journal of inequalities in pure and l\"'
applied mathematics

http://jipam.vu.edu-au
issn: 1L443-575k

Volume 8 (2007), Issue 1, Article 20, 6 pp. © 2007 Victoria University. All ights reserved.

SUBORDINATION AND SUPERORDINATION RESULTS FOR &-LIKE
FUNCTIONS

T.N. SHANMUGAM, S. SIVASUBRAMANIAN, AND MASLINA DARUS

DEPARTMENT OFINFORMATION TECHNOLOGY,
SALALAH COLLEGE OFENGINEERING
SALALAH , SULTANATE OF OMAN

drtns2001@yahoo.com

DEPARTMENT OF MATHEMATICS,
EASWARI ENGINEERING COLLEGE
RAMAPURAM, CHENNAI-600 089
INDIA
slvasalsastha@rediffmail.com

ScHoOOL OF MATHEMATICAL SCIENCES
FACULTY OF SCIENCES ANDTECHNOLOGY,
UKM, M ALAYSIA

maslina@pkrisc.cc.ukm.my

Received 24 June, 2006; accepted 29 December, 2006
Communicated by N.E. Cho

ABSTRACT. Letgq; be convex univalent ang, be univalent inA := {z : |z| < 1} with ¢;(0) =
q2(0) = 1. Let f be a normalized analytic function in the open unit diskLet & be an analytic
function in a domain containing(A), ®(0) = 0 and®’(0) = 1. We give some applications of
first order differential subordination and superordination to obtain sufficient conditions for the
function f to satisfy

2(f *9)'(2)

2(Fro)z) < 2

q1(z) <

whereg is a fixed function.
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1. INTRODUCTION AND M OTIVATIONS

Let A be the class of all normalized analytic functiofi&) in the open unit diskA :=

{z : |z| < 1} satisfyingf(0) = 0 and f’(0) = 1. Let H be the class of functions analytic ik
and for anya € C andn € N, H[a, n] be the subclass @f consisting of functions of the form
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f(z) =a+a,z" + apy 12"+ -+ Letp, h € Hand letp(r, s, t;2) : C* x A — C. If pand
o(p(2), 2p™p"(2); 2) are univalent and if satisfies the second order superordination

(1.1) h(z) < ¢(p(2), 20"p"(2); 2),

thenp is a solution of the differential superordinatign (1.1). flfs subordinate td", then F’

is called a superordinate ¢gf An analytic functiong is called a subordinant if < p for all p
satisfying [(I.1). A univalent subordinagtthat satisfies; < g for all subordinants; of (1.7))

is said to be the best subordinant. Recently Miller and Mocanu [5] obtained conditidng on
and¢ for which the following implication holds:

(1.2) h(z) < ¢(p(2), 2p"p"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocanul[4], Bulbaa{2] considered certain classes of first
order differential superordinations as well as superordination-preserving integral opérators [1].
In an earlier investigation, Shanmugam etal. [8] obtained sufficient conditions for a normalized

analytic functionf(z) to satisfyq;(z) < ngfi) < ¢2(2) andqy(z) < % < ¢2(z) whereq
andg, are given univalent functions i with ¢;(0) = 1 andg»(0) = 1. A systematic study of
the subordination and superordination has been studied very recently by Shanetugjam
[9] and [10] (see also the references cited by them).

Let ® be an analytic function in a domain containifig\) with ®(0) = 0 and®’(0) = 1. For
any two analytic functiong(z) = >~ ,a,2™ andg(z) = .-, b,2", the Hadamard product
or convolution off(z) andg(z), written as(f  ¢)(z) is defined by

(f*9)(2) = D anbu".
n=0
The functionf € A is called®-like if

2f'(2)

The concept ofb— like functions was introduced by Brickman [3] and he established that a
function f € A is univalent if and only iff is ®-like for some®. For ®(w) = w, the functionf

is starlike. In a later investigation, Ruscheweyh [7] introduced and studied the following more
general class ob-like functions.

Definition 1.1. Let & be analytic in a domain containing(A), ¢(0) = 0, ¢'(0) = 1 and
P(w) # 0forw € f(A)\ {0}. Let q(z) be a fixed analytic function i\ , ¢(0) = 1. The
function f € A is called®-like with respect tgy if

(1.4) =f(E) <q(z) (z€A).

O(f(2))
When®(w) = w, we denote the class of all-like functions with respect tg by S*(q).
Using the definition ofb— like functions, we introduce the following class of functions.

Definition 1.2. Let g be a fixed function ind. Let ® be analytic in a domain containingA) ,
®(0) =0, d'(0) =1 andP(w) # 0forw € f(A)\ {0}. Letq(z) be a fixed analytic function
in A, ¢(0) = 1. The functionf € A is called®-like with respect toS; (q) if

(1.5) gl oy e

(f *g)(2)
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We note thatS*. (¢) := S*(q).
11—z
In the present investigation, we obtain sufficient conditions for a normalized analytic function

f to satisfy
Q1(Z) = M ~< Q2(Z)

O(f *g)(2)
We shall need the following definition and results to prove our main results. In this sequel,
unless otherwise stated,and~ are complex numbers.

Definition 1.3 ([4, Definition 2, p. 817]) Let @ be the set of all functiong that are analytic
and injective omA — E(f), where

B(f) = {CeaA:lgn}f<z) :oo},

and are such that'(¢) # 0 for ¢ € 0A — E(f).

Lemma 1.1 ([4, Theorem 3.4h, p. 132])Let ¢ be univalent in the open unit disk and
6 and ¢ be analytic in a domainD containingg(A) with ¢(w) # 0 whenw € ¢(A). Set
§(2) = 2¢'(2)9(q(2)), h(z) = 0(q(2)) + £(2). Suppose that
(1) &(z) is starlike univalent imA, and
) m{zggg)} >0(2€A).
If p is analytic inA with p(A) € D and
(1.6) 0(p(2)) + 20" (2)(p(2)) < 0(q(2)) + 2q'(2)d(a(2)),

thenp(z) < ¢(z) andq is the best dominant.

Lemma 1.2.[2, Corollary 3.1, p. 288Letq be univalent inA, 1) andy be analytic in a domain
D containingg(A). Suppose that

1) R [i fjg))ﬂ > 0for z € A, and
(2) £(2) = 2¢'(2)¢(q(2)) is starlike univalent function ir\.

If p € H[q(0),1] N Q, withp(A) C D, andd(p(z)) + zp'(z)p(p(z)) is univalent inA, and

(1.7) 9 (q(2)) + 24 (2)¢(q(2)) < 9 (p(2)) + 20 (2)(p(2)),
theng(z) < p(z) andgq is the best subordinant.

2. MAIN RESULTS

By making use of Lemmpa 1.1, we prove the following result.

Theorem 2.1.Letq(z) # 0 be analytic and univalent i\ with ¢(0) = 1 such that% is
starlike univalent inA. Letq(z) satisfy

2.1) R {H— aqlz) Z;]ES) ZZ;S;)] > 0.
Let

{0 A +0)'(2) 2@ *)(2)
@2) Verge): {@<f*g><z>}”{” o)z (9 }
If ¢ satisfies
23 Va95) < agls) +
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then
2(f *9)'(2)
————= < q(z
a(Frg)(z) 1
andq is the best dominant.
Proof. Let the functiorp(z) be defined by
2(f * 9)'(2)
2.4 2) =
&4 "= (o)
Then the functiom(z) is analytic inA with p(0) = 1. By a straightforward computation
2p'(2) _ {1 L AU xg)"(2) A2 g)(Z)]’}
p(z) (f*9)(2) O(f *g)(z)
which, in light of hypothesiq (2] 3) of Theordm P.1, yields the following subordination

(2.5) ap(z) + 2 (2) < aq(z) + qu/(z).

p(2) q(2)
By setting
(w) :=aw and o¢(w):=

Y

€=

it can be easily observed thtv) and¢(w) are analytic inC \ {0} and that

dw) #0 (weC\{0}).
Also, by letting

= z2d' (2 2)) = Lz "(2).
(2.6) () = 24 (2)ola(2) = 520 (2)
and
2.7) h(z) = 0{q(2)} + £(2) = aq(z) + %zqw

we find that{(z) is starlike univalent imA and that

aq(z)  2q'(z) | 2q"(2)

R|1+ >0
g a(z)  q(2)
by the hypothesis$ (2.1). The assertion of Thedrer 2.1 now follows by an application of Lemma
1. O

When®(w) = w in Theorenj 2./l we get:
Corollary 2.2. Letq(z) # 0 be univalent inA with ¢(0) = 1. If ¢ satisfies

_ 2 x9)(2) 2f*9)"() oy 724 (2)
(—7) (F0)(2) +7{1+ 0 }< q(z) + R

then

andq is the best dominant.

Forg(z) = % and®(w) = w, we get the following corollary.

1—z

J. Inequal. Pure and Appl. Mat}8(1) (2007), Art. 20, 6 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

SUBORDINATION AND SUPERORDINATION RESULTS FORD-LIKE FUNCTIONS 5

Corollary 2.3. Letg(z) # 0 be univalent inA with ¢(0) = 1. If ¢ satisfies

2 ') ")\ oy, 122 (E)
=7 ”{” f'<>}< W= o

2f'(2)
f(2)

then

< q(2)
andq is the best dominant.

For the choicer = v = 1 andg(z) = {42 (-1 < B < A < 1) in Corollary[2.3, we have

the following result of Ravichandran and Jayamala [6].
Corollary 2.4. If f € Aand

zf"(z) 1+ Az (A—B)z
Y v B T AT A+ Ba)
then
z2f'(z) 1+ Az
f(z) 17 Bz

and }igz is the best dominant.

Theorem 2.5. Let~y # 0. Letg(z) # 0 be convex univalent il with ¢(0) = 1 such that%
is starlike univalent inA. Suppose thaj(z) satisfies

(2.8) R [%@} > 0.
It f e A, 32008 € 111N Q, U(a, v, g; 2) as defined b2) is univalent ik and
@9) aq() + 21 < way.i0),
then ,
q(z) < %

andq is the best subordinant.

Proof. By setting

Y w) :=aw and p(w):= 1,
w

it is easily observed thai(w) is analytic inC, p(w) is analytic inC \ {0} and that
p(w) #0,  (weC\{0}).
The assertion of Theorem 2.5 follows by an application of Lefimla 1.2. O
For ®(w) = w in Theorenj 2.5, we get
Corollary 2.6. Letq(z) # 0 be convex univalent i with ¢(0) = 1. If f € A and

120@) oy (A1) 2(f *9)"(2)
=)+ oy = ”){<f*g><z>}”{” (f*g)’(z)}’

2(f xg)(2)
(f*9)(2)

then
q(z) <

andgq is the best subordinant.
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Combining Theorerp 2|1 and Theorgém|2.5 we get the following sandwich theorem.

Theorem 2.7. Let ¢; be convex univalent ang; be univalent inA satisfying [(2.B) and (2]1)

respectively such thag (0) = 1, ¢2(0) = 1, qul(z) and Zq? ) are starlike univalent imA with

¢1(z) #0 and go(z )750
Letf € A, 2L9E ¢ 11 1] N Q, and ¥(a, v, g; z) as defined by.2) be univalent ix.

! <I>(f*g
Further, if

v2q,(2) ) < (s Y2q5(2)
aq(z) + (%) < U(a,7,9;2) < agy( )+—q2(z) :
then "

andg; andg, are respectively the best subordinant and best dominant.
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