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using mean values of Dirichlet L-functionsat= 1.
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1. INTRODUCTION AND MAIN RESULT
The very useful Mertens’ formula states that
1 - 1
() =i o ()
<o p og T ogx

for any real number > 2, wherey ~ 0.577215664 ... denotes the Euler constant. Some
explicit inequalities have been given in [4] where it is showed for example that

(1.1) g (1 — 2%)_ <€’ (x)logx,
where

1
(1.2) d(x) =1+ (log )

Let1 <[ < k be positive integers satisfying, ) = 1. The aim of this paper is to provide
an explicit upper bound for the product

(1.3) 1T (1 — %) B .

p<z
p=l (mod k)
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In [2], 5], the authors gave asymptotic formulas (os3)) in the form

11 (1 B 1%) ~ ¢ (k,1) (logz) /"

p<z
p=l (mod k)

whereyp is the Euler totient function and £, [) is a constant depending éandk. Nevertheless,
because of the non-effectivity of the Siegel-Walfisz theorem, one cannot compute the implied
constant in the error term. Moreover, the constdiit /) is given only for some particular cases

in [2], whereas K.S. Williams established a quite complicated expressio(kof) involving a
product of DirichletZ—functionsL (s; x) and a functionk’ (s; x) ats = 1, whereK (s; x) is

the generating Dirichlet series of the completely multiplicative functipdefined by

ool ()]

for any prime numbep and any Dirichlet charactey modulok. The author then gave explicit
expressions of (k, 1) in the case: = 24.

It could be useful to have an explicit upper bound fos)) valid for a large range of andz.
Indeed, we shall see in a forthcoming paper that such a bound could be used to estimate class
numbers of certain cyclic number fields. We prove the following result:

Theorem 1.1.Let1 < [ < k be positive integers satisfying, /) = 1 andk > 37, andx be a
positive real number such that> k. We have:

11 (1 — %>_1 <P 1C@)]] (1 — }%) : (W@T(mlogx)@ D (k)

pzlz()iidk) plk
where
2 2vVklogk L’
O (z,k) :=exp Vklog Z — ()| +2VElogk+E —~ | v,
log = o (k) = L
0

B ~0.261497212847643 ... and E ~ 1.332582275733221 . ..

The restrictiont > 37 is given here just to use a simpler expression of the Polya-Vinogradov
inequality, but one can prove a similar result with> 9 only, the constants i® (z, k) being
slightly larger.

2. NOTATION

p denotes always a primé,< | < k are positive integers satisfying,!) = 1 andk > 37,
x > kis areal number,

1
v := lim ( — —log n) ~ 0.5772156649015328 . ..

n—00 k
k=1

is the Euler constant and

“\logk (logn)”
1 o= lim <Z Oi . (Oi”’) ) ~ —0.07281584548367 . ..
k=1

is the first Stieltjes constant. Similarly,

n—oo

1
E:= lim (logn— PPt ) ~ 1.332582275733221 . ..

p<n
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and

n—oo
p<n

1
B:= lim (Z - loglogn> ~ 0.261497212847643 . . .

x denotes a Dirichlet character moduiand y is the principal character modulo For any
Dirichlet charactery modulok and anys € C such thatRes > 1, L (s; y) == S.>°, X js

n1n>

the Dirichlet L— function associated tg. > _ ~means that the sum is taken over all non-
principal characters modulb. A is the Von Mangoldt function and * g denotes the usual
Dirichlet convolution product.

3. SUMS WITH PRIMES
From [4] we get the following estimates:

Lemma 3.1.

Zlogpzp =F—-~ and ZZ
p a=2

pa2

4. THE POLYA -VINOGRADOV INEQUALITY AND CHARACTER SUMS WITH PRIMES

Lemma 4.1. Let x be any non-principal Dirichlet character moduko> 37.
(i) For any real number > 1,

> x(n)

n<z

(i) LetF € C' ([1;400[, [0; +0c[) such thatF" (¢) \, 0. For any real number > 1,

Zx(n)Fn

n>x

(i) For any real number: > £,

ZX 1Og${2\/_10gk('g( )'+1)+E—7}.

p>x

9
< E\/Elogk.

F (z) VElogk.

Cﬂl@

Proof.

(i) The result follows from Qiu’s improvement of the Polya-Vinogradov inequality (see [3,
p. 392]).
(i) Abel summation and (i).
(iii) Let x # xo be a Dirichlet character modulo> 37 andx > k be any real number.

1 if
(a) Sincey (p 1) = ¢ wherez (n) = { 0, otﬁerwse

pu(d X (m
; m<zx/d

and hence, sincg # o,

> 1D Dy iy,

d<z d<z m>z/d

andl (n) = 1, we get:
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and thus, using (ii),

\/_logk—l—l _ Wk log k
T L) 1L (L)

(4.1) 3 i (d

d<zx

(b) Sincelog = A % 1, we get:

o XA s i) 5 xlm)los

n<z d<z m<z/d

(2+ Z)ZX o

d<z/e x/e<d<x m<z/d
B (d) x (d) X (m logm x(2) log 2 p(d) x (d)
=2 =3 > 2 T
d<z/e m<x/d z/e<d<z
Y 3 O - 3 MO 5 e
d<z/e d<z/e m>z/d
X (2)log 2 p(d) x (d)
R
x/e<d<z

and, by using (ii)({.1]) and the trivial bound for the third sum, we get:

(4.2) ZX

n<x

<\/_logk{2‘LL (1; X)’Jr% 3 log<§> +lo§2 <1+§>}
S\/Elogk{Q‘%(l;X)’—l—g—i—logz <1+3)}
<2\/Elogk{'%(1;x)'+1}

sincer > q > 37.
(c) By Abel summation, we get:

ZX

p>x

X (p)logp
2|

p<t

max
log T t>z

Moreover,

Zx logp ZX ZZX logp

p<t n<t p a=2
pa<t
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and then:
X (p lop x (n)A(n =1
Z g SZ (n) ()+Zlogpz—a
p<t n<t " » a—2 P
P IENE] I
n<t n
L/
<2\/Elogk{f(1;x)‘+l}+E—v

by . This concludes the proof of Lemrha #.1.

5. MEAN VALUE ESTIMATES OF DIRICHLET L—FUNCTIONS
Lemma5.1.

(i) For any positive integers, k,

jk .
Z 1 k Z k) 2w(k)
‘' n k E P jk
(n,k)=1

~ wherew (k) == 3, 1and|e (j, k)| < 1.
(i) For any positive integek > 9,

o\’ 1 m log p
<w) C(Q)H(l—ﬁ)—l—?yljt'yjt?— logk+zp_1 <0.

plk plk

(i) For any positive integek > 9,

T 120l < e [T (1-

v
[SIE

X7X0 lk
Proof
(i)
ik
1 d 1 d I d
- n d - n d d ]k
(mk)=1 dlk n<jk/d dlk

wherele (d)| < 1 and hence:
ik

> = {los (k) + ) Z%— wALEd | LS (d) e (a)

n=1
(n,k)=1

and we conclude by noting that

p(d) _ e(k)
P i

dlk

o (d 10gd ¢ (k) x—~ logp
Z ok Zp—l

d|k plk
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and
S () ld)| < 3P (d) = 240
d|k d|k
(ii) Define
Ak-—k22 TP P ™ 1ok 1ng2
® = (=) <<>H( - L) T og ¥

Using [1] we check the inequality féor < £ < 513 and then suppose > 514. Since
k P 1
_ = — < p—1
¢ (k) L1 1= e
plk
we have taking logarithms

> iz (o) 2 (55)

plk

and from the inequality [(J4])

2.50637

k
——— < e’loglog k
< e loglogh+ log log k

¢ (k)
valid for any integek > 3, we obtain

2. ? 2 K\
A(k) <((2) <e”10glogk—|— 50637) +271+7+7T——<10g< )) <0

loglog k 3 k—1
if &> 514.
(i) First,
ST IL (LY = lim S(N)
XF#X0 o
where
2
Nk Nk
X (n)X (m) 1
S(N) := e -
(W)= 2 =20 2y
m,n= (n,k_):l
Following a standard argument, we have using (i):
2
Nk 1 Nk 1
S(N) =k — it
SRR S e DO
mgt}znmiodk) (n,k:_):l
(n,k)=(m,k)=1
2
Nk 1 Nk 1 Nk 1
AR AP ST PV
(n,k)=1 mzn(m;dk) (n,k)=1

(n.k)=(m, k) =1
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N
1 1 1
<ewe@II(1- )+ ¥ - | T 1
plk Jj=1 <n"};>1:1 (n k:)lzl
2
N (N—j)k Nk Nk
1 20 (k 1 1 1 1
—eme@[(1- 5+ EZEY L T -y - T
plk =t (=1 21 (=1
2
k Nk
1\ 20(k) =1 < 1 1
<pweaI](1-5)+ Y S 1o X )
plk j=1 (7::)1=1 (nT,Lk:)I:I
1
= (k) C(2) 1——
p
plk
20 (k) o~ 1 o (k) ogp | | co(j.k)2°®
+——=>> = | ——>qlog(jk) +~v+ ,
p ;j ; (k) +7 Zw;p_ "
2
v (k log p co (N, k) 2+
_ % log (N) +7+ 3 =% o le
plk

We now neglect the dependancergin k. Since

M
1 c1 (M
Z-:logM+7+M
—m M
and
Y log mo logM) co (M) log M
Z e
m=1 M

where0 < ¢; (M) < 5 and|e, (M)] < 1, we get:

2
2¢o (N)log N
S (N) < (1——) <—¢(k)) {(logN)2+271+—02( ) log
k N
plk
N
+2 logk:—i-v—kz ( Clj(v)>
p\k
2
1
_ 1og(Nk)+v+ZpO§pl
plk

owm+1, (k) | Y j N ]
+—f< ) ZCO_(Q‘”—CO( ) log (Nk) +7+ ) oep
K j=1 J N plk p—1

22202 (N)
O N2j2

J. Inequal. Pure and Appl. Math6(3) Art. 67, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 OLIVIER BORDELLES

=p(k)C@]] (1—2%) + (@)2 {2m+v (10gk+2;o§]i)2

plk plk
2¢1 (N) log p 2¢5 (N)log N
N (1ogk+7+zp_1 + N
plk
2w+, (1) | & j N ]
N k;@() Zco.g])_coj(v) log (NF) + 1+ 3 ogzi
=1 7 ok P
2202 (N)
- N2R2
and then
lim S (N) < o (k)¢ (2 !
Adim S (N) <@ (k)C(2) ~
plk
) 2
o (k) log p 2°W o (k) m?
r\ 92 — 11 I o SV
+( p ) {’ymw (ogk+z’;p1) }+ a5
p

and the inequalitg® < ¢ (k) (valid for any intege > 3 and+# 6) implies

lim S (N) SSO(k)C(?)H(l_iz)

N—oo olk p
) e (eeogm))
@@)1m&@1@§)+(%QY{<ﬁ%YC®£}O%)

2
2 log p
2 — — | logk E
+71+7+3 (og + 1

plk
<o -1 (1- )

2
plk P

if &> 9 by (ii). Hence
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Now the IAG inequality implies:

IT 1L (x5 =exp{%<k) 3 1ogrL<1;x>F}

X7X0 XFX0
o (k) —1 1 2
SeXp{ log > L (1)
200k E\ph)—1 &
p(k)—1
2¢(k)

< <(2>H(1—]%)

NI

IA

I

©
7/ N

—_

|

’Bl\Dl —_
N———

plk
O
6. PROOF OF THE THEOREM
Lemma 6.1. If x, is the principal character modulb and ifz > k, then:
1\ @ Yo (k
p<x p
whered is the function defined iflL.2).
Proof. Sincex > k,
H<1_1> :H(l_l) :M
T
and then
—xo(p) -1
n(-) e
p<zx p p<z p
ptk
! 1
SUCPRICH
p<x p p<wm p
plk
¢ (k) H ( 1)1
= —-— 1 —_——
k p<z p

and we usdl.1)) . O

Proof of the theoremLet 1 < I < k be positive integers satisfying, ) = 1 andk > 37, and
x be a positive real number such that- k. We have:
1\ ~X® XM
H(l——) I:H1XH2
p

H <1 - %) —¢(k) _ H (1 - %)—XO(P) . H (pgx

p<z <z
p=l (mod k) p= X#X0
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. Yo (k)o
with I1; < M -log x by Lemm. Moreover,

oo { 350 (- s (1) )|

XFX0 p<z
R PR
:p{; <2X +ZZ>§$)>}

and if y # xo, we have

L(l;X)ZH(l—%)_lzexp( XTP)—F XTM+Z§:X@S))

p p>x p a=2 ap
and thus
X _ X (p — X (p = X (p"
M= ] 0™ -exp{z x () <— w) 2> a<a) -2 OE a)>}
XFXO0 XFX0 p>x p p<z a=2 p p a=2 p

and hence

X (p) — 1

| < [T |2 (15%) ‘exp{z YA b2k —1)Y Y a}
p —, ap
X#X0 X#xo | p>z p a=2
= 2OD0-B) TT |L(1; )] - exp { 3 < Yy A X (p ) }
X#X0 XFX0 p>x
and we use Lemmia 4.1 (ii) and Lemma]5.1 (iii). We conclude the proof by noting that, if
x> 37, 2(VB><1 O
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