Journal of Inequalities in Pure and
Applied Mathematics

GLOBAL CONVERGENCE OF A MODIFIED SQP METHOD FOR
MATHEMATICAL PROGRAMS WITH INEQUALITIES

AND EQUALITIES CONSTRAINTS

volume 5, issue 2, article 37,
2004.

Received 23 December, 2003;
ZHONG WAN accepted 29 April, 2004.

. . Communicated by: A. Rubinov
College of Mathematics and Econometrics

Hunan University, 410082
The People’s Republic of China.
EMail: wanmath@163.com

Abstract

Contents

44
4

Home Page
Go Back

Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit
178-03


Please quote this number (178-03) in correspondence regarding this paper with the Editorial Office.

mailto:a.rubinov@ballarat.edu.au
http://jipam.vu.edu.au/
mailto:wanmath@163.com
http://www.vu.edu.au/

Abstract

When we solve an ordinary nonlinear programming problem by the most and
popular sequential quadratic programming (SQP) method, one of the difficulties
that we must overcome is to ensure the consistence of its QP subproblems. In
this paper, we develop a new SQP method which can assure that the QP sub-
problem at every iteration is consistent. One of the main techniques used in our
method involves solving a least square problem in addition to solving a modi-
fied QP subproblem at each iteration, and we need not add bound constraints to
the search direction. we also establish the global convergence of the proposed
algorithm.
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We consider the following smooth nonlinear programs:

min  f(x)

(1.1)
s.t. g(x) > 0,h(x) =0.

wheref : R — R, g : R* — R!, h : R* — R™ are continuously differen-
tiable. Among all robust methods fot.(l), the sequential quadratic program-
ming method (SQP) is one of the most important and the most popular. The
basic idea of the classical SQP is as follows: at the present iterative jnoint
approximate 1.1) by quadratic programs (QP) of the form:

min v f(z)'d+ id"Bd
(1.2) st g'(z)d+g(z) >0,

K (z)d + h(z) =0,

where B € R™" is symmetric positive definite, ang(z) € R”*", h'(x) €
R™*™ are defined as follows:

o= (). v ().

The iteration then has the form

T =x+td,
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whered solves (L.2) andt is a step length chosen to reduce the value of some
merit function for (L.1). In this paper, the merit function is taken as

l
Opo o () = f(2) + p? Z max{—g;(2), 0} + p" | A(2)]3-

On one hand, one of the major priorities of SQP lies in that it does not require
that the approximate solution obtained at each iteration is feasiblé.fjr On

the other hand, this makes it possible that the subprohle®i§é not consistent. Global Convergence of a
In [1], J.V. Burke and S.-P. Han describe a robust SQP wherein thel QP ( e e

is altered in a way which guarantees that the associated region is nonempty Inequalities and Equalities
for eachz € R” and for which a global convergence theory is established. Constraints
Recently, H. Jiang and D. Ralph developed a new modified SQP methad in [ Zhong Wan
wherein a similar global convergence result is obtained under the condition that
the following modified QP

Title Page
min v f(z)Td+ 1d"Bd+pY i, si Contents
(1.3) s.t. g’/(x)djtg(x) > —s, <4 >
h (z)d+ h(x) =0, < >
s>0 Go Back
Close

is feasible, where is a penalty parameter, ands an artificial variable. The
proposed SQP method in this paper is close @), ut removes the above Quit
condition. Our approach to guarantee the non-emptiness of constraints region

. i Page 4 of 21
of the QP subproblem comes from the ideash |
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In this section, we first describe the algorithm, then we verify the validity of the
proposed algorithm.
Step 0. (Initialization) Letp_; > 0,d; > 0,2 > 0,63 > 0,0 € (0,1),

€ (0,1). Chooser’ € R™ and a symmetric positive definite matri. Set

= 0.
Step 1. (Search direction)With = = 2*, solve the following linear least square
problem:

(2.1) m1n1||h (z)d + h(z)]|3.

der™ 2

Let d be a solution of 2.1), computer(z) = h'(z)d + h(x), and solve the
following modified QP problem witke = 2%, B = By, p = pi_1:
min vf(z)"d+ Ld"Bd+ p YL, s
s.t. d+ -
. g (@)d +g(x) = =s.
W (x)d + h(z) = r(x),
s > 0.

Let (d*, s*) € R™*! be a solution of this QP ank = (A}, A}, A¥) € R+ be

its corresponding KKT multipliers vector.

Step 2. (Termination check)lf some stopping rule is satisfied, terminate. Oth-
erwise, go to Step 3.
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Step 3. (Penalty update) et

i k|.
) Ph—1, if pr1 > | max |A;
(2.3) Pr = ]
6+ max |A], otherwise
1<i<2l+m
)
Pk it > si=0;
(2.4) Pr = i=1 Global Convergence of a
~ . Modified SQP Method for
52 + Pk, OthefWISG Mathematical Programs With
Inequalities and Equalities
Constraints
!
~ . Zhong Wan
Pe,  0F > s =0;
(2.5) P = ;
pr—-1, Otherwise Title Page
and Contents
Pk if r(x) = h(x); 4 »
(26) k=9 (T 4 g
min{(V) () = h()).0} o N
=2[[(r(z) = h(=))I13
_ _ _ o Close
Step 4. (Line search)lett, = 7'+, wherei, is the smallest nonnegative integer _
i which satisfies the following inequality: Quit
Page 6 of 21

(2.7) 09 (@ +7'd%) <O, 0 (aF) — o' (d")T Byd".
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Step 5. (Update)Let z#! = 2* + t,d*. Choose a symmetric positive definite
matrix By, € R"*". Setk := k + 1. Go to Step 1.

It is well-known that the direction search and the step length determination
are two critical steps amongst all SQP methods or its variants. In the direction
search step of our algorithm, we further improve the prospect of feasibility of
the QP subproblem by solving a linear least square probfef), (compared
with the modified SQP method inZ]. This idea directly comes from 1J.
However, our algorithm, including penalty parameter update and step length

determination, is very different from I Global Convergence of a
Since By, for eachk is a symmetric positive definite, and QP.3) is always e e
feasible with some vecter € R' sufficiently large, the search direction and the Inequalities and Equalities
corresponding multipliers vector are also well-defined. The following lemma is Constraints
useful in proving thatl* is a descent direction of the merit function. Zhong Wan
Lemma 2.1. If d* +# 0 for eachk, whered* is a solution QP 2.2) with z = 2*,
then we have Title Page
/ / Contents
(2.8) (1A (2)[3) (z*;d%) = =2[|h’ (2")d"|5 < 0.
44 44
Proof. Sinced” satisfiesh' (2*)d"+h(z"*) = r(2*), it must solve the least square < >
problem @.1). Therefore, it is a solution of the following linear equation:
o i o Go Back
(2.9) h(x)"h (x)d" = —h (z)" h(z). —
From 2.9), we have Quit

(Ia(@)|3) (z*; d*) = 2(d*)"h (2*) " h(z") Page 7 of 21
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= —2(d""h (z)Th (z)d*
= 2|1’ (") d" |3
<0.
O

It is easy to see thaiz*) = h(z*) if and only if the equality holds inJ.8).
The next lemma states that fdi = 0, 2* turns out to be the critical point of
the merit function under some condition.

Lemma 2.2. Letd* = 0 be a solution QPZ.2) with z = z*. If b’ (zF)T\F = 0,
thenz* is a critical point off 0 ,n with pj., o being defined as2(5) and @.6),
respectively.

Proof. Sinced® = 0 is a solution QP Z.2) with z = z*, there must exist
a multiplier vector\® = (A% X}, AF) e R**™ such that the following KKT
conditions hold:

Vf(at) = g (@*)A5 + h (M)A =0,

Pr_1€ — )\’;’ — )\’; =0,

g(x*) = =" A5 = 0,(Ag)" (9(2*) + s*) = 0,
sF>0,\ >0, (\FTs =0,

h(zk) = r(z").

(2.10)

Recall thatz* is a critical point ofepg’pz and is equivalent to

H;sz(xk; d) >0, Vd e R".
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To prove the required results, we need the following two inequalities:

@11) pf | > —ga®d+ > max(—g(a")d,0)+ Y 0
gi(z*)<0 gi(z*)=0 gi(z*)>0
—(Ap)"g (aM)d;
(2.12) 200h(z®)Th (2%)d > (ATH (2*)d.

First, we prove the inequality2(11). In the case thag;(z*) < 0, we have
sy > 0 and(\}); = 0, hencep,_; = (\¥); from KKT conditions @.10. Since
for this casey  s¥ # 0, we havep] = pj,_1 = ()\ ); from (2.5). Therefore,

o> —gah)d=— )" (Aigi(ah)d.

gi(zF)>0 gi(zk)<0

In the case thay; = 0, if ¢'(2*)d < 0, hencemax(—g;(z*)d,0) = —g;(2*)d,
then we have

ph Y max(—g(2¥)d,0) = = > (Mg, (a¥)d.

gi(xk)=0 g (z*)=0

Otherwisemax(—g;(z*)d,0) = 0 > (A5);g;(z*)d.

In the case thagz( ) > 0, sinces’ > 0, hencey;(z*) + s¥ > 0 and we have
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From the above argument, we can deduce that inequalityl)(holds.
The second inequality?(12) can be proved by using conditidn(z*)" \F =
0 and
W (28T h(z®) = B (2®)TR (2F)d* = 0.
Moreover, from it we have that the equality holds t1(2).

By the inequalities4.11) and @.12), it follows from the first equality in the
KKT conditions .10 that for alld € R",

! k. k "o kv k T R\ENT 7 Global Convergence of a
epi,pz(z 1) = (V") =g (@) Ag + b (2F)A)"d = 0. Modified SQP Method for
Mathematical Programs With

] Inequalities and Equalities
Constraints
Remark 2.1. The conditiom:’ (z*)"\f = 0 actually requires that the vecto Zhong Wan

belongs to the null space of the matgi(z*).

The last lemma in this section states that for ewéryZ 0, it must be the Title Page

descent direction of the merit function, which is important in making sure that

Contents
the proposed algorithm is valid, in particular, the line search step can be finished
in a finite number of times. 44 (44
Lemma 2.3. Let (d*, s*) be a solution of QPZ.2), andp, p} be defined as in < >
(2.5 and (2.6), respectively. Suppose th#t # 0, then Go Back
(2.13) 0, (et d") < (Vf(2")Td" — () Tg (a")d" + (\)TH ()" Close
< —(d")"'Byd* <. Quit
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Proof. Since(d*, s*) is a solution of QP Z.2) with = z*, there must exist
a multiplier vector\® = (A%, Xj, AF) € R**™ such that the following KKT

conditions hold:

(2.14) Vf(a¥) + Brd® — g (aF)ME+ B (2F)AF =0,

(2.15) pr—1e — Ao — AF =0,

(2.16) g (z")d" + g(a*) = —s*, Ay = 0,A0)T (g («")d" + g(a*) + s*) = 0,

(2.17) s >0,0">0,(\)Ts =0,
(2.18) B (zF)d* + h(z®) = r(z").
Recall that

(2.19) 0, 5 (2"1d") = v f(a")Td" + p] Z i

+ ) max(—g,(«")d",0)+ Y 0| = 20K (a")d 5.

gi(zF)=0 gi(zF)>0
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We first prove that the following inequalities hold:

220) pf | DY —giaM)d*+ > max(—g(z")d" 00+ > 0
gi(z*)<0 gi(zk)=0 gi(z*)>0
< =AD" (z")d";
(2.21) =20 |[B (=")d" 5 < (\R)TR (%) d".

It is easy to prove inequality2(20) by using Lemma2.1 and the penalty
update ruleZ.6). Here, we only prove4.20).

In the case thaEz L 5¥ =0, we haves! = 0 for eachi € {1,2,...,1}. If

< 0, then—vg,;(z*)Td" < g;(2%) + s¥ = ¢; < 0, it follows from pf = g, >
(A’;)i that
=iV gi(ah)Td" < —(AG)iVgi(a®)"d".

If g; = 0, then—vg;(z*)Td* < g;(2%)+sF = 0, hencanax(—vg;(z*)Td*,0) =
0, and

—(A5)iVgi(a®) d* = —(A)i(gi(z*) + sF) = 0.
If g; > 0, then—(A}); Vgi( AR = —(AD)i(gi(2F) + sk) > 0.
In the case thazZ 58 #0,we havep] = py_;. If s¥ > 0, then from @.17)

we have(\*); = 0, hence from2.15 we havep;,_, = (/\’f) It directly follows
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that
Z )\k ng( Tdk Z Pr— lv.gz d
gi(x*)<0

gi(zF)<0
Z PLV gi(w Tdk
gi(zk)<0
Z pz maX(—Vgi($k)Tdk, 0) = Z max(—()\];)ngi(:Uk)Tdk, O) Global Convergence of a
v e Modified SQP Method for
9i(z*)=0 9i(2*)=0 Mathematical Programs With
Inequalities and Equalities
= Z max(@‘z)isfa 0) Constraints
9:(a")=0 N e Zhong Wan
== ) (AD)ivgi(a*)d".
(k)=
9i(e)=0 Title Page
Forg; > 0, we also have oS
k KN\NT 3k __ k k k
If s7 = 0, thenvg,;(z*)"d" + gi(«*) > 0, (A}); > 0 and(A})i(Vgi(zh)d* + < >
gi(2*)) = 0. Therefore, Go Back
—vg;(z¥)Td* <0, for g;(2*) < 0; Close
Vgi(z*)TdrF > 0, for g;(z*) = 0; Quit

Page 13 of 21
—(/\g)ngi(xk)Tdk = (/\g)igi(xk) >0, for gi(z*)>0.
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Since from .159,we havep,_, = (\}); + (\); > (AF);, and combined with
above argument, we can obtain the inequality?().
Multiply (2.14) by d*, and from @.20) and @.21), we obtain that

00 (2%:d%) < (Vf(2)Td" — (N5)Tg (2%)d" + (N;) TR (a")d*
< —(d""'Bpd" < 0.

]

From the above argument, we know that our modified SQP method is well-
defined.
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In this section, we study the global convergence of the algorithm. For this, we
assume that* £ 0 for eachk, and let{=*} be a infinite iterate sequence gener-
ated by the algorithm. Moreover, we make the following blanket assumptions:

(A;). For allk, there exist two positive constants< [ satisfying

alld|]* < d"Bd < g||d||*, Vd € R™.

(Ay). After finitely many iterationsp;, = pi, pi = ps.

Lemma 3.1. Under (4;) and (A,), suppose that* is a cluster point of z*},
i.e., for some subset, limyc.)—oo " x*, then the following conclusions
hold.

l
LY ish=

2. The multiplier sequence\! }rex { A} }rens {Af }ier and the penalty pa-
rameter sequencgpy } .. are bounded;

0, for k € x large enough;

3. The direction sequendgl* } ... is bounded;

4, If limk(e,{)_,oo dk = d*, hmkz(en)—wo Bk = B*, limk(e,{)_,oo pi = pg,
lMg(en) oo P = Par liMg(en)—oo pff = p, then(d*, 0) is the solution of
the 2.2) with z = z*, r(z) = 0. Moreover, the following inequality holds:

i
epi ,

(3.1) (@t d) < —(d*)"B.d”.
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5.1f d* = 0andr(z*) = 0, thenz* is feasible for the primary problem, and
is a feasible stationary point.

Proof. Since for allk large enoughy, = pj, we can deduce th:ﬁjZ sk =0
after finite steps by the penalty update ruted), hence from the boundedness
of {px} we know that{y, } is also bounded. By the penalty update r@es); it

follows that after finite steps, we have

> k.
pe-1 2| mmax | |X]

By assumption(4;), we obtain that fork € «, {A\l}, {\}} and{\%} are
bounded.

SinceY!
that

.—1 5. = 0 after finite steps, so fok(c «) large enough we have
pi = p~k7

hence tha{y]} is bounded. The first and second conclusions above have been
proved.

Next, we prove that the third conclusion holds.

From the boundedness ¢’} and {)}}, without loss of generality, we
assume that

m A=)\ lim A=A
k(€r)—o0 k(ek)—o0

Using the KKT conditionsZ.14), we obtain that

lim Bpd® = —vf(z*) + g/(x*))\; — b (z*)\}.

k(€r)—o0

Global Convergence of a
Modified SQP Method for
Mathematical Programs With
Inequalities and Equalities
Constraints

Zhong Wan

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 16 of 21

J. Ineq Pure and Appl. Math. 5(2) Art. 37, 2004

U T L I T


http://jipam.vu.edu.au/
mailto:wanmath@163.com
http://jipam.vu.edu.au/

Thus, we can deduce theB;d* : k € x} is bounded. By assumptida, ), we

have

(3.2)

where) is a constant scalar large enough.

If we assume thaltd*|| 0, then from 8.2) we know thatl|d*|| < 11. i.e.

the direction sequendel” : k € x} is bounded.
Then, we prove the forth conclusion.

By the second and the third conclusions, we can assume that

1 1
1d°1” < Nl Bed®|l < —[|d*[[M, Vk € x,

lim d* =d, lim By = B,,
k(er)—o0 k(ek)—o0

lim pf = p?, lim pl = pi,
k(er)—oo Pr Ps k(ek)—o0 Pi P2

lim p; = pl, lim = pi,
k(ek)—o0 Pr Ps k(€k)—o0 Pk 1

then from the KKT conditions4.14) — (2.18 we have

(3.3)

V(@) + Bud' — g ()N + B ()N

pfe—)\Z—)\::O,

g (@)d" +g(a") = —s* A, = 0,
(A)"(g'(2")d" + g(a*) +57) = 0,
s> 0, > 0,(\)Ts =0,

B (z*)d* + h(z*) = r(z*).

0,
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It shows that(d*, 0) is a solution of the following problem:

min v f(a*)Td + 3d"B.d + p} S, s
st g'(z")d+ g(x*) > —s,

(3.4) )
h (x*)d + h(z*) = r(z*),
s> 0.
Therefore * is a solution of the following problem: Global Convergence of a
Modified_ SQP Method fo_r
min v f(z*)"d+ 3d"B.d Inequatties and Eaqualtes
(3.5) St g/ (:L‘*)d—l—g(l‘*) > 07 Constraints
/ h
h(x*)d + h(z*) = r(z*). “hong an
Also sincelimy e,y pit = pP, 0 from the penalty update ruf2.), we obtain Title Page
thatr(z*) = h(z") after finite steps. Hence we havér*) = h(z*) in the E—
problem @.5). The inequality 8.1) can be easily proved under assumptidn).
In what follows, we prove the last conclusion. 4« 44
If &* = 0 andr(z*) = 0, then fromr(z*) = h(z*) proved above we can < >
obtain thatg(z*) > 0, h(z*) = 0. i.e. z* is feasible for the primary problem.
Also sinced* = 0 is a solution of the QP subproblerh.?), we can deduce that Go Back
x* is a feasible stationary point of the original problem. ] Close
The following lemma can be proved similar to the corresponding result in Quit
[2]. Page 18 of 21
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Lemma 3.2. Supposing that

k

lim 2" = 2", lim ¢, =0, lim p] = p?,
k(er)—o0 k(ek)—o0 F k(ek)—o0 Pi Py
lim  pf = pi, lim d" = d*,
k(€er)—o0 Pr P2 k(€r)—o0

then we have

Hpip;(flfk "‘tkdk) — 3p37p§ (xk) < 9/ (

lim sup
k(er)—o0

x*d").

Theorem 3.3. Suppose thalimyc.)— 2" = z*. Under assumption$A; )
and (A,), we havelimy e, d* = d* = 0. Therefore,z* is a generalized
stationary point of the primary problem (1). If (z*) = 0, thenz* is a feasible
stationary point.

Proof. From assumptio(4,) and LemmaB.1, we know that for: large enough,
the following equality holds:

By Lemma2.3, we know that{6 ¢ ,.(z*) : k € «} is a monotonically decreas-
ing sequence and lower bounded, hence from Le@have have the following
limits (if necessary, we can choose some subsequence):

lim d* =d,

k(ek)—o0

lim By = B..

k(erk)—o0

Next, we prove that’* = 0.
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If the cluster point* of step length sequende;, : & € x} is nonzero, then
from the line search step of the proposed algorithm, we have

lim  t,(d")" Byd® =0,

k(ek)—o0

or
t*(d") ' B,d* = 0,

hence by the positive definitenessi®f, we can deduce that = 0.
If t* =0, then

0,9 55 (xk+tfdk) 0,9 55 (") > o (d’“)TB dr,
or

0,9.p (zF + Ld®) — 0,9, (zF)

t
o2 (d"T Byd* <
T

IN

lim su
k(er)—oo p b

= Qpﬁ,pé (2% d")
S —(d*)TB*d*,

i.e. (1—o0)(d*)TB.d* < 0. Sofore € (0,1), we have(d*)" B,d* < 0. By the
positive definiteness aB,, we also obtain that* = 0.

At last, from the forth and fifth conclusion in Lemn3al, we can prove the
desired results. (sees,[Proposition A.4]). O
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