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Abstract

We give exact estimations of certain weighted L2-norms of the k-th derivative
of polynomials which have a curved majorant. They are all obtained as appli-
cations of special quadrature formulae.
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The following problem was raised by P.Turan:
Lety (x) > 0for —1 < 2 < 1and consider the clasB, ,, of all polynomials
of degreen such that |p,(z)] < ¢(z) for =1 < z < 1. How large can

maxj_i,1] ‘p;’“><x)‘ be if p, is an arbitrary polynomial in?, , ?

The aim of this paper is to consider the solution in the weigltédnorm
P a+B—2ax?
for the majorant (z) = 724", 0 < o < 4.
Let us denote by

(2i—1)m

(1.1) z; = cos ,
2n

i=1,2,...n,
the zeros of 7}, (x) = cosnf, x = cos b,

the Chebyshev polynomial of the first kind,

(1.2) ygk) the zeros Of]ék_)1 (), Up(x)= S;?nif, x = cos b,
the Chebyshev polynomial of the second kind and
(13) anl (x) = ﬁUnfl ('Z') - @Unf?) (l’) ) 0 S o S B

Let H, 3 be the class of all real polynomialg_;, of degree< n — 1 such
that
— 20712
(1.4) () < SFIZ20% 1o,

V1—a?

where ther;’s are given by {.1) and0 < o < 3.

Markoff-type Inequalities in
Weighted L2-norms

loan Popa

Title Page
Contents
<44 44
< >
Go Back
Close
Quit
Page 3 of 17

J. Ineq. Pure and Appl. Math. 5(4) Art. 109, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ioanpopa.cluj@personal.ro
http://jipam.vu.edu.au/

Theorem 2.1.1f p,,_; € H, 3 thenwe have

ey | 1 ﬁ Py (@)] do
<20 = a4 1) (0 - 2) (n—3)

- 15
+5(n—1)(Pn(n+1)—a®(n—2)(n—3))]

with equality forp, | = G, _1.
Two cases are of special interest:

l. Casea = 8 = %, ¢ (z) = v/1 — 22 (circular majorant), G,,_; = T,_;.
Note thatP,_; , C Héé, Th1 ¢ Pvp,Thn€ H

1 1.
272

Corollary 2.2. If p,_, € H1 1 then we have

1
2

V]|

(2.2) (93)}2 de <m(n—1)>%,

1 1 [ ,
RV

with equality forp,, 1 =T, 1.

Il.Casea =0,8=1,¢(x) = ﬁ G =U,_1.

Note thatP, 1, C Ho1, Up—1 € Pp_1,p, Up—1 € Hy.
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Corollary 2.3. If p,_; € Hy; then we have

(@) do < 2P =)

(2.3) < T

L |
/1 —m [P;L—1
with equality forp,, 1 = U,,_;.
In this second case we have a more general result:
Theorem 2.4.1f p,,_, € Hy; and
r(z) =b(b—2a)x* +2c(b—a)r+a®+
with0 < a < b, |c| < b —a,b # 2a then we have

(2.4) /1 () (1 - x2)k_1/2 |:p(k+1) (x)r i < T(n+k+1)

nl (n—k—2)!
2(n? — k) =302k +1)][(a—0)*+c] a2+
% (2k + 1) (2k + 3) (2k + 5) 2%k +3 |’

wherek = 0,...,n — 2, with equality forp,,_; = U,,_1.
Settinga = 1,b = ¢ = 0 one obtains the following
Corollary 2.5. If p,_; € Hy, then we have

1 2
(2.5) / (1- x2)k_1/2 [p,(lk_ﬁl) (x)] dx
-1
2r (n+k+1)! n®+k*+3k+1

(n—k—2)! (2k+1)(2k+3)(2k+5)’
k=0,...,n—2,with equality forp,,_; = U,_1.
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Here we state and prove some lemmas which help us in proving the above the-

orems.

2
Lemma 3.1. Let p,_; be such thalp, i (z;)| < 222%% 4§ = 1,2,....n
M 9 y“y 9 9

where ther;’s are given by {.1). Then we have

(31) |p;1—1(y])‘ S ‘G;—l(y]) ! ]{7:071,...,71—17
and
(3.2) ’p,n—1<1)’ < ’G,n—1<1) ) ’p;—l(_1)| < |G;1—1(_1)“

Proof. By the Lagrange interpolation formula based on the zero%,0and

using?) (x;) = %2;72 we can represent any algebraic polynomigl ; by
1T (x) i+1 2\1/2
Pn-1 () = E; T — 1 (=1) (1 %) Pn—1 (i) -
From 3 )
1+ [ — 20
G (22) = (1) — ==+
V1—a?
we have
1T,
Gn-1 () = — (z) (a + 06— 2043:?) .
n T — X
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Differentiating with respect ta we obtain

P () = 5 D P B ) (1) ()
On the roots ofl), () = nU,,—; () and using {.4) we find
T, (
VIRAIPE) i
|T y] o+ 8-
ZZI (y] —l'z) |Gn 1 y])|

Forl; () =

ps (D] < SO

Similarly [p},_, (—1)| < |Gl,_1 (—1)]. O

(1) > 0 (see ) it follows that

a+ B —2ax}) =|G,_, (1)].

We shall need the result of Duffin and Schaeftgr [

Lemma 3.2 (Duffin — Schaeffer).If ¢ (z) =¢ H (x — x;) is a polynomial of

degreen with n distinct real zeros and if € P, |s such that

|p/(xi)| < |q/($1)| (Z = 1727"'?”)’
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thenfork =1,2,...,n—1,
P ()] < [g" ()|

whenevey ¥ (z) = 0.

Lemma 3.3. Letp,,_; be such thatp,,_;(z;)| < i=1,2,...,n,where

27
1—x7

thez;’s are given by {.1). Then we have
P )| <

for k=0,1,...,n—1,and

(3.3) UV @), whenevelV, (y17) = 0,

@4 || vt o), | ot en).
Proof. Fora =0, 3 =1, G, = U,—1 and 8.1) give |p,,_, (y;)| < |U,_1(y;)]
and @.2)

’p;—l(l)’ < ’Ué—1(1)|7 ‘p;—1(_1)‘ < ‘U;@—l(_l)}‘
Now the proof is concluded by applying the Duffin-Schaeffer lemmall
The following proposition was proved iz].

Lemma 3.4. A real polynomial- of exact degree 2 satisfiegxz) > 0 for —1 <
x < 1ifand only if

r(z) =b(b—2a)2x* +2c(b—a)x+a®+
with0 < a < b, |¢| <b—a, b# 2a.
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We need the following quadrature formulae:

Lemma 3.5.Forany givemm andk, 0 < k < n—1,lety™, i =1,... . n—k—1,
be the zeros cﬁfé’“_)l. Then the quadrature formulae

@) [ (1= r @ = alr D)+ Y s (1),
where
22k + )T (k+1/2)% (0 — k- 1)!
Ao = (n+ k)! o s>
and
n—k—2
= Bo[f (=) + f )]+ Colf (=1) = f ()] + vif ( §k+1>) ,
where
o 22 (2k 4+ 3)T (k +3/2)* (n — k — 2)!
- (n+k+1)! ’
302002(n2— (k+2)%) (2k +3) +4(k+ 1) (2k + 5)

(2k + 1) (2k +5)
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have algebraic degree of precisi@n — 2k — 1.
The quadrature formulae

(3.7) / V2 f (2) da
n—k—1

= Aif (1) + Bif () + ) sir <yz‘(k)>f(yfk)>’

=1
where

4, 2R DT (R4 U9 k= Dl (e bt o)

(n+k)!
5 2R+ )T (k+1/2)2 (n—k— 1) (a—b—c)?
b (n+k)!
k: 1/2
(39) / f(@)de = Cof (~1) + Duf (1)
+Cof (—1) — Dof' (1) + Z v,r( k+1)> (yi(k—i-l))’

Cy = By(a—b+¢)* 4 2Cod, Dy = By (a — b — ¢)* — 2Cye,
Cy=Cola—b+¢) , Dy=Cola—b—c),
d = 2ab+ bc — ac — b*, e = b* — 2ab + bc — ac.
have algebraic degree of precisi@n — 2k — 3.
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Proof. In order to compute the coefficients we need the following formulae

/1 (1—2)*(1+ x)’\ Prgf"ﬁ) (x) dx

1

(DT 2P A+ DT (m+ a4+ 1)T (8- X +m)
39 = Lm+DT(B-NT(m+a+A+2) o A<h

/_1(1—95) (14 2)° PP (2) do

1
2P A4+ 1) T (m+ B4+ 1)T (a — A+ m)
T (m+D)T(a—=NT(m+B8+A+2)

, A<«

The first quadrature formul&(5) is the Bouzitat formula of the second king] |

formula (4.8.1)], for the zeros ot/'"), = cPﬁE’lkﬁ). Settinga = § = 1,
m =n — k — 1in [4, formula(4.8.5)] we findA, ands; > 0 (cf. [4, formula
(4.8.4))).

If in the above quadrature formula.@), taking into account3.9), we put

f@)= (- @+ P ),
U () = PTEIE) (4),

we obtainCy, and for

we find B,,.
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If in formula (3.5 we replacef () with r (z) f () we get 3.7) and if in
formula (3.6) we replacef (x) with r (z) f () we get @.9). O
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Proof of Theoren2.1 Settingk = 0 in (3.5) we find the formula

[ e = gy ) T3 ),

According to this quadrature formula and usigglj and 3.2) we have

1 1 / 2
Lﬁ [V, ()] do

= o (P (D)4 o (P (D) 4 - nzi (Por (9)°
(G )+ 7 (G )+ 5 (G )
_ /_ 1 ﬁ G, ()] de.
Now
_M/ ﬁw iy [ L]
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Using the following formulaX = 0 in (3.6))

[ = B Oy )

VI—22 10n(n2—-1)

b U D = £ O+ S 6
we find
/1 U1 (@)]° _ 270 (n' = 1)
1 V1 —22 15 7
PU (@) Un g (2) _ 2mn(n? ~1) (n = 2) (n = 3)
1 V1 — a2 15 7
/1 Uis @)]° _ 2w (0= 1) (2 ~ 41+ 5) (n = 2) (n — )
L VI-a? 15
and

/_1 [(?117_(?} do — 2”(7;5_1) (0= B)*n(n+1) (n—2)(n—3)

+5(n—1)(°n(n+1)—a’(n—2)(n—13))].
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Proof of Theoren2.4. According to the quadrature formula.{), positivity of
s;'s, and using §.3) and (3.4) we have

/_1T (x) (1 B xQ)k_l/Q [pglkj-ll) (x)] 2 "

— A [pglkjll) (_1)]2 s [Pnkﬁl } n Xk: SZT< > [pnkJrll) <yi(k)>}2

n—k—1

2
In order to complete the proof we apply formutad) to f = [ y (x)} .

n—1

Having in mindUnkfl1 <y§k+1)) = 0 and the following relations deduced
from [1]

n(nz—lz)-'-(n2—(k+l)2)

w1 1-3--(2k +3) ’
2 2
(k+2) n® — (k+2)" (k1)
= - 1
Un—l ( ) 2k+5 U’n—l ( )’
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we find

/_1 . (x) (1 _ 932)’671/2 [pflkjll) (w)] 2 i

1
2
o [0 () oy [0 ()]
+2(J’2U( (1) U2 (—1) — 2D, (1) U (1)

r(n+k+D 202 k) =3Ck+1)][(a—0)>+c] a2+
(n—Fk—2)! )

2k + 1) (2k +3) 2k +5) "ok i) o

loan Popa
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