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ABSTRACT. Sufficient conditions are established for the boundedness of all solutions]of (1.1),
and we also present some sulfficient conditions, which ensure that the limits of first and second
order derivatives of the solutions ¢f (L.1) tend to zero as co. Our results improve and include
those results obtained by previous authars ([3], [5])-
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1. INTRODUCTION

We consider the third order non-linear and non-autonomous ordinary differential equation

(1.1) i+ flo, @, 8)E + g(r, @) + hiz, 0, 7) = p(t,2,,)
or its equivalent system

T = Y, y =z,
(1.2)

z= —f<l’, Y, Z)Z - g(ZE, y) - h(l’, Y, Z) +p(t7 x,Y, Z)
It is assumed thaff, g, h and p are continuous functions which depend only on the argu-
ments displayed explicitly, and the dots denote differentiation with respecttee derivatives

of(x,y,z) __ of(xy,z) __ Oh(xy,z) __ Oh(x,y,z) __
% = fl?(xay7z>7 % — fz(xvya Z)7 M - hx(%%z), M — y(x7y7 2)7

ox Oy
Oh(z,y,z) __ dg(z,y) _ . . .
Wewz) = p_(x,y,2) and 2 = g (2, y) exist and are continuous. Moreover, the existence

and the uniqueness of the solutions[of|1.1) will be assumed.
In recent years, the boundedness properties of solutions of certain non-linear differential
equations of the third order have been investigated by a large number of mathematicians, and
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2 CEMIL TUNG

they have obtained many results for some special cases of the eqliatjon (14 )withr), see
([21, 41, [BI, [7] — [10]) and references therein. However, in the case h(z, z, ), the results
about third order nonlinear differential equations are relatively scarce.

In ([5], [6]), Ezeilo discussed the ultimate boundedness and the existence of the periodic
solutions of equations of the form

T+ Y(@)x + e(x)r +v(r,z,z) = p(t).

Later, in a recent paper, Berekgto and Gyori [3] considered the differential equation de-
scribed as follows

(1.3) T+ f(x,z)d + g(x,z) + h(z,z,2) = p(t,z, z, ),

and the author established sufficient conditions under which all solutions of the non-autonomous
differential equation[(1]3) are bounded and the limits of first and second order derivatives of
the solutions of[(1]3) tend to zero as— oco. In this paper, we shall be concerned with the

boundedness results of the solutions of third-order non-linear differential equations of the form

)}

The motivation for the present work has come from the papers of Ezeilo(([5], [6]), Bereke-
toglu and Gyoril[3] and the paper mentioned above. The results obtained herein are comparable
in generality to the works of Berekdjlu and Gyori [3] and Ezeilo_[5], and our results also
include and improve the results in{([3], [5]). It should also be noted that the first result obtained
here is proved without using the boundednesk(af z, ).

2. MAIN RESULTS
The main results of this paper are the following.

Theorem 2.1. Further to the basic assumptions on the functigng, h andp assume that the
following conditions are satisfied.(b, ¢, [, m and A- some positive constants):

() f(z,y,2) > aandab—c > 0forall x,y, z;
(i) 222 > pforall z,y # 0;

(i) 2229 > ¢ for all  # 0;

(iv) 0 < hy(z,y,0) < cforall z,y;

(V) hy(z,y,0) > 0forall z,y;

(Vi) h.(x,y,0) > mforall z,y;

(Vi) yfo(z,y,2) <0, yf.(z,y,2) = 0andg,(z,y) < 0forall z,y, z;
(viii) yzhy(x,y,0) + ayzh,(x,y,z) > 0forall z,y, z;

(iX) |p(t,z,y,2)| <e(t)forallt >0,z,y,z, wherefot e(s)ds < A < 0.

Then given any finite numbers, yo, 2, there is a finite constan® = D(zo, yo, z0) such that
the unique solution:(¢) of (1.3) which is determined by the initial conditions

(2.1) 2(0) =z, y(0) =wo, 2(0) =2
satisfies

=) <D, [yt) <D, [:(t)] <D
forall t > 0.
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Theorem 2.2. Let all the conditions of Theorejn 2.1 be satisfied; in addition, we assume that
e(t) is bounded fot > 0, that is, there is a positive constaimt such that|e(t)| < M for all
t > 0. Then every solution(t) of (1.2) determined by the initial conditiorjs (.1) satisfies

z(t) — 0, z(t) — 0 as — oc.

Remark 2.3. Theoren{ 21 and Theorem 2.2 contain far less restrictive conditions than those
established in Berekajtu and Gyori[3, Theorem 1, Theorem 2]. Because the result established
in [3] can be proved here without the assumptibpse, y,0) > 1 > 0 andab+ % > a*m +c.

Remark 2.4. It should be noted that the functignsatisfying conditions (iii)-(vi) essentially
reduces to something like(x, y, z) = cx + ho(z, z). For example, the functioh(x,y, z) =
cr + z(x? + m) satisfies the above conditions.

The proofs of Theorein 2.1 and Theorgm 2.2 depend on some certain fundamental properties
of a continuously differentiable Lyapunov functidh= V' (z, y, z) defined by:

(2.2) Viz,y,z) = a/o h(£,0,0)d§ + h(z,0,0)y

) Y 1
+/ g(x’”)d’ﬁa/ f(z,m, 0)77d77+ayz+522.
0 0

Namely, this function and its time derivative satisfy some fundamental inequalities.
In the subsequent discussion we require the following lemmas.

Lemma 2.5. Subject to the assumptions (i)-(vi) of Theofenj /10,0, 0) = 0 and there is a
positive constank’ depending only on, b andc such that

(2.3) V(z,y,2) > K(@® +y* + 2°)
forall z,y, z.

Proof. Itis clear thafl/ (0, 0,0) = 0. Sinceh, (z,y, z) < ¢, 229 > b (y £ 0) andf(z,y, 2) >

Yy
a, the functionV (z, y, z) can be rearranged as follows (fpe£ 0):

@ b 1 1
(2.4) V(z,y,z) > a/ h(€,0,0)d¢ + h(:v, 0,0)y + 53/2 + §a2y2 +ayz + 522
0

= o [by + h(z,0 O)] [ay -+ z]2

+2612{ h(&,0,0) { ab—hg§OO))ndn}d§}

lb [by + h(z,0, 0)] 5 [ay + z]

+%y2 {4/Omh(§70,0) on(ab—C)ndn} dé}, (fory #0).

Now, it is obvious from[(2J4) that the functidii(z, y, z) defined in[(2.R) is a positive definite
function which has infinite inferior limit and infinitesimal upper limit. Hence, there is a positive
constant/’ such that

V(r,y,2) > K(2* +y° + 22).
The proof of this lemma is now complete. OJ
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Lemma 2.6. Under the assumptions of Theorém|2.1, there are positive condtarasd D,
depending only on andm such that, if(z(¢), y(t), z(¢)) is any solution of{(1]2), then

(2.5) V= %V(x(t),y(t), 2(t)) < =Dy (y* + 2%) + Dy(ly| + |2])e(t).

Proof. An easy calculation fronj (2.2) and (1.2) yields that

@8) V= hulw0.0)+y [ aule.min+ay [ fule.n o)y
+az? — f(x,y,2)2* —ayg(x,y) — W1 — Wao — Ws + (ay + 2)p(t, z,y, 2),

where

Wi =af(z,y,2)yz — af(z,y,0)yz,

Wy = —h(z,0,0)z + h(z,y, 2)z,

W3 = —ayh(x,0,0) + ayh(z,y, 2).
By (vii), we get

y/Oy ga(z,m)dn <0, y/oy fe(@,m,0)ndn < 0.

It also follows from (vii), forz # 0, that

f(ZL‘,y,Z) —f(ZL‘,y,O)

z

Wi = ayz? l ] = yfoZ(x,y,le) >0, 0<6,<1,

butWW; = 0 whenz = 0. Hence
Wi >0 forall z,y, z.
Similarly, it is clear that
Wy = yzhy(z,05y,0) + 2°h,(z,y,032) ,0<6, <1, 0<6;3<1
Wy = ay’h,(z,04y,0) + ayzh.(z,y,052), 0<60,<1, 0<6;<1.
Then, combining the estimates fr,, IV, W3 with (2.6) we obtain

V S thx(x> 07 O) - yZhy(ma 623/7 O) - Zzhz(wa Y, 93’2) - ClyZh,y({E, 643/7 O)
—ayzh.(z,y,052) + az® — f(z,y,2)2* — ayg(z,y) + (ay + 2)p(t, z,y, 2).
The assumption (viii) shows that

(27) V< —ay®hy(7,04y,0) + y*h,(2,0,0) — 22h.(z,y, 032)
+az® — f(x,y,2)2* —ayg(x,y) + (ay + 2)p(t, z,y, 2).
Also under the assumptions of the theorem we have
—ay*h,(r,04y,0) <0 forall z,y;
y?hy(2,0,0) < cy® forall z,y;
—22h,(1,y,032) < —mz* forall x,y, z;
—f(z,y,2)2* < —az® forallz,y,z;

—ayg(z,y) < —aby® forall z,y;
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(ay + 2)p(t,z,y,2) < |ay + 2| |p(t, z,y, 2)|
< (aly + |z])e(?)
< max{a, 1} ([y| + |z[)e(?).
Now, let D; = min {ab — ¢,m} andDy = max{a, 1} .
From the estimates just stated above (2.7) we obtain
V < —(ab— ¢)y* — mz? + max {a, 1} (Jy| + |z|)e(t)
< =Di(y* + 2°) + Da(ly| + |z])e(t).
This completes the proof of the lemma. O

Lemma 2.7. Let f be a non-negative function defined noo) such thatf is integrable on
[0, 00) and uniformly continuous off), co). Then

tlim ft) =
Proof. See ([2]). O

3. PROOF OF THEOREMS

Proof of Theorerfi 2]1Consider the Lyapunov functiori(z, y, z) defined by[(2.2). By Lemma
[2.3, itis obvious that

V(z,y,2) =0, atz’+y*+2>=0,
V(z,y,2) >0, ifaz®+y*+22#0,
V(z,y,2) — oo, asz®+y*+ 2> — oo.
Next supposéz(t), y(t), z(t)) is any solution of[(1]2) which satisfies the initial conditions
2(0) = o, y(0) = 5o, 2(0) = 2.
Set

Then just as in Lemna 2.6,

V < =Di(y® + 2%) + Da(lyl + |2])e(t),
so that _
V' < Do(ly| + |2])e(?).
It follows from the obvious inequalities
Iyl < 14192, 2| <1+ 22
and
9 1

y2 + 2 S EVCU?yv Z)

that
V() < Do(2+ 12 + 22)e(t)

Dy
< fe(t)V(t) + 2Dqe(t).

Integrating both sides of this inequality betwegmandt (¢ > 0) and using Gronwall-Reid-
Bellman inequality, we obtain

1

Vo < (Vo) +20, | tx<s>e<s>ds) ,
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where

x(t) = exp (-% /0 te(s)ds) |

Sincex(t) < 1, and using (ix) we have

V(t) < (V(0) +2DyA) exp (%A) fort > 0.

AsV(0) = V(xg, 30, 20), this completes the proof. O

Proof of Theorer 2]2The proof of this theorem is similar to that of Berekgitoand Gyori|[3,

Theorem 2] and hence it is omitted. O
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