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Abstract

Sufficient conditions are established for the boundedness of all solutions of
(1.1), and we also present some sufficient conditions, which ensure that the
limits of first and second order derivatives of the solutions of (1.1) tend to zero
as t — oo. Our results improve and include those results obtained by previous
authors ([3], [5]).
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We consider the third order non-linear and non-autonomous ordinary differen-
tial equation

or its equivalent system

=9,y =2,
(1.2)

z= —f(l',y,Z)Z - g(l’,y) - h(x7y7 Z) _'_p(tﬂx?ya Z)'

It is assumed thaf, g, h and p are continuous functions which depend only

on the arguments displayed explicitly, and the dots denote differentiation with
respect tot. The derivatives? @22 = ¢ (4 y, z), 20v2) = ¢ (4 y 2),
—ah(g;cy’z) = hy(z,y, 2), —ah(;;/y’z) = hy(z,y, 2), —ah(g’zy’z) = h,(z,y, 2) and% =
g:(x,y) exist and are continuous. Moreover, the existence and the uniqueness
of the solutions of 1.1) will be assumed.

In recent years, the boundedness properties of solutions of certain non-linear
differential equations of the third order have been investigated by a large num-
ber of mathematicians, and they have obtained many results for some special
cases of the equatiori.() with h = h(x), see (I, [4], [5], [/]1 = [10]) and
references therein. However, in the case h(zx, z, x), the results about third
order nonlinear differential equations are relatively scarce.

In ([5], [6]), Ezeilo discussed the ultimate boundedness and the existence of
the periodic solutions of equations of the form

T+ Y(@)x + p(z)r + v(z,z,2) = p(t).
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Later, in a recent paper, Berekgto and Gyori ] considered the differential
equation described as follows

(1.3) P fl,®)E 4 gz, &) + bz, &, %) = plt, z, &, %),

and the author established sufficient conditions under which all solutions of the
non-autonomous differential equatioh §) are bounded and the limits of first

and second order derivatives of the solutionslo)tend to zero ag — oo. In

this paper, we shall be concerned with the boundedness results of the solutions

Boundedness of Solutions of a

of third-order non-linear differential equations of the forin1j. Third-Order Nonlinear
The motivation for the present work has come from the papers of Ez&Jlo ([ Differential Equation
[6]), Bereket@lu and Gyori B] and the paper mentioned above. The results Cemil Tung

obtained herein are comparable in generality to the works of Berglkeamd

Gyodri [3] and Ezeilo }], and our results also include and improve the results
in ([3], [5]). It should also be noted that the first result obtained here is proved
without using the boundednessiafr, z, z). Contents
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The main results of this paper are the following.

Theorem 2.1. Further to the basic assumptions on the functiging, » and

p assume that the following conditions are satisfieth(c, [, m and A- some
positive constants):

() f(z,y,2) > aandab—c > 0forall x,y, z;

Boundedness of Solutions of a
iy 9@y - . Third-Order Nonlinear
(“) y = b for all LY 7& O’ Differential Equation

(iii) 200 > ¢ for all # # 0; cemiune
(iv) 0 < hy(x,y,0) < cforall z,y; Title Page
Contents
(V) hy(z,y,0) > 0forall z,y;
44 44
(Vi) h.(z,y,0) > mforall z,y; < >
(i) yfo(z,y,2) <0, yf.(z,y,2) 2 0andg,(z,y) < Oforall z,y, z; CoEaes
Close
(viii) yzhy(z,y,0) + ayzh,(z,y,z) > 0forall z,y, z; —
uit
(iX) |p(t,z,y,2)| <e(t)forallt > 0,z,y, z, Wherefot e(s)ds < A < 0. Page 5 of 15
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Then given any finite numberns), yo, zo there is a finite constanD =
D(zy,yo, 20) such that the unique solutian(¢) of (1.2) which is determined
by the initial conditions

(21) I(O) = Xy, y(0> = Yo, Z(O) = 20
satisfies

lz()| <D, [y@®)|<D, |2(t)]<D
forall ¢ > 0.

Theorem 2.2. Let all the conditions of Theore 1 be satisfied; in addition,
we assume that(t) is bounded for > 0, that is, there is a positive constant
M such that |e(t)] < M for all ¢ > 0. Then every solutior(t) of (1.2)
determined by the initial conditiong (1) satisfies

z(t) — 0, z(t) - 0 as — oo.

Remark 1. Theorem2.1 and Theoren?.2 contain far less restrictive condi-
tions than those established in Bereketoglu and Gygdrifheorem 1, Theorem
2]. Because the result established i#] can be proved here without the as-
sumptionsy, (z,y,0) > 1 > 0 andab + % > a*m + c.

Remark 2. It should be noted that the functignsatisfying conditions (iii)-(vi)
essentially reduces to something liker, y, z) = cx + ho(x, z). For example,
the functioni(z, y, 2) := cx + 2(z* + m) satisfies the above conditions.

The proofs of Theoremd.1 and Theoren?.2 depend on some certain fun-
damental properties of a continuously differentiable Lyapunov fundtios:
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V(z,y, z) defined by:
@2) Viw.2)=a [ hE.0.0 + h(z.0,0)y
0

Yy Yy 1
+ / g(x,m)dn + a/ f@,n, 0)yndn + ayz + 52°.
0 0
Namely, this function and its time derivative satisfy some fundamental inequal-
ities.
In the subsequent discussion we require the following lemmas.

Lemma 2.3. Subject to the assumptions (i)-(vi) of Theorgry V/(0,0,0) = 0
and there is a positive constaht depending only on, b andc such that

(2.3) V(z,y,2) > K(a* +y* + 2%)
forall z,y, z.

Proof. It is clear thatl’(0,0,0) = 0. Sinceh,(z,y, z) < c, @ >b (y#0)
and f(x,y,z) > a, the functionV (z,y, z) can be rearranged as follows (for

y # 0):
(2.4) V(x,y,z2)

x b 1 1
> a/ h(€,0,0)d¢ + h(x,0,0)y + ~y* + =a’y* + ayz + = 2*
0

E y I, 9 + Cly V4

- 2bly2 {4/0@“ h(&,0,0) [/Oy(ab — hg(g,o,o))ndn} dg}
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ib[by—l—h(x 0,0)]? +%[ay—l—z]2

2bly2 {4/; he.0.0) [/Oy(“b - C)”d"] df} . (fory #0).

Now, it is obvious from 2.4) that the function/(x, y, z) defined in £.2) is a
positive definite function which has infinite inferior limit and infinitesimal upper
limit. Hence, there is a positive constaktsuch that

_|_

Viz,y,2) > K(2® +y* + 2%).
The proof of this lemma is now complete. O

Lemma 2.4. Under the assumptions of Theoreéiri, there are positive con-
stantsD; and D, depending only o andm such that, if(x(t),y(t), z(t)) is
any solution of {.2), then

d

@5) V= V(@) y(0),2()) < ~Dily? + ) + Dollyl +|2e(t).

Proof. An easy calculation from2.2) and (L.2) yields that

. Yy
Qﬁ)V=y%A%Q®+y/gA%mM
0

)
+ ay/ fo(@,n,0)ndn + az® — f(z,y,2)2" — ayg(x,y)
0

- Wl - WQ - W3 + (ay+ Z)p(t7x7y72>7
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where

Wl = af(x, Y, Z)yZ - af(x, Y, O)yz7
Wy = —h(z,0,0)z + h(z,y, 2)z,
W3 = —ayh(z,0,0) + ayh(z,y, 2).

By (vii), we get

) )
y/ gz(x,m)dn <0, y/ Je(2,m,0)ndn < 0.
0 0

It also follows from (vii), forz # 0, that

Wy = ayz? [

f(x,y,z) B f(x,y,O)

z

butW; = 0 whenz = 0. Hence

Similarly, it is

W2 = yZhy(l’, 92yﬂ O) + Zzhz(l', Y, 032)
W3 = ay’hy,(z,04y,0) + ayzh,(z,y, 052),

Wy >0 forall z,y, 2.

clear that

70§02§17
0§64§17

:| :yZsz(xayaelz) 20, Ogel S 17

0<6;<1
0<6; <1.

Then, combining the estimates fr;, W5, W3 with (2.6) we obtain

V S thx(I7 07 O) - yZhy([E, 92% O)
— 22, (2,y,032) — ay®hy(z,04y,0) — ayzh,(x,y,052) + a2

= flz.y,2)2* = ayg(a,y) + (ay + 2)p(t, 2,y 2).
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The assumption (viii) shows that

(27) v S —athy(x, 94%0) + y2h‘1<x7070) - Z2hz(x>y793z>
+ aZZ - f(xaya Z)zQ - ayg(x,y) + (ay + Z)p(t,x,y, Z)

Also under the assumptions of the theorem we have

—ay*h,(v,04y,0) <0 forall z,y;

2 2 . .
yhale.0.0) = 0 foral oy, S O o
—2*h,(z,y,032) < —mz* forall z,y, 2; Differential Equation

2

—f(z,y,2)2* < —az® forallz,y, 2; Cemil Tung

—ayg(z,y) < —aby® forall z,y;

Title Page
(ay + 2)p(t, 2y, 2) < |ay + 2| p(t, , ¥, 2)| Contents
< (aly| +|z|)e(?) < >
< max {a, 1} (fy| +|z])e(t). —1
Now, let D; = min {ab — ¢,m} andDy = max {a, 1} . Go Back
From the estimates just stated above @hd)(we obtain p—
V < —(ab — ¢)y* — m2? + max {a, 1} (Jy| + |2])e(t) Quit
< —Di(y* + 2°) + Da(lyl + [2])e(t). Page 10 of 15
This completes the proof of the lemma. O
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Lemma 2.5. Let f be a non-negative function defined [Onoco) such thatf is
integrable on0, co) and uniformly continuous off), co). Then

lim f(t) = 0.

t—o00

Proof. See (P]). O]
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Proof of Theoren2.1. Consider the Lyapunov functiol (z,y, z) defined by
(2.2). By Lemma2.3, it is obvious that

V(z,y,z) =0, ata®+y*+2°=0,
V(z,y,2) >0, ifa®+y°+2#0,
V(z,y, 2 )—>oo asz’ +y° + 2> — oo.

Next supposéz(t), y(t), z(t)) is any solution of {.2) which satisfies the initial
conditions

:C(O) = Zo, y(O) = Yo, Z(O) = 20-
Set

Then just as in Lemma.4,
V < =Di(y® + 2°) + Da(lyl + |z])e(t),

so that .
V< Da(lyl + [z])e(?).

It follows from the obvious inequalities
ly| < 14197, 2| < 1+ 22

and
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that
V() < Dy(2 + 12 + 22)e(t)
D,

< Ze(t)V (1) + 2Dse(t).

Integrating both sides of this inequality betweemndt¢ (¢ > 0) and using
Gronwall-Reid-Bellman inequality, we obtain

Boundedness of Solutions of a

1 K : .
V(o) < 5 (VO +2: [ a(ogetoas). e e
where Cemil Tung
(t)=e ( Dy /t e(s)ds>
= e&X —_— .
X P K Jq Title Page
Sincex(t) < 1, and using (ix) we have Contents
D 44 44
V(t) < (V(0) 4+ 2DyA) exp ( =—=A) fort > 0.
K < >
AsV(0) = V(xg, yo, 20), this completes the proof. O Go Back
Proof of Theoren2.2. The proof of this theorem is similar to that of Bereke- Close
toglu and Gydri B, Theorem 2] and hence it is omitted. O Quit
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