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Abstract

In this paper we present inequalities for integrals of functions that are the com-
position of nonnegative convex functions on an open convex set of a vector
space R™ and vector-valued functions in a weakly compact subset of a Banach
vector space generated by m Lj;-spaces for 1 < p < +oo and inequalities when
these vector-valued functions are in a weakly* compact subset of a Banach

o0
vector space generated by m L-spaces. CaE: R EnS a1
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When studying extremum problems and integral estimates in many areas of ap-
plied mathematics, we may require the convexity of functions and the weak
compactness of sets. Many properties of convex functions and weakly compact
sets can be found in the literature (e.qg., sd¢g[E], [4], [5] and [7]). In some re-
search fields such as the existence of solutions of differential equations (e.g., see
[1] and [6]), we usually enconter some problems on the estimates of integrals
of functions that are the composition of convex functions on an open convex set Convex Functions and

of a vector space and vector-valued functions in a weakly (or weakly*) compact Inequalities for Integrals
subset in a Banach space. The estimates of integrals of this kind of compos- . .

. . . . . . . . . Zhenglu Jiang, Xiaoyong Fu and
ite function is interesting and important in many application areas. Inequalities Hongjiong Tian

for integrals of composite functions are necessary, therefore, for solving many
problems in applied mathematics.

o . . . . Title P
Let us first introduce some notations which will be used throughout this pa- Herage
per. R denotes the real number systeRi: is the usual vector space of real Contents
n-tuplesz = (zy,9,...,2,), p iS & nonnegative Lebesgue measureRof <« S
Lr(R™) represents a Banach space where each measurable funttiphas
the following norm < >
1 Go Back
P
D) fall = ([ tutopan) Glose
Quit
for an 1 LP(R™))™ den Banach v r wher h
oranyp € [1,+o0), (LL(R"))™ denotes a Banach vector space where eac Page 3 of 15

measurable vector-valued function hasomponents it (R"), Lo°(R") rep-
resents a Banach space where each measurable fun¢tiphas the following
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norm

(1.2)  |lullc = esssup |u(x)| (or say|ull = inf sup |u(x)]),
zER™ ECR" .cE

u(EC)=0

where E€ represents the complement setfofn R, and (L;°(R"))™ denotes
a Banach vector space where each measurable vector-valued functioen has
components irL°(R").

Below, we give the definition of weak convergence of a sequenté(R"),
wherep € [1,+00). Assume thay = p/(p—1) asp € (1, +00) and thay = oo
asp = 1. If u € L7(R") and it is assumed that a sequedeg}; 7 in L:(R")
satisfies

(1.3) lim u;vdp = / uvdj
1—=+00 Jpn n
forallv € LI (R"), then the sequence.;}; is said to be weakly convergent
in L7 (R") to u ast — —+oo. Similarly, we |ntroduce the definition of weak*
convergence of a sequenceﬁ@o(Rn). If w € LP(R") and it is assumed that
a sequencéu, }, = in Ly°(R") satisfies the equalityl(3) for all v € L (R"),
then the sequenc{m }+ is said to be weakly* convergent lhOO(R”) to u
asi — +oo. Then we define the weak (or weak*) convergence of a sequence
n (LE(R™)™ (or (L2 (R™))™). If 1 < p < 400 and{uy},-% is weakly con-

vergent inLE (R") to u; for all j = 1,2,...,m asi — +oo, then a sequence
{ui = (Urs, Uiy -+ oy Upg) FT 1S caIIed Weakly convergent in a Banach vector
space( Lt (R"))™ to i = (i1, Us, . . . , lm) @Si — +oc0. Similarly, if {u;;};- is

weakly* convergent in;°(R") to @; forall j = 1,2,...,m asi — +oo, then
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a sequencéu; = (uy;, us;, - - -, umi) }:2 is said to be weakly* convergent in a
Banach vector spadd.;°(R"))™ to @ = (i, g, . . . , Um) 8Si — +00.

We now recall the definition of a convex function. ffx) is a function
with its values being real numbers @éc and its domain is a subsgtof an
m dimensional vector spade™ such that{(x,y)|z € S,y € R,y > f(x)}
is convex as a subset of am + 1 dimensional vector spad@™*!, then f(z)
is called a convex function of. It is known thatf(z) is convex fromsS to
(—o0, +00] if and only if

whenevers is a convex subset @™, x; € S (i =1,2,...) \y > 0, Ay > 0,
oy M = 0,0 + A2+ --- + N\, = 1. This is called Jensen’s inequality when
S =R"

There are inequalities for integrals of functions that are the composition of
convex functions on a vector spak& and vector-valued functions in a weakly*
compact subset ¢f.°(R”))™ (see [] or Theorem3.2in Section3). If F'(x,y)
is a special nonnegative convex function defined¥y, y) = (z—y) log(;) for
(z,y) € (0,400) x (0,00) and{(a;, b;) } ;- is a nonnegative sequence weakly
convergent in L, (R"))* to (a, b), then similar inequalities for integrals of the
composite functions can also be obtained (Ség &s follows:

fm [ Fab)du > / F(a, b)dp.

i——+o00 JR"? n

Below, we extend the two results mentioned above to a more general case. More
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the composition of nonnegative convex functions on an open convex set of a
vector spac&™ and vector-valued functions in a weakly compact subset of a
Banach vector space generatediby.? -spaces fot < p < +oo. We also show
inequalities for integrals of functions when these vector-valued functions are in
a weakly* compact subset of a Banach vector space generated By-spaces.
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Some basic concepts have been introduced in the previous section. In this sec-
tion we show inequalities for integrals of functions which are the composition of
nonnegative convex functions on an open convex set of a vector Byaead
vector-valued functions in a weakly compact subset of a Banach vector space
generated byn L?-spaces for any givep € [1, +oc). That is the following

Theorem 2.1.Suppose that a sequene };*7 weakly converges ifL? (R"))™
tou asi — +oo, wherep € [1,+00) andm andn are two positive integers.
Assume that all the valueseobindu; (i = 1,2, 3, ...) belong to an open convex
setK in R™ and thatf(z) is a nonnegative convex function fraihto R. Then

(2.1) lim f w;)dp > / f(u
e Title Page
for any measurable sét C R". Contents
In order to prove Theorerh.1, let us first recall the following lemma: « Y
Lemma 2.2. Assumeu,, — u weakly in a normed linear space. Then there < >
exists, for any > 0, a convex combinatioly; _; Aguy, (A > 0,> 7 Ap = 1)
of {ur, : k =1,2,...} suchthatlu — >_,_, \yux|| < e where||v|| is a norm of Go Back
v in the space. Close
This is called Mazur's lemma. Its proof can be found'ihdnd [/]. Using Quit
this lemma, we can give a proof of Theoréni. Page 7 of 15
Proof of Theoren?.1 Let 2 be a bounded set defined By, = QN {w :
lw| < R,w € R"} forall R > 0. Puto; fQ (wi)dp (i = 1,2,...) 3.1neq. Pure and Appl. Math. 7(5) Art. 184, 2006
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anda = lim fQ (u;)dp for all the bounded setQy. Then there exists a

i——+00
subsequence O{fozl °r such that this subsequence, denoted without loss of
generality by{a;} =%, converges tev ast — +o0.
Take K, = {z : z € K,|z| < [,p(0K,z) > 1/} and D;(u) = {w :
w € R u(w) € K;} for any fixed positive integer, wherep(0K, x) is defined
as a distance between the pointand the boundarg K of K. Then all the
setsK; are bounded, closed and convex subset& afuch that lim K; = K

l—+oc0

and K; C K., for any positive integef. It can also be easily proven that
lim D;(u) = R™ and thatD,(u) C D,,;(u) for any positive integet. Since

|—-+4o00

f(z) is a convex function defined on an open convexisgf (x) is continuous
in K (see B]). Thusf(x) is uniformly continuous i<, 1, that is, for any given
positive numbee, there exists a positive numbésuch that

(2.2) |f(x) = f(y)] < e/m(r)

as|z — y| < d foranyz andy in K.
Sinceu; weakly converges inL? (R"))™ to u, using Lemma2.2, one know
that for any natural numbaer there exists a convex combinati@ff:(? Apuy, Of

{ug : k=3,j+1,...} such thalﬂu ZN(J Hp l , whereN(j) is a
natural number which depends pand{u;, : k = j,j+1,. } Hv||p represents
anormofvin (L%, (R"))™, /\( 7 > OandZN(] U= 1. Putv = Zk i AU )uk.

Then, asj tends to infinity,v] converges |r(Lp (R”))m to u. Thus there exists
a subsequence Qﬁ; 1125 such that this subsequence denoted without loss of

generality by{v;} 1 ;215 converges almost everywhere RY to u asj goes to
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infinity. In particular, for any giverR > 0, v; converges almost everywhere in
Qi tou asj goes to infinity. By Egorov’s theorem, it is known that for any given
positive numbew, there exists a measurable g&fin Q) with u(Er) < o such
thatv; converges uniformly iff2z\ E to u. Therefore for the above numbér
there exists a natural numbarsuch that

(2.3) sup lu(w) —vj(w)] <o

we(Qr\ER)ND,(u)
for all j > N. Since all the values of in D;(u) are in the closed set; and Convex Functions and
K, C K., 6 can be chosen to be sufficiently small such that all the values of ~ '"edualiies forintegrals

vj in (Qe\Er) N Dy(u) fall in K;; and €.2) and @.3) still hold for this choice Zhenglu Jiang, Xiaoyong Fu and
of 6. Combining @.2) and @.3), we know that for any given positive number yendliongiiian
there exists a natural numbarsuch that

Title Page
(2.4) fu) < f(v;) +e/u(2r)
Contents
in (Qr\Er) N D;(u) for all j > N. Since all the values ofu;};-> andu are in « R
K andf(x) is convex and nonnegative, integratirty4) gives
< >
(2.5) / u)dp < Z )\ f ug)dp + amax fx) + Go Back
QrND(u ) Close
(2.5) can be equivalently written as Quit
NG) Page 9 of 15
(2.6) / Flu)dp <> ANy + o max f(z) +e.
QRﬂDl (u) k‘:j xEKl J. Ineq. Pure and Appl. Math. 7(5) Art. 184, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:mcsjzl@mail.sysu.edu.cn
mailto:
mailto:mcsfxy@mail.sysu.edu.cn
mailto:
mailto:hongjiongtian@263.net
http://jipam.vu.edu.au/

Notice thata, — « ask — +oo. By first lettingj — +o0o and there — 0,
(2.6) gives

(2.7) /Q o )f(u)d,u < a—l—amz%éxf(a:).

TEK

The fact thatl h+m D,(u) = R™ shows that the limit of2z N D;(u) in (2.7) is
Qg. By first lettinge — 0 and then — +o0, (2.7) reads

Convex Functions and

(2.8) f(u)dp < o < lim Fu;)dp Inequalities for Integrals
Qgr

i—+too JQ Zhenglu Jiang, Xiaoyong Fu and

. . . . . L. i Hongjiong Tian
where the last inequality is obtained using the nonnegativity(af. Finally,

by letting R — +o00 and using the Lebesgue dominated convergence theorem, _
(2.9) leads to £.1). This completes the proof. O Title Page
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In the previous section we have given inequalities for integrals of composite

functions for weakly convergent sequenceg irf(R"))™ for 1 < p < +o0.

In this section we present a similar result for weakly* convergent sequences in

(L (R™)™.
Using the process of the proof in Theor@ni, we can prove the following
theorem.

Theorem 3.1.Assume that a sequenge } =7 weakly* converges iL;° (R"))™
tou asi — +oo, wherem andn are two positive integers. Assume that all the
values ofu andwu; (i = 1,2,3,...) belong to an open convex sktof R and
that f(x) is a nonnegative convex function frakh to R. Then the inequality
(2.2) holds for any measurable s@tC R".

Proof. PutQr = QN {w : |[w| < R,w € R"}. ThenQy is a bounded set in
R" for all fixed positive real numberB. Sinceu; — u weakly* in (L7 (R"))™,

u; — uweakly* in (L°(Qr))™. Hence, byL>(Qg) C L'(Qr), it can be easily
shown thatu; — u weakly in (L, (2z))™. Then, using the process of the proof
of Theorem?.1, we obtain

(3.1) lim [ flu)dp> [ flu)dp.
i—+00 JQp Qpr
It follows from the nonnegativity of the convex functigithat

(3.2) lim [ f(u;)dp > g f(u)dp.

1——+00 JO
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Finally, by the Lebesgue monotonous convergence theoremast+oo, (3.2)
implies .1). Our proof is completed. ]

Furthermore, by removing the nonnegativity fifz) and assuming that the
convex sefk is closed, we can deduce the following result.

Theorem 3.2. Assume that a sequenge, } =°7 weakly* converges i, (R™))™
tou asi — +o0o, wherem andn are two positive integers. Assume that all the
values ofu andu; (i = 1,2,3,...) belong to a closed convex s&tin R and
that f(x) is a continuous convex function fralnto R. Then the inequalityA.1)
holds for any bounded measurable et R”.

We can also obtain Theorefl from Theorem3.2 Theorem3.2 can be
easily proved using Lemma.2. In fact, TheorenB.2is a part of the results
given by Ying [5]. However, we still give its proof below.

Proof of TheoremB 2 Puto; = [,f(u)dp (i = 1,2,...) anda =
lim [, f(u;)dp for any bounded se. Then there exists a subsequence of

’L—>+OO
{a;};2° such that this subsequence, denoted without loss of generalfty; by°y
converges tev asi — +oo.

Take K = K N{z : z € R™, |z| < |Jul|s + 1}. Then, sinceX is closed
and f(z) is continuous ink, K is a bounded closed set arfiékz) is uniformly
continuous ink, that is, for any given positive numberthere exists a positive
numbers < 1 such that

(3.3) [f(z) = f(y)] <&/n(€)

as|z — y| < ¢ for anyz andy in K.
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Sinceu; — u weakly* in (L7 (R™))™, u; — u weakly* in (L°(Q2))™
Hence, byL>(Q2) c L'(Q), it can be easily shown that; — « weakly in
(L, (€)™, It follows from Lemma2.2 that, for any natural numbey, there
exists a convex combination, % \{/u; of {w : k = j,j +1,...} such that
Hu - Aﬁj)ukH ~ < 1 whereN(j) is a natural number which depends on
jand{u, : k = j,j+1,...}, ||[v]| represents a norm af in (L5°(€2))™,
AW > 0and Y, AP = 1. Puty, :.fo:(? AYy,. Thenv; converges in
(L2 (€2))™ to u asj tends tooo. In particular, for the above numbér there
exists a natural numbéy such that

(3.4) esggp lu(w) —vj(w)| < 6

for all j > N. Since all the values af andu; are in K and K is convex, all
the values of: andv; in Q are inK for all j > N. Combining @8.3) and @3.4),
we know that for any given positive numberthere exists a natural numbar
such that

(3.5) flu) < flv;) +&/p(€2)

almost everywhere if2 for all j > N. Thus, integrating3.5) gives
3.6 d )d

(3.6) /Qf<u>us/9f<v]>u+g

for all 7 > N. By the convexity of the functiorf(x), integrating 8.6) gives

NG)
(3.7) [ stwdn < 30 [ pdne
[
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(3.7) can be equivalently written as

N(j)
(3.8) / fu)dp < Z )\,(f)ozk +e.
Q y
By letting j — +o00 and using the convergence®f to o, (3.8) gives

(3.9) /Qf(u)du <a+e.

By lettinge — 0, (3.9 leads to 2.1). This completes the proof.
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