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Abstract

In this work, we give a generalization of Holder and Minkowski inequalities to
normal sequence algebras with absolutely monotone seminorm. Our main re-
sult is Theorem 2.1 and Theorem 2.2 which state these extensions. Taking
F=/{;and |-|z= ||, in both these theorems, we obtain classical versions of
these inequalities. Also, using these generalizations we construct the vector-
valued sequence space F (X, ), p) as a paranormed space which is a most
general form of the space ¢ (X, A, p) investigated in [6].

2000 Mathematics Subject Classification: Primary 26D15, 47A30; Secondary

46A45.

Key words: Inequalities, Holder, Minkowski, Sequence algebra, Vector-valued se-
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Holder and Minkowski inequalities have been used in several areas of mathe-
matics, especially in functional analysis. These inequalities have been general-
ized in various directions. The purpose of this paper is to give some extensions
of the classical Holder and Minkowski inequalities. We discovered that the
classical versions are only a type of these extensiorfs which is a normal
sequence algebra with absolutely monotone seminjefim

We now recall some definitions and facts. . A Generalization of Holder and

A Frechet space is a complete total paranormed spadéé idfan Hausdorff Minkowski Inequalities
space then an FH-space is a vector subspacdé H which is a Frechet space Sy -
and is continuously embedded#h that is, the topology oK is larger than the and ihsan Solak
relative topology off. Moreover if X is a normed FH-space then it is called
a BH-space. An FH-space witH = w, the space of all complex sequences,

) . Title Page
is called an FK-space, so a BK-space is a normed FK-space. We know that
lw,c,co @andl, (1 < p < oo) are BK-spaces. The following relation exists Contents
among these sequence spaces: pp >
l, CcopCcClx. < >
Go Back

A basis for a topological vector spacéis a sequencé,,) such that every
x € X has a unique representation= > t,b,. This is equivalent to the fact Close
thatz — >  t,b, — 0 (m — o0) in the vector topology of(. For example,

co and/, have(e,) as a basis¢, is a sequence wherez, = 1, x;, = 0 for e

n # k). If X has a basigb,) the functionald,,, given byl,(z) = ¢, when Page 3 of 20

x = > t,b,, are linear. They are called the coordinate functionals(apgis

called a Schauder basis if eabhe X', the continuous dual oK. A basis of J-Ineg. Pure and Appl. Math. 7(5) Art. 193, 2006
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a Frechet space must be a Schauder bakisAn FK-spaceX is said to have
AK, or be an AK-space, ifX D ¢ (the space of all finite sequences) diqd)
is a basis forX, i.e. for eachr, 2" — 2z, wherez![”, thenth section ofz is
> r_; xey; otherwise expressed,= Y xie;, for all z € X [8]. The spaces,
and/, are AK-spaces but and/., are not. We say that a sequence sp&ds
an AK-BK space if it is both a BK and an AK-space.

An algebraA over a fieldK is a vector spacel over K such that for each
ordered pair of elements y € A a unique producty € A is defined with the

propertieS A Generalization of Hélder and
(1) (my>z — x<yz) Minkowski Inequalities
Ra)z(y + z) = xy + x2 Yilmaz Yilmaz, M. Kemal Ozdemir
(Zb) (:L’ 4 y)z =xz4yz and Ihsan Solak
) alzy) = (ax)y = z(ay)
forall z,y, z € A and scalars: [4]. Title Page
If K = R (real field) orC (complex field) thenA is said to be a real or Fe—
complex algebra, respectively.
Let ' be a sequence space and, be arbitrary members of. F'is called <44 44
a sequence algebra if it is closed under the multiplication definedyoy- < >
(x;y:),© > 1, and is called normal or solid if € F' whenevery;| < |z;|, for
somez € F. If F'is both a normal and sequence algebra then it is called a Go Back
normal sequence algebra. For examplis,a sequence algebra but not normal. Close
w, s, co andé, (0 < p < oo) are normal sequence algebras. _
A paranormp on a normal sequence spakes said to be absolutely mono- Quit
tone ifp(z) < p(y) for z,y € F with |z;| < |y;| for eachi [3]. Page 4 of 20
The norm||z || = sup |zx| which makes the spacés, ¢, ¢, a BK-space, is
absolutely monotone. Fgr > 1, the norm||z| = (3 o, |z, |P) over/, is 3. Ineg. Pure and Appl. Math. 7(5) Art. 193, 2006
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absolutely monotone. Also, for< p < 1, thep-norm|z||, = >,7, |zx|” over
¢, is absolutely monotone.

An Orlicz function is a function\/ : [0, co) — [0, co) which is continuous,
non-decreasing and convex witth (0) = 0, M (z) > 0forz > 0andM (z) —
oo asx — oo. We say that the Orlicz function/ satisfies theA-condition
if there exist positive constants and u such thatM (zy) < aM (z) M (y)
(x,y > u). By means ofM, Lindenstrauss and Tzafrir’] constructed the
sequence space

Oy = {xew > M (|$k|) < ooforsomep>0}

p

with the norm||z||,, = inf {p >0:> M <@) < 1}. This norm is abso-
lutely monotone and,, is normal sinceV/ is non-decreasing. Also i/ satis-
fies theA-condition therv,, is a sequence algebra.

Now we give a useful inequality from classical analysis.

Lemma 1.1. Let f be a function such that”(z) > 0 for x > 0. Then for

O<a<xz<bd
flx) = f(
T —a x—a/f

< [z
Sb—x/w F(t)dt
(0) — f(

b—x
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Hence

[7].

Apply this to the functionf(z) = —Ilnx with§ = (b—x)/(b—a). Then for
all a, b positive numbers andl < 6 < 1, we have

(1.1) a’b' =% < af + (1 — 0)b.
Next, we give a lemma associated with the theorems in Segtion

Lemma 1.2.

a) Let F' be a normal sequence algebra,= (u,) € F'andp > 1. Then
uP = (ub) € F.

b) If F'is a normal sequence spadg]| - is an absolutely monotone seminorm
onF andu = (u,) € F then|u| = (Ju,|) € F and|||ul||» = ||u|| -

Proof. a) We define two sequences= (a,) andb = (b,,) such that
Up 0f |u,| >1 0 if |u,| >1

ay, = and b, = .
0 if |u,| <1 up if |u,| <1

Sou,, = a, + b, andu?, = a?. 4 b-. Obviously,a,b € F. Sincep < [p] + 1, we
have
lan|? < |an|[p]+1’
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where [p] denotes the integer part of SinceF’ is a sequence algebra, the
sequence*! is a member oft’ by induction, and sa? € F. Furthermore,
sinceF’ is normal andb, |” < |b,|, we havel? € F. Henceu? € F.

b) It is a direct consequence of normality and absolute monotonicity. [

A Generalization of Holder and
Minkowski Inequalities

Yilmaz Yilmaz, M. Kemal Ozdemir
and Ihsan Solak

Title Page
Contents
44 44
| >
Go Back
Close
Quit
Page 7 of 20

J. Ineq. Pure and Appl. Math. 7(5) Art. 193, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:yyilmaz@inonu.edu.tr
mailto:
mailto:kozdemir@inonu.edu.tr
mailto:
mailto:isolak@inonu.edu.tr
http://jipam.vu.edu.au/

Our main results are the following theorems which state the extensions of Holder
and Minkowski inequalities. Taking' = ¢, and||-||. = |||, in both Theorem

2.1 and Theoren®.2, we get classical versions of these inequalities. More-
over, if we change the choices bfand||-|| . then we can obtain many different
inequalities corresponding to these generalizations. Therefore, the following
results are quite productive.

Theorem 2.1.Let F' be a sequence algebra afid| - be an absolutely monotone A Generalization of Hlder and
seminorm or¥'. Suppose: = (u,), v = (v,) € F. Then e Y LRl iies
1 1 Yilmaz Yilmaz, M. Kemal Ozdemir
[ww]| < Ju?]| 3271037, and ihsan Solak

wherep > 1and + ¢ = 1.

Title Page
Proof. Assume thatr,, = |u,|” andy, = |v,|?. Itis immediate from Lemma Content
1.2(a) thatz = (z,) andy = (y,) are members of. Let M = ||z|, and ontents
N = ||y|| »- Then it follows from inequality 1.1) that for eachn, <« (33
0 1-0
G ()" <o w00 _L
Go Back
as0 < ¢ < 1. Becauseg|-|| . is an absolutely monotone seminorm we write ——
T\ (Yn\ 170 Yn i
- ald < |02 + (1 — 0) ) H Quit
(G )], < N5+
Page 8 of 20
Hence
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so that
0 1-0
1(=0un ) | < @) 15 1 )l
Settingd = 1/p, we get

1 1
[ Y2y ) | < @) 17 ) 1
and puttinge,, = |u,,|” andy,, = |v,|%, we obtain
1 1
(vl < 1 Cua PP ol 12
So, it follows from Lemmal.2(b) that
1 1
vl < [la? )| /P ().

]

Theorem 2.2. Let I’ be a normal sequence algebra ajpdl .- be an absolutely
monotone seminorm afi. Then for every, = (u,) ,v = (v,) € F andp > 1,

1 1 1
[+ )PP < |7+ P ]| 7,

where(u + v)* = ((u, + v,)").

Proof. Forp = 1, itis obvious.

Letp > 1. Proceeding with the manner of the proof in the classical version,

we write
(w40 =u(w+o) " +ou+v)P .
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It follows from Theorent.1that

IR o l1i/a
o+ o) < el o+ ) e 3 a 0)
_ 1/q
= (he i+ 10?17 [ )0
11 ividi i (o-1)a|"/*
where; +- = 1. Hence, dividing the first and IasttermsH;@u +v) =
F
H (u + v)pH;/q, we obtain the inequality. 0 A Generallization of Holder and
Minkowski Inequalities
Example 2.1. Taking F' = /., and ||-||, = |||, in both Theoren®.1 and _ N
. . - o0 Yilmaz Yilmaz, M. Kemal Ozdemir
Theoren?.2, we obtain the inequalities and ihsan Solak
1 1
P q
sup|u,v,| < {sup\un\p} : {sup|’un]q} Title Page
Contents
and
1 1 1 <44 >»
fsupla +0,} " < fsuplin} + fuplenp} ——
whereu,v € (., andi + 1 = 1 asp > 1. Hence, in fact, these elementary Go Back
inequalities are extended Hoélder and Minkowski inequalities respectively. Close
Example 2.2.Now putF' = ¢, and||-|| . = ||-||,, in Theoren®?.1and Theorem Quit

2.2, whereM satisfies the\-condition. In this case, we write the inequalities
Page 10 of 20

. |24 Y|
inf {p >0: Z M < ) < 1} J. Ineq. Pure and Appl. Math. 7(5) Art. 193, 2006
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3=

oo s (5) 1)
{ufo s () )

forfomo o (et <))
< fmefp0: o () a1V

S CR)

as Holder and Minkowski inequalities respectively.

1
q

P
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Now let us introduce the clask (X, A\, p) of vector-valued sequence spaces
which includes the spacg (X, A, p) investigated in ] with some linear topo-
logical properties. Theore2 makes it possible to improve some topological
properties of the spadé (X, A, p).

Let ' be an AK-BK normal sequence algebra such that the npfmp of
F' is absolutely monotone ani be a seminormed space. Also suppose that
A = (_)\k) iS a non-zero complex sequence and (py) is a sequence of strictly A Generalization of Holder and
positive real numbers. Define the vector-valued sequence class Minkowski Inequalities

F (X, )\,p) = {x € S(X): ([q (/\kl’k)]pk) c F} ) Yilmaz Yilmaz, M. Kemal ©zdemir

and Ihsan Solak

whereg is the seminorm oX ands(X) is the most general -termed sequence
space.F’' (X, \,p) becomes a linear space under natural co-ordinatewise vector

operations if and only if € /., (see Lascarides]). Taking F = ¢, andX as Title Page
a Banach space we get the spageX, A, p) in [6]. Contents
Lemma 3.1. Let0 < ¢, < 1. If a;, andb,, are complex numbers then we have 4« (33
]ak + bk’tk < ]aklt’“ + ‘bk‘tk 4 | J
[5, p.5]. Go Back
Lemma 3.2. Let (X, ¢) be a seminormed space, aAth normal AK-BK space Close
with an absolutely monotone norjn|| .. Suppose = (p;) is a bounded se- Quit

guence of positive real numbers. Then the map
Page 12 of 20

n

> lug (i)™ e

k=1

Ty 1 [0,00) — [0,00); Ty, (u) =

J. Ineq. Pure and Appl. Math. 7(5) Art. 193, 2006
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defined by means ef= (z;) € F (X, A, p) and a positive integer, is contin-
uous, wherde,,) is a unit vector basis of .

Proof. Since the norm function is continuous it is sufficient to show that the
mappings defined by

i+ [0,00) = F, gk (u) = [ugr, (Azr)]™ ex
are continuous. Leti; — 0 (i — o0), then
gk (u;)) — (0,0,...) (1 — o0)

for eachk. Hence, each, is sequential continuous (it is equivalent to continuity
here). O

Theorem 3.3. Define the functio : F' (X, \,p) — R by
g (@) = lI(fg ()
whereM = max (1,supp,). Theng is a paranorm or# (X, A, p).

Proof. It is obvious thay(#) = 0 andg(—z) = g(z). From the absolute mono-
tonicity of ||-|| ., Lemma3.1and Theoren2.2, we get

gz +y) = H( )\kxk+)\kyk)]pk/ ) ) ;/M
: H <([q Cuz) =+ fa O M>M> :M

< I1(lg )Y+ 1a o)) 1
= g(2) + 9(y)
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forz,y € F (X, A p).

To show the continuity of scalar multiplication assume thét) is a se-
quence of scalars such that — p| — 0 (n — o) andg (2™ — z) — 0 (n — o0)
for an arbitrary sequende™) C F (X, A\, p). We shall show that

g (p"z" — px) — 0(n — oo).

Sayr, = |u™ — u| and we get

1/M
py)) P
— W+ e — )P |5

g(u"a" — pz) = ||([q (A (p"xf —

[
= [I(lg (A ("
[

<N g O (@7 = 20))) + Tug )P 1
oo o]

where A (k,n) = Rq (A (2} —xy)), B(k,n) = 7,q (M) and R
max {1,sup |u"|}. Again by Theoren?.2we can write

g ("™ — px) < |[(A G, )| + 1B (k,n)) |

< (FI

+[|(B (k,
= Rg(a" — x) +||(B (k,n))| L™ .

)|

Since g (2" — z) — 0(n — co) we must show that|(B (k,n))|}/" — 0
(n — o0). We can find a positive integer, such that) < 7,, < 1 for n > ny.
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Sayt, = [q (\wxi)]™*. Sincet = (t;) € F andF is an AK-space, we get

t— Ztkek = Z [ Arze)Mex|| — 0 (m— o0),
k=1 P llk=mt1 7

where(ey) is a unit vector basis of. Therefore, for every > 0 there exists a
positive integern, such that

oo A
S g™ er| < 3"
k=mo+1 F

Forn > ng write [(7,,q (A\exk))]™ < [f (¢ (A\gxy))]"* for eachk. On the other
hand, we can write

o0 M o M
9
S gz e <\ D0 lawai)Per|| < o
k=mo+1 F k=mo+1 F
Now, from Lemma3.2, the function
mo
Fmo (1) = (D [(ug (i)™ ex
k=1 F

is continuous. Hence, there exist§ € < § < 1) such that

= (3)".
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for 0 < u < . Also we can find a numbek such that,,, < ¢ forn > A. So
for n > A we have

mo
~ £
Fmo (7)™ = Y [rug )™ ex]| < Y
k=1 F
and eventually we get
(7 ) )1
0 e
- Z [7aq (Akzp) 7" ey,
k=1 F
1
mo oo M
= [T0g (Nezi)|P* er + Z [T0q (Arzi) P ex
k=1 k=mo+1 F
mo 3 % 3
<D g vz Peen|| 1 Y [Fag )] e
k=1 F k=mo+1 F
S
5 5 = £.
This shows thal|(B (k, n))|[}/* — 0 (n — o). O

Theorem 3.4.Let (X, q) be a complete seminormed space. TREX, A, p) is
complete with the paranorm. If X is a Banach space thef (X, A, p) is an
FK-space, in particular, an AK-space.
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Proof. Let (") be a Cauchy sequencefn(X, A, p). Therefore
g(z" —a™) = (g O @ = i) =0 (mon — o0),

also, sincef’ is an FK-space, for eadh

[ (A (2 — ') — 0 (m,n — 00)

and so\g| g (z} — 2}*) — 0 (m,n — o0). Because of the completenessof
there exists an, € X such thay (2} — z;) — 0 (n — oo) for eachk. Define
the sequence = (x;) with these points. Now we can determine a sequence

A Generalization of Holder and
Minkowski Inequalities

Yilmaz Yilmaz, M. Kemal Ozdemir

e € Co (O < 772 < 1) such that and lhsan Solak
(3.1) Akl q (g — 2p) ] < g [q ()]
Title Page
sinceq (z} — x;) — 0. On the other hand, Contents
lq (Mezi)]”* < D{[g (A (g — o)™ + [q (M)} “ >
whereD = max (1,2771); H = sup p;. From @.1) we have < d
» v Go Back
[q (Awz)]™ < D (1 +ng) [g (Mg o
< 2D [q ()™
Quit

Sowe getr € F' (X, A\, p). Now, for eache > 0 there existi, (¢) such that Page 17 of 20

[g(a™ — 2™ <&M forn,m > ny.
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Also, we may write from the AK-property aof' that

Do la O (e —ag)Pren| <> la(af — i)™ e
k=1 F k=1 F
_ [g(xn _ $m)]b[} _
Lettingm — oo we have
> g O (g — )™ en| — || lg Ok (2 — 21)) P e
k=1 F k=1 F

<M forn > n,.

Since(ey,) is a Schauder basis faf,

> g O (g — 2™ en|| = 11lg O (25 = 26)1™)
) ’ <M asmy — oo.

Then we gey(2" — z) < e forn > ny sog(z™ —z) — 0 (n — o0).
For the rest of the theorem; we can say immediately thék, A, p) is a

Frechet space, becau&eis a Banach space. Also, the projections
P F(X,\p) — X5 Bil(a) =,

are continuous sincE, = || (q o Pk> for eachk. WhereP,’s are coordinate
mappings o’ and they are continuous sinéeis an FK-space.
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Let 2" be thenth section of an element of F (X, )\, p). We must prove
thatz"” — zin F (X, \,p) for eachr € F (X, \, p). Indeed,

g(z— x[”]) =¢g(0,0,...,0,Zp11, Tpa2,y---)

o

> lawx))™ e

k=n+1

— 0

F

sinceF is an AK-space. HencE (X, \, p) is an AK-space. ]
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