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ABSTRACT. For theg-digamma function and it's derivatives are established the functional in-
equalities of the types:
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1. INTRODUCTION

The Euler gamma functiohi(z) is defined forz > 0 by

F(x):/ t" e tdt.
0

The digamma (or psi) function is defined for positive real numbees the logarithmic de-
rivative of Euler's gamma functiony(z) = I['(z)/I'(z). The following integral and series
representations are valid (séé [1]):

—t —xt 1

(L.1) v ==+ [ - Y

1—e T (n+z)’

wherevy = 0.57721 ... denotes Euler’s constant. Another interesting series representation for
¥, which is “more rapidly convergent” than the one giverj inj(1.1), was discovered by Ramanujan
[3, page 374].
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Jackson (see [5] 6| [7, 8]) defined ranalogue of the gamma function as

(@D i
(1.2) Ly(z) = —(qx;%o(l q) ", 0<g<l,
and
o e i (2)
(1.3) Iy(2) (q‘x;q—l)oo(q 1)7q¢\?), ¢>1,

where(a; ¢)oo = [[;54(1 — ad).
The g-analogue of the psi function is defined fox ¢ < 1 as the logarithmic derivative of
theg-gamma function, that is,

d
Py(x) = e log 'y ().
Many properties of thg-gamma function were derived by Askey [2]. It is well known that
I'y(z) — ['(x) andy,(z) — ¢(x) asq — 1~. From [1.2), for0 < ¢ < 1 andz > 0 we get

qn+m
(1.4) by(z) = —log(l —q) + 10ng T_ge
n>0
—log(l—q)—l—long -
n>1 1—q
and from [1.8) fory > 1 andz > 0 we obtain
1 q—n—l'
(1.5) Yy(r) = —log(q — 1) +logq (I —5~ m)
nso - 4
1 q—nx
—log(q—1)+logqg |z — = — — |-
2 = 1—g¢q

A Stieltjes integral representation fgy,(z) with 0 < ¢ < 1 is given in [4]. It is well-known
that’ is strictly completely monotonic ofv, o), that is,

(=1)"(¢'(x))™ >0 forz > 0andn >0,
seel[1, Page 260]. Froin (1.4) ahd {1.5) we concludeithats the same property for agy> 0
(=) (z))™ >0 forz > 0andn > 0.

q
If ¢ € (0, 1), using the second representation/gfz) given in @), it can be shown that

(1.6) w(k) = log"*

n>1

and hencé—l)’“*lq/zé’“)(:p) > 0 withx > 1, forall £k > 1. If ¢ > 1, from the second representa-
tion of ¢, (z) given in [1.5), we obtain

@.7) w (x) =logq <1 + Z )

n>1
and fork > 2,

k ,—nx

(1.8) Y (2) = (1) logh* qZ”q

n>1

and hencq‘—l)’“—lwé’“) () > 0withz > 0, forall g > 1.
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In this paper we derive several inequalities {6 (x), wherek > 0.

2. INEQUALITIES OF THE TYPE f?(x-y) S f(x) - f(y)

We start with the following lemma.
Lemma 2.1. For 0 < ¢ < 3 and0 < z < 1 we have that),(z) < 0.

Proof. At first let us prove that),(z) < 0 for all z > 0. From [1.4) we get that

X

g(w) = 1q logq — log(1 — q) +logq y _

qmc
—q = _ qn

1

In order to see thap,(z) < 0, we need to show that the function

T

q
9(z) = p log ¢ —log(1 — )

is a negative for al) < z < 1and0 < ¢ < 3. Indeedy'(z) = f%qlong > 0, which implies
thatg(x) is an increasing function oh < z < 1, hence

q
9(z) <g(1) = — qlogq— log(1 — q)
1 q?
= 1 <0
I—q P —qra ="
forall0 < ¢ < 1. O

Theorem 2.2.Let0 < g < % and0 < z,y < 1. Letk > 0 be an integer. Then

O (@) P (y) < (WP (zy))?.

Proof. We will consider two different cases: (&)= 0 and (2)k > 1.
(1) Let f(x) = ¢2(x) defined or) < z < 1. By Lemmg 2.1 we have that

() = 2¢(x) g (x) < 0

forall 0 < x < 1, which gives thatf (z) is a decreasing function dn< = < 1. Hence, for alll
0<z,y <1we have

Ualay) > ¥g(z) and  Yy(ay) > dg(y),
which gives that
vy (ay) > Yy (2)dg (y).
Sincey,(x)1,(y) > 0forall 0 < z,y < 1, see Lemmpa 2}1, we obtain that

Uy (wy) > g ()t (y),

as claimed.
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(2) From [1.6) we have that
b (@) (y) — (@/J(’“) (zy))?

(a2 (b0 125 (v 2)

n—i—m)xy

k nx k my
log*+! nqg-— myq (1 k+1
gt 37 L ot Y A

n,m>1 1- q qm m>1

k( nz+my _ ,(n+m)zy
(logk—i-l ) Z (nm> (q q )
D Ty

For0 < z,y < 1, ¢t — ¢+tmey < 0 and forz,y > 1, ¢"*t"™ — ¢*+™*v > 0 and the
results follow. O

Note that the above theorem fbr> 1 remains true also foj € [%, 1]. Also, if z,y > 1,
k> 1and0 < ¢ < 1then
GO @R ) > (0 ()"
Now we extend Lemm@ 1 to the cage- 1. In order to do that we denote the zero of the
function f(q) = 2(q 1 log(q) — log(q — 1), ¢ > 1, by ¢*. The numerical solution shows that
q" ~ 1.56683201 . as shown on Figure 7.1.

0.5

-0.5

=1

Figure 2.1: Graph of the functiog% log ¢ — log(q —1).

Lemma 2.3. For ¢ > ¢* and0 < = < 1 we have that),(z) < 0.
Proof. From [1.5) we get that

q_l’
Yol@) =~y logq ~ loglg — 1) + logg <x — —) long

IL—qg™m
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In order to show our claim, we need to prove that
—X

1
g(z) = —13(]_1 log g —log(q — 1) +logq (q;_ 5) <0

on0 < x < 1. Sinceg'(r) = 13;1 log® ¢ + logq > 0, it implies thatg(z) is an increasing
function on0 < = < 1. Hence
q
g(z) <g(l) =
() < 9(1) = 5,
forall ¢ > ¢*, see Figuré 2|1. O
Theorem 2.4.Letq > 2and0 < z,y < 1. Letk > 0 be an integer. Then
2
P @M (y) < (P (xy))”

Proof. As in the previous theorem we will consider two different cases:k(1 0 and (2)
k>1.

(1) As shown in the introduction the functiaff () is an increasing function o < x < 1.
Therefore, for alD < x,y < 1 we have that

Ve(ry) < o(r) and Y (zy) < ¥y(y).
Hence, Lemmp 2|3 gives thaf (vy) > v, ()1, (y), as claimed.
(2) Analogous to the second case of Theofem 2.2. O

Note that Theorern 2.4 for > 1 remains true also fof > 1. Also, if z,y > 1, k¥ > 1 and
q > 1then

-3
) logq —log(qg—1) <0,

VP @) () > (F (zy))”
3. INEQUALITIES OF THE TYPE f(z +v) S f(z) + f(y)

The main goal of this section is to show thigi(z +y) > ¢, (x) +,(y), forall 0 < z,y < 1
and0 < ¢ < 1. In order to do that we define
7 (¢ —2)
= log(1 — 1 _—.
plg) =log(1—q) +logqy  ——

7
i>1 q

Lemma3.1.Forall 0 < ¢ < 1, p(q) > 0.

Proof. Let0 < ¢ < 1 and letg,,(q) = ¢ + 37" 21 *2) with constant: > 0 for m > 2. Then

gm(0) = ¢, lim,_,1- gm(q) < 0 andg,,(q) is a decreasmg function since

< 0.

quf 1+ (1—¢9)?)
(1—-¢)?
On the other hand
1—qgm
forall 0 < ¢ < 1. Hence, for alln > 2 we have that
Im+1(q) < gm(q), 0<g<1.

Thus, if b,, is the positive zero of the functiog,,(¢) (becausegy,(q) is decreasing) o <
g < 1 (by Maple or any mathematical programming we can seelthat 0.38196601 ...,
by = 0.3184588966 andb; = 0.3055970874), theng,,(¢) > 0forall 0 < ¢ < b,, andg,,(q) < 0

Im+1(q) — gm(q) = <0
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for all b,, < ¢ < 1. Furthermore, the sequenég,, },.>o is a strictly decreasing sequence of
positive real numbers, thatis< b,,.1 < b,,, and bounded by zero, which implies that

forall 0 < ¢ < 1. Hence, if we choose = 21‘?# (c is positive sincd) < g < 1), then we
have that
qu QJ—Q 210g(1—q)

= 1—¢ log q

which implies that

N ¢ (¢ - 2)
p(q) =log(l —q) + 10ng 14
Jj=1
> —2log(1 — q) + log(1l —q)
= —10g(1 - q) > 07
as requested. O

Theorem3.2.Forall0 < g < land0 < z,y < 1,
¢q(x +y) > lpq(l’) + wq(y)'

Proof. From the definitions we have that

Yol +y) — () — Yg(y) = log(1 — q) +logg »
n>1
Sincel < z,y,q < 1, we have that
qn(ery) o qmc o qny — (1 o qmc>(1 . qny) 1
<(1-¢")?*-1
q"(¢" — 2).

Hence, by Lemmpa 3|1
Ve(z +y) — g(x) — Yy(y) > p(q) >0,
which completes the proof. O
The above theorem is not true fory > 1, for example

P1/10(4) = 0.1051046497 ..., 1P110(5) = 0.1053349312. . .,
Y1/10(9) = 0.1053605131 . ...

Theorem 3.3.Forall ¢ > 1and0 < z,y < 1,
Vg +y) > 1hg(x) + Uy(y).
Proof. From the definitions we have that

Qn(w-ﬁ-y) - an . Qny
1—Qn ’

Vg(@ +y) — he(x) — Yg(y) = log(q — 1) + %bgq +1log Q>

n>1
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where() = 1/q. Thus

wq<x + y) - wq<x> - %(y)

1
=log(q — 1) + S logq + Yol +y) — vo(r) —dq(y) —log(l — Q).
Using Theorem 3]2 we get that
1
Yo(a +y) = vg(a) =ty (y) > log(q —1) + 5 logg —log(q — 1) +logg > 0,

which completes the proof.

Note that the above theorem holds for 2 andz,y > 1, since

Vo +y) — g(x) — Yy(y)

1 qg"
=log(qg—1) + élogq + long

n>1

x(]_ _ q—ny) + q—ny

> 0.
1—qg™

The above theorem is not true fory > 1 whenl < ¢ < 2, for example

3/2(4) = 1.83813910..., 35(5) = 2.34341101 . . .,
Y3/2(9) = 4.10745515. . ..

Theorem 3.4.Letq € (0,1). Letk > 1 be an integer.
(1) If k£ is even then
v (@ +y) = v () + 0P (y).
(2) If k is odd then
P (@ +y) < PP () + 0P (y).

Proof. From [1.6) we have

Ui +y) — () — gf(e) = log"" gy

n>1

nk
1—qn

(qn(z-i-y) . qn:c . qny>

Since the functiory(z) = ¢"* is convex from

F(552) = 5@+ 1o

we obtain that

On the other hand it is clear that
(3.2) 2. q”zgy > q"($+y).

From (3.1) and[(3]2) we have that
qn(:v-l-y) - qnac . qny < 0.

(1) Since forg € (0,1) andk even we havéog"

U (z +y) = (2) — P (@) 2 0.
(2) The other case can be proved in a similar manner.

q < 0, hence

Using a similar approach one may prove analogue results foi.
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