.r-
N

Now we prove a local asymptotic result which in some sense extends those

in [ ] and [ ]Z Inequalities Applicable To
Certain Partial Differential
Lemma 4.4.Let] = (a,b) C (0,d), |I| < coandl < p < g < co. Assume Equations
thatu € LP (I) andv € Li(I). Setr = ppfq Then 3. Lang, O. Mendez and
A. Nekvinda

clozpq/]uv| < hmmfs’"N(E I) <limsupe"N(e, I) < cgap,q/|uv|’”,
I

0% e—-0+ Title Page

Wher6ap7q = A((O, 1), ]_, 1) Contents
Proof. Sets = Z + 1. Clearly, «“ >
(4.1) rs=p, rs =q. 4 .

: . Go Back
Let/ € N be fixed. Then by the absolute convergence of the Lebesque integral
and the Luzin Theorem there exists := m(l) € N, {W;}7, € P and real Close
numbers;;, n; such that setting Quit

Page 45 of 78

m m
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we have

[ =l < v=llgr <7

77 || l

and
1 1

2 =Tl < 7

I l™ =l < l

Consequently,

'/wmmni/wmmr
I I
s/wr +/wm
I I

< Ul ||l = o+ | el =l
s I

o " = ol " = Jul”

s
el o)

1

< 7 (lully + llulle)
1

< 7 (lally + 1o =l + llulle)
1

1
< (7 + Ml + ol )

Lete > 0. PutN(e) = N(e,I). According to Lemm&.8there is a system of
intervals{[j};y:(? € P such that

A() <e, A(Iye)) < e and A(L;) =€ for 2 <i < N(e).

Define,
Ji =15 Uly, i=1,2,...,N(e)/2, forevenN ()
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and

Jz‘ - ]2,‘ UIQZ'_H, 1= 1,2,. <y (N(&) — 3)/27
Jve)-1)2 = Ine)—2 U Ine)—1 U Ine) forodd N e).

NE)
In both cases‘gl}[,i ) € P and according to the definition &f (¢), A(J;) > ¢

foralll <:< [N(a] LetW; = [d;_1,d;], wherea = dy < dy < dy < -+ <
d,, = b. Set

K={J;1<i<] (2 )] and there existg € {1,2,...,m} such that/; C W;}.

If J; ¢ K, there exist € {1,2,...,m—1} suchthatl, € int(J;). The number
of such intervals/; can be estimate by, — 1. Then#K > [@] —m+ 1.
Using Lemmasg!.1, 4.2and4.3one sees that

(B

< ZAT(Ik;u,v)

kek

<Z Ikuuluvl

keK

(A(Lg; u,v) — A(Iy; w, v))

r

_|_(A<[k;ul,v) - A<Ik§ulavl))]
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< max(1,3"1) Z (AT(Ik;ul,vl) + ‘A(Ik;u,v) — A(Ik;ul,v)‘r

keK

+ ‘A(IkQUZaU) - A(Ik§ulavl)‘r>
< max(1,3""") [cv;,q > 1 "W ()
j=1
+ Z lw = wlly wpllvllgwe
J

+ D - UzHZ,W(a‘)HU”;/,W(a‘)] :
7j=1

Using the discrete version of Holder’s inequality

(5 (£0)

=1

o

and ¢.1) we obtain

(28]

< max(1,3"1) (a qZ] " W)

j=1

<.
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® =
-

m
/
' (z e ulnz/,wj)
=1
1
m 5/ m
/
s (z uv—wug,wj) (znuuzwj)

j=1 j=1
r—1 T r 1 1
<max(1,3™") ((ap, [ Juel”+ 3 ( 7+l + ol
I Inequalities Applicable To
1 r r Certain Partial Differential
v (lulls + ol.) )
1 1 1 J. Lang, O. Mendez and
< max(1,3"7") (O‘;,q/IWU’T + 7 (7 + ||y + HUHqJ> A. Nekvinda
1 . . .
+o (lullyr +Nolly) ) - Title Page
Contents
Thus, there is a constant > 0 independent of and/ such that « >
N 1 1
(4.2) ({ ég)}—m—l—l)ergcl </|uv|r+7+l7) < >
! Go Back
Let; = [ci-1,¢), 1 =1,2,...,N(e). Thus,a = ¢y < ¢1 < -+ < ey = b. Close
LetD = {e; : 1 < k < M} stand for the set-theoretic union &f; : 1 < _
i < N(e)}and{d; : 1 < j < m},sothata =e; < ey < - < ey =0 QU
and writeL;, = [e}_1, ex). Then{ L}, € P and for each < k < M there Page 49 of 78

existsi, 1 < i < N(¢) suchthatl, C I; and, consequently, by Lemn2abit is
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A(Ly) < A(I;) <e. Thus,

. / luv|”
I

< max(1,3" "aj, (

< max(1,3"")aj, (

[+ [ o=t o + \uzrw—wr)
I I I
m

S IG5

j=1

m 1/s m 1/s
/

+(Z||u—uz||§,,wj) (vanz,m)

j=1 j=1

m 1/s m 1/s

/

() (3 )

j=1 Jj=1

T - 1, .
<max(1,3 Ny, (D D 1417 Il [ Lol + 77 (haellyy r + 1ollG.r)

m

«
< max(1,3""1) Z Z A" (L, &, m;) + %(HUHZ’,I + [lvllg.r)

=1

< max(1,37) ((V

j:1 {k;LkCWJ‘}

{k; L, CW;}

e)+m)e" +

T
apz

lr

q

r

(lull s + ||v||;,1>) .
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Thus, there exists, > 0, independent of and/ such that

/I\uv\’" < ((N@) +m)e + ll) .

Lettinge — 0, here and in4.2) we obtain for eaclh

1 1
limsupe"N(e) < 2¢; </ luv|” + 7 + l_T)
I

E—>0+
and .
/]uv[ < ¢y hmmf ( "N(e) + l_"> .
The lemma follows letting — oo. O

The latter lemma coupled with Theoredrb yields the following theorem:

Theorem45.Lletl <p<g<20r2<p<gq< oo,
andu,v > 0. Then

lg < 00, [lully < o0

d d
cl/ luv|” < liminfna,, (T) < limsupna, (T) < 02/ luv|".
0 n—o0 0

n—oo

Letl <p<2<g<oolv|,<oo,|ully <ooandu,v > 0. Then

d d
03/ luv|" < liminfn(%_%)”laZ(T) < limsupna, (T) < 04/ luv]".
0 e 0

_ P q
wherer = T
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Throughout this section we assume tHatu(t

setU(z) == [, [u(t)|P'dt. Let{& 1} _ ., be a sequence satisfiyng
(5.1) UG) =27,

and

(5.2) o =25 |vly z,, 2y = (& Ehya]-

The sequencéo; } is the analogue of the sequence definedjmapd [5], which
in turn, was motivated by a similar sequence introduce@]in [
The following technical lemmas play a central role in this section.

Lemma 5.1. Letr > 0, ko, ky € Z With kg < ky. Let] = (a,b) C UL, Zj.
Then
J"(I) <44 max oy.
ko<k<k;

Proof. Let z € (a,b). Then there exists € Z, ky < n < k; such thatr € Z,,.

Clearly,
xT , €n+1 , ﬁ
(/ |u|p) loxesll: <(/ |u|p) T
a 0

n+1 E (Z HUX Ez fv+1 H >

S

(t)|P'dt = oo. Furthermore, we

Inequalities Applicable To
Certain Partial Differential
Equations

J. Lang, O. Mendez and
A. Nekvinda

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 52 of 78

J. Ineq. Pure and Appl. Math. 5(1) Art. 18, 2004

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:lang@math.ohio-state.edu
mailto:
mailto:mendez@math.utep.edu
mailto:
mailto:nekvinda@fsv.cvut.cz
http://jipam.vu.edu.au/

so that
J'(I) <4¢ max oy,
ko<k<ni
O
Lemma 5.2. Letr > ’,’f,[ = (a;,0;), 1 <i<landb; < a;p1,1 <1-—1.

Letk € Z be such that!_,I; C Z,. Then

l
Z J(L) < (2711 - 1)¥ o

Proof. Sets = (p' + ¢q)/p’. Thuss > 1 andyp’ /s =q/s =p'q/(p) + q). Fix
i € (a;,b;). According to the assumption> - we haver > p'/s',r > q/s
and

x
Iy

I "
) ( / |u|p) X

=1

l
< luxally loxall;
=1
1
l s7 !
< (ZHUXIZ- ;/S> <Z||UXIZ-

< (St ) ( ol

< lluxzllylloxzllg =

1
S
TS5
q

\‘* \_/

??“i
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l l . L,

Sty =S s ([T 1ar) o

i=1 i=1 Zi€li

Lemma5.3. LetU!_,I; C u’,?:kozk andr > pq Then

er <2p/q %+21+2)Zak

k=ko

Proof. Let

A={ie{l1,2,...,l}: there existg € Z such that, € int [;},
B={ie{1,2,...,1}: there exists € Z such thatl; C Z;}.

Clearly, ANB =0, AUB ={1,2,...,1}. By Lemma5.2we obtain

k1
(5.3) ST <@ -1)v Y oy
i€B k=ko

SetA; = {k € Z;int(I; N Z;) # 0} fori € A. Let A = {A;;i € A}. Since
eachk belongs at most to two elements.df Lemmab.1yields

k
ZJT <4QZ%1EE}4XO'I€<4'42202,

€A €A k=kg

which coupled, with %.3) yields the assertion of this lemma. O
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Lemma 5.4. Let K, K, be the constants from Propositi@nl. Then

Kysupo, < ||T] < 13 K, sup oy.
keZ keZ

Moreover,T" is compact if and only if

lim supop = lim supog = 0.
=00 k>n N—==00 k<n

Proof. Let (a,b) C (0,d). Set

b—e if b< oo,

ale) =a+e, b(s):{l b= oo

Define a functionf (e, z) by

e = ([ ru\p’)”l/ ( [ |v|q) :

Sincef(e,z) / f(0,z) fore — 0, and any fixedr we have

J(a(e),b(e)) = sup  f(e,z) /" sup f(0,z)=J(a,b).

a(e)<z<b(e) a<z<b

Choosinge = 0, b = d we have by Lemm&.1

J(a(e),b(e)) < 47 supoy,
kEeZ
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and consequently,
J(a,b) < 43 sup oy.
keZ
By the definition ofoy, it is easy to see that, < J(0,d) for eachk € Z which
implies
sup oy < J(a,b).

keZ
Now, the first part of our lemma follows by applying Lemi4.
The second part can be proved analogously by using Propo&ifion [ Inequalities Applicable To
Certain Partial Differential
Lemma 5.5. Let I’ = [/,0'] € I = [a,b] C [0,d] and lete > 0. Let Equations
{I }N(I€ ( )andA( ) < E. Set’C {7/ ] C ]/} K #IC Then J. I_angl O. Mendez and
A. Nekvinda
K—-2<N(l,e) < K+2.
Title P
Proof. Let {7/}U") € P(I), A(T) < <. Letl, = [as,ai],i = 1,2, N(1 <), e raee
and I} = [d},d)4], j = 1,2,...,N(I',¢) and putky = minK andk, = Contents
max C. Write <« >
g - {ld;ag,]} if d < ag,, 5 - {lak,+1,0]}  If ag, 1 <V, < 2
o if o =ag, |0 if a0 = =——
Remark that by Lemma.5, A(f) < ¢ for eachl ¢ ST U S,. Iake a system of Slesi3
intervalsC = S, U S, U{l;i € K} sothatl € P(I')andA(l) <eforl € L. Quit
Thus, by the definition olN (', ¢) one has Page 56 of 78

N(I'e) < H#HL<#K+2=K +2.
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To prove the inequality{ — 2 < N(I',¢) set

o {{[akol,a'n i ar <d o {{[b',w} i < ag
1 2

0 if ag,—1 =d, 0 if b = ag, 4o

Clearly, A(I) < e for I € S; U S,. DenoteN, = {I;;1; C [a,d]}, N} =
{I;;I; C [V',b]} and sety = #Ny, ny = #N;. Take a system of intervals

L= S USyUNoUNM U{T};5=1,2,...,N(I',¢)}.

Since,A(I) < ¢ foranyI € £’ and by definition ofN (I, ), N(I,¢) < #L.
Moreover, since

no+mn + K < N(l,e) <ng+n +K+2

and
no+mn+ NI e) <#L <ng+ny+ NI e)+2

we obtain
no+ni+K <ng+n+ NI ¢e)+2,

which finishes the proof. O

ol < oco. ThenT is

Lemma 5.6.Letl < p < ¢ < oo, r = 24 Let) .., o

/+q
compactJUd |luv|" < oo and there are positive constants ¢, such that

d
g) < 62/ luv]".
0

/ luv|" < hmmfe N(e) <limsupe'N

=0 + E—>0+
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Proof. By Lemma5.4, T'is compact. Let: € Z and sets = p’/q+ 1. It follows
thatrs = p/, rs’ = g and using Holder’s inequality, we obtain

Ekt1 , ﬁ €kt 5
ol < ([ 0) ([ o)
Zy, &k &k

Moreover by the definition of, one has

, 1 gk , i Ek+l , pfl/
@i ([Ta) = ()
0 & Inequalities Applicable To

Certain Partial Differential

and consequently, Equations
(54 [l < @n- 1o M R
Zy,
. d -
This proves|; [uv|" < co. Title Page
Fix 6 > 0. Takeky, k; € Z such that
;) Contents
Y ol+> o< ((21’/‘1—1)%+21+25) g. « b
i<ko—1 >k
N < >
Lete > 0. Let{/[;},_ © e P0,d), A( ;) < e. Remark that according to the
definition of N (), A(I Uljyq) >eforj=1,2,...,N(e)—1. Setl = [&,, &, GolEaek
and Close
No = {L;; I; C [0, &k}, no(e) = #No, Quit
N = {Ij?]j - [fknd]}a n1<5) = #M1, Page 58 of 78
N ={l;1;c 1}, ie) = #N.
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ThenN(e) < n(e) +noe) + 1()+2 By Lemma5.5,n(e) —2 < N(1,¢) <
n(e) 4+ 2. Sincen < 2 ([2] 4 1) for any positive integen, we obtain
e"(N(e) = N(1,e)) <e"(N(e) —n(e) + 2)
<e"(no(e) +ni(e) +4)
v [10le) ni(e)
<2 ([ 5 }+[ 5 }—l—?)).

For jo = min{j; I; € Mi(¢)}, one has

| 549 s[5
56 (N(e) = N(I.e) = 6) < Z S+ 2 €
Jj=1 J=Jo
£ e [24]
< A"(L; U L) + A"(1; U 1jq).
j=1 j=jo
SinceA(l,e) < J(I,¢) for I C J and according to Lemma5we have
1 N jo+ |42
S€ (N(e) - N(I Z J (LU T+

J=jo
< (- (5 e 3]
i<ko—1 >kt
<9
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which gives
e"N(e) <26+¢e"N(I,e) + 6¢"
and consequently,

(5.5) limsupe"N(e) < 20 + limsupe"N(/,¢).
E—>0+ E—>0+
Again, Lemmab.5givesN(I,¢) <n + 2 < N(e) + 2 and thus
(5.6) limsupe"N(/,¢) < limsupe"N(e).
e—04 e—04 Inequalities Applicable To
Certain Partial Differential
By (5.4) we have Equations
d / T J. Lang, O. Mendez and
(5.7) / luv|" — / luv|"| < (2P77 —1)¥ 0. R Nekvinda
0 I
Using Lemmai.4 one easily sees that .
Title Page
C100 4 / luv|" < hm(l)nf e"N(I,e) <limsupe'N(I,e) < co04 / luv|” Contents
I e—~U+ e—04
: : . 44 44
which yields with §.5), (5.6) and £.7) that for anys > 0,
d < 4
r_ (o4 _ 1)y ‘minf e”
C10.4 (/0 luv|”™ — (2 1) 5> < hergcl)?fg N(e) Go Back
< limsupe"N(e) Close
e—0
: d Quit
< G0, ( /0 |UU|T) + 2. Page 60 of 78
Lettingd — 0, we obtain our lemma. O
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S of < 0.

1=—00

Letl<p<qg<20r2<p<g<oo. Then
(5.8) cl/ lu(t)v(t)|"dt < liminfna) (T)

<limsupna (T) < 02/ lu(t)

n—oo

Letl <p<2<qg<oo. Then

(5.9) 03/ lu(t)v(t)["dt < liminfn G=gr+igr (1)

n—oo

Q

< limsupna, (T) < 04/ lu(t)

n—oo

P'q

Theorem 5.7. Suppose thatA 1) and 2.2) are satisfied and let = T

(t)|"dt.

(t)|"dt.
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In this section we show that the" (L™>°)-norms of{a,,(T')}, o, @nd{o, }, s
are equivalent for > min,>; max ( 4 )

/78

Lemma 6.1. Let/ = [a,b] ande > 0. Set

ole)={keZ :Z, Cl,or>¢}.

Suppose that; contains at least four elements. Then e IS E e o 19
c Equations
A(I) > T L J. Lang, O. Mendez and
4a A. Nekvinda
Proof. Let Z,,i = 1,2,3,4, k;1 < ky < ks < k4, be 4 distinct members of
o(e), and setl; = (fm;f@ = (&ky+1,&ry)- Then, with fo = x1, + X1, Title Page
Contents

A(I) > inf

o[ oo

ol « 13

>1nfmax{\|v|\qzk2 / lu(t) f(t)|dt — a; < 4
Go Back
loluz, | [ sl -l —
LUl
Quit

= igf 1rnahx{||v]|q,zk2 |2k2/a — oki/a _ g,
Page 62 of 78

||U||q7Zk4 }21@/11 _ 9oki/q 4 oka/a _ o(ka+1)/a _ al}
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> inf max ]2’“2/q _oki/g _ al;

9
a {2(k2+1)/q
< ’2’62/11 — ok1/a 4 gka/a _ 9(ka+1)/q _ 04’}

o(kat1)/q
>_¢ 1 (28 — 282ty > <
= 21{:4/Q—|— 1 2% - 4%
O
Lemma6.2. Lete > 0. LetK = {k € Z; 0}, > 235}. Then Inequalities Applicable To
Certain Partial Differential
#K S 4N(€) — 1. Equations
o . L J. Lang, O. Mendez and
Proof. Let I; = [¢;_1,¢;]and i = 1,..., N(¢). Divide K into two disjoint sets A. Nekvinda
7, andZ; by
. Title P
Z, = {k € K, there existg € {1,..., N(e)} such that; € Z;}, He Tage
Contents
Zy = {k € K, there existg € {1,..., N(e)} such thatZ, € [;}, “ 5p
Clearly,#7Z, < N(e) — 1. < >
Say thatt,, k, € Z, are equivalent if there exisyssuch thatZ,, U Z;,, C I;.
Denote the equivalence classesinby Y; andY;. Assume#Y; > 4 for some Go Back
i. Then there aré,, ks, ks, k4 and;j such thatz,, U Z,, U Z;, U Z;, C I;. Using Close
Lemma6.1 with 21¢ instead ofe, we haveA(I) > ¢ which contradicts the Quit

definition of A(1). Then#Y; < 3 for anyi € Z,. Consequently, the mapping
P defined by Page 63 of 78
P(i) = jif Z; C I; foranyi € Z,
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is an injection and, therefore,

Thus,
#K:#Zl+#Z2 S4N(€)—1

which completes the proof. O

Lemma6.3.Letl < p<qg<2o0r2<p<qg< oo. Then there are positive

constants:, c;, c3 depending o andg such that the inequality Inequalities Applicable To
Certain Partial Differential

#{k; o > t} < Cl#{k; ak(T) > Cgt} + c3 Equations
holds for allt > 0. J. Lang, O. Mendez and
A. Nekvinda

Proof. According to Lemm&.4there are two positive constants ¢, depend-
ing onp, ¢ such that Title Page
ey N )1 (T) > 2

Then Contents
#{k;ar(T) > coe} > 1 N(e) — 2 <4< >
and, according to Lemm@& 2, we have < >
t
#{k;o, >t} <AN (—1> -1 Go Back
A 21 A Close
t
=—|aN{=x)-2)+—--1 Quit
&1 24q &]
4 Page 64 of 78
< —# {k;ak(T) > C—?t}
1 q
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The lemma follows by writing;, c; andc; instead ofcl and —1.
2q

We recall the following well-known fact: given a countable Setve have

foranyp, 1 <p< oo

> anl = p/ (k€ S; |ag| > t}dt.
keS
It is easy to see that also
Z |agl? = p/ 14k € S |ag| > t}dt.
keS 0

Lemma 6.4. Letr > 0. There are constants > 0 andc, > 0 such that

{o}Hl(zy < eal{ar (D)}l + c2ll{oHlie(z)
Proof. Set\ = |[{o}|;(z). By Lemma6.3we have,

A
ot = / Pk € Zeoy > 1)t
0

Y
< 7"/ t" Y er#{k; an(T) > ot} + cadt
0

A
= thﬂ!/ ks an(T) > thdt + g\
0

2

= rHH{ak( DHiir oy + 3\

and hence the proof is complete.
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Lemma 6.5. Letr > 0. Then there is a positive constansuch that

Ho @ < cll{ar(T)}Hlr .-
Proof. By Lemmab.5,

[ {ow} lliezy < CIT| = Car(T)
< Ol {ar(T)} ler vy

The result then follows from Lemn@&4. O

Now, we tackle the remaining inequality:

Lemma6.6.Let1<p§q§20r2§p§q<ooands>7~:lj,'%‘}q.Then

{an(T)}

Proof. Let [;,i = 1,2,..., N(¢), be the collection of intervals given by.¢)
with I = (a,b) andN(e) = N((a,b),c): note that in view of Lemma.2, we
haveJ(l;) = ¢ for 1 < i < N(e). We group the intervalg; into families
F;,7 = 1,2,... such that eacli; consists of the maximal number of those
intervals Ix_; in the collection, which satisfy the hypothesis of Lemma
and Lemmab.2 I, C (&, Exyt1), fOr sOmeky, ko, and the next intervaly,
intersectsZ, ., (This construction is based on our construction fraijy for
more see Lemma 5.1. and Section 64 [Hence, by Lemm&.1and Lemma
5.2, there is a positive constansuch that

i < cf[{ow}

ls.

T T T
e"#F. <c¢ max o =co; ..
7 < ko<n<ks " ki
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It follows that, withn; = [coy, /€],

N(e) = Z #IF;
j
TLJ‘ (e’
<22 1= 2!
j n=l1 n=1 jin;>n
= . o,
= Z # J: r >n Inequalities Applicable To
n=1 € Certain Partial Differential
) N Equations
. Ne
(6_1) < Z +# {k’ Doy 2 c } . J. Lang, O. Mendez and
n=1 A. Nekvinda
Thus, if{o}} € I*(Z) for somes € (r, 00),
Title Page
o0 tr
0 0 <4 >
= SCS/T/ Zn_s/Tzs_l# {k:op>z}dz < >
6.2) oy }0 T Go Back
. Ok f ||ps
N HHe@ Close
where= stands for less than or equal to a positive constant multiple of the right Quit
hand side. From the inequalify(c) < M (<) and Theoren8.6, ay()+1(1T) <
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2¢ and therefore

#{keN:ak(T)>t}§N<%>+1

t
<M| = 1.
<ar(3)+

This yields
I{ar (D)} iy = s /0 t7# {k € N a(T) > ¢} dt Certin Partal Diferental
I ; Equations
< S/ st {N(—) + 1} dt J. Lang, O. Mendez and
0 2 A. Nekvinda
= [{oet 1@ + I1T17°
= [I{ox} lsS(Z) Title Page
by (6.2 and then, in virtue of Lemma.1and Lemméb.5, IS
<44 >»
1T = [ {on(T)} =@ < [[{on} )
- < >
Go Back
Lemmas5.4and6.5imply the following theorem: |
, Close
Theorem 6.7.Letl <p<g<2and2<p<g<oo,r=-+Landk > 0. _
p'+q Quit

(i) Then there exists a positive constapsuch that

ok @) < ell{ar(T) i

Page 68 of 78

J. Ineq. Pure and Appl. Math. 5(1) Art. 18, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:lang@math.ohio-state.edu
mailto:
mailto:mendez@math.utep.edu
mailto:
mailto:nekvinda@fsv.cvut.cz
http://jipam.vu.edu.au/

(ii) Lets > r. Then there is a positive constantsuch that
[{ax}

(i) Letl < j < co. Then there exists a positive constansuch that

sy < cll{ow @)

o Hlmiz) < erll{ar(T) Hlmsay-

(iv) Lets > randl < j < oco. Then there is a positive constantsuch that Fisausiies A et o T
Certain Partial_ Differential
{ar sy < cal {on s (2)- Fauatons

J. Lang, O. Mendez and

Proof. Claims (i) and (ii) follow from Lemmé&5.4 and Lemma5.5. The asser- A Nekvinda
tions (iii) and (iv) can be obtained from (i) and (ii), by using real interpolation
on the scalé?, O Title Page
Contents
44 4 4
| >
Go Back
Close
Quit
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In this section we show that the powerofin (2.11) is the best possible for
2 < p < oo. Given a square matrix of a dimensian

ai;r Qa2 ... aiy,

21 Q22 ... aoy,
(6.3) A=

ar1 Qro ... Qarr

we will denote, forl < I < L, thei-th column ofA by u;(A) and thei-th row
of Abywv;(A),i.e.

Ci(A> = (au, A2y - - - 7aLi>
and
T’Z(A) = (ail, a2,y ... ,aiL).
By h(A) denote the rank oft and byu - v the canonical scalar product of vectors
u andv, i. e.
L
u.v = Z U; U;
=1
whereu = (uy, ug, ..., ur) andv = (v, vy, ..., vr).

Lemma 6.8. Letm € N and L = 2™. Then there exists a square matrix
given by(6.3) such that

(6.4) la| =1 for <i,j <L
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and

Proof. We use mathematical induction with respectito If m = 1 it suffices

to take
1 1
a- (1.

Assume that the matriXd given by €.3) with L = 2™ satisfies §.4) and 6.5).
Let B be a square matrix of dimensi@, = 2™*! given by

a;py Qa1 ... aiy, a1 a1 ... aiy,
921 Q29 ... asy, 921 29 ... oy,
ar1 Aar2 ... arr ari ar2 ... arr
. (A A4
o A —-A
a;pr a1 ... aiy, —ayp —Q12 ... —any,
a1 Q929 ... aoy, —Qag91 —Q22 ... —Aagy,
ar,p Qaro ... arr, —Qrj1 —Qarz2 ... —ar,r,
It is easy to see thd? satisfies §.4) and ©.5). O

Lemma 6.9. Letn € N and setK = 2", L = K?2. Then there exists a square
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matrix of dimensior2 L,

mip Mz ... Mg
m m e m
M— 21 22 2L ’
mp1 Mry ... MLy
such that
(66) h(M) < La Inequalities Applicable To
Certain Partial Differential
Equations
(6_7) My = K for 1 S i,j S QL’ J. Lang, O. l\/lgndez and
A. Nekvinda
and
(6.8) Imy;| <1 for 1<4,5 <2L,i#j. Title Page
Proof. SinceL = 2" we have by Lemm&.8a matrix A, ContEns
a1 a2 ... aiy, ‘4 >’
a a ...oa 4 4
A 21 22 2L ’
Go Back
a a L. a
L1 ar2 LL Close
which satisfies@.4) and 6.5). For1 <i < L, set Quit
0 forl,gng’i%j’ Page 72 of 78
(6.9) mi; =1 K for j =1,

Qi i—L for L+1 S]SQL
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and letry, 7o, ..., be 2L-dimensional vectorsy; = (mji, msa, ..., Mmiar).
Setforl <¢:< L

L

1
(6.10) PieL = 22 ) 0T
j=1
Let M be the matrix consisting of the rows, o, ..., 7o, i.€. v;(M) = 7.

Denote the elements @ff by m,;, so that

mi1 mio - Myor

may mag ceo Maor
M =

Mmar1 Marp2 ... MaL2L

We claim thatM satisfies §.6), (6.7) and ©.9).

LetL+1 < i < 2L. Thenr;is by (6.10 alinear combination of, us, . .., ur,
and them (M) < L.

Next, we calculaten;. If 1 <i < L,my; = Kby (6.9. LetL+1 <i < 2L
and writes =i — L. Then by 6.4) and ©6.10 we have

Mi; = Ms+L,s+L

1 L

- K E :mays+L Mjs+L

J=1

1 <& 1 1
_ o 2 _ 7 _
- g;ﬂ: ajs 4z = =llus(A)|2 = =L = K.
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We now considerd.8). Calculatem;;, ¢ # j. We have four posibilities:

(i) If 1 <i,j < Lthen by 6.9 we havem,;; = 0 and thusyn;; = 0 satisfies
(6.9).

(i) 1 <i<L L+1<j<2Lthenm; =
Imy;| < 1.

a; j—r, and due to §.4) it is

(i) fL+1<i<2L,1<j<Lthensettings =i — L we have by §.9)
and 6.10

L
1 1
Mij = MstLj = ¢ D ks iy = 7¢ G i = s
k=1
which gives by 6.4) |m;;| < 1.

vy FL+1<i<2L,L+1<j<2Ldenotes=i—L,t=7— L. By
(6.9 and 6.10 we obtain

L L
1 1 1
Mij = Mgy = K E Aks My = K E ks Akt = §U3(A) u(A),
k=1 k=1

which gives with 6.5) thatm;; = 0 and provesg.8).
O

Let ;| denote the sequence which Hasn i-th coordinate and on other.
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Lemma 6.10.Let2 < p < oo andn € N. SetK = 2" andL = K2. Then
there exists a subspace of [?, dim X < L such that for each, 1 <i < 2L.
1
2%
K1-2/p°
Proof. Let M be the matrix of ranRL from Lemma6.9. Set forl < i < 2L

distp(ei, X) <

X, = (mil,mm . 7m1’72L,O,0, - ),

and

X = lin{ml, Lo, ... ,fL’QL}.
By (6.6), dim X < L.
Next, we estimatelist,, (e,

Assume firsp < oco. Then

X)forl <k <2L.

' 1
disth (ex, X) < [lex — Ewng

1 1 1 1
(—m cee Emk,kfly 0, Emk,kJrlv ey —=My2r, 0,0, >

K k1, K
2L 2
Sk -E-

2L—1 1
S;K

This givesdist, (ex, X) < =257

p
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Next, assume = oo, so that

. 1
disteo (ex, X) < ||ex — Exk .
1 1 1
- Emkh ceey Emk,k—lv 07 Emk,k-i-lu s
1
< —
- K

This concludes the proof.

1
7Emk,2L70707 e ) H

o
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