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ABSTRACT. A particular result of Telyakovskis extended to the newly defined class of nu-
merical sequences and a specific problem is also highlighted. A further analogous result is also
proved.

Key words and phrasesSine coefficients, Special sequences, Integrability.

2000Mathematics Subject Classificat 042A20, 40A05, 26D15.

1. INTRODUCTION

Recently several papers, see [4], [5] and [6], have dealt with the issue of uniform convergence
and boundedness of monotone decreasing sequences. Further results and extensions have also
been reported by the author in [6].

In this paper we shall give two further results on boundedness for wider classes of monotone
sequences. First we present some theorems which will be useful in the following sections of this
paper. In Sectiop]2 we state the main results, in Seftion 3, we provide definitions and notations
and in Section 4 we give detailed proofs of the main theorem and corollary.

In [7] S.A. Telyakovski proved the following useful theorem.

Theorem 1.1.If a sequencén,, } of natural numbergn, = 1 < ny < n3z < ---) is such that

1 A
1.1 <
(@) >
forallm =1,2,..., whereA > 1, then the estimate

oo |mjr1—1

(1.2) D

j=1 1| k=n;

sin kx

< KA
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2 L. LEINDLER

holds for allz, whereK is an absolute positive constant.

In [4], the author showed that the sequefée!} in ) can be replaced by any sequence
c := {c} which belongs to the clag’; BV S.

Recently in [5] and[[6] we verified as well that the sequefite'} can be replaced by se-
guences which belong to either of the clasgs&$83V S andyGBV'S.

More precisely we proved:

Theorem 1.2(see [6]) Let~ := {v,} be a sequence of nonnegative numbers satisfying the
condition,, = O(n™!); furthermore letn := {«,,} be a similar sequence with the condition
a, = o(n™1). If ¢ := {c,} € yGBV S, or belongs toaGBV S, furthermore, if the sequence
{n,,} satisfies[(1]1), then the estimates

oo [nj+1—1
(1.3) Z Z cpsinkz| < K(c,{nn,}),
j=1 k=mn

or

o0 TL]‘+1—1

(1.4) Z Z cpsinkx| = o(1), m — 00,

j=m | k=n;
hold uniformly inz, respectively.

We note that, in general, (1.3) does not imgly [1.4) see the Remalk in [5]. We also note
that, every quasi geometrically increasing sequencg} satisfies the inequality (1.1) (see [3,
Lemma 1)).

A consequence of Theorgm [L.1 shows that not only s¢riejs (1.2) but also the Fourier series of
any function of bounded variation possesses the property analogqus|to (1.2Z) (see [7, Theorem
2)).

Utilizing these results TelyakovdKi/] proved another theorem, which is an interesting vari-
ation of a theorem by W.H. Youn@l[8].

This theorem reads as follows.

Theorem 1.3.If the functionf € L(0, 27) and the functiory is of bounded variation oft), 27],
then the estimate

oo |Mjy1—1

(1.5) DD (avon +biBe)| < KA[FlLV(9)

J=1| k=n;

is valid for any sequencgn,,, } with ), wherey,, b, and oy, 5, are the Fourier coefficients
of f andg, respectively.

One can see that if we consider the function of bounded variation

T—X . sin kzx
g(x) = 5 :; o 0 <z <2m,

then [1.5) reduces to

o0 n~+171
J bk

(1.6) MY = | < KA,

j=11 k=n;
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which strengthens the well-known result by H. Lebesgue [2, p. 102] that the series
>
k
k=1
converges for the functions € L(0, 27).
These observations are madelin [7] as well.
We have recalled (11.6) because one of our aims is to show that the seqéehg@ppearing

in (1.6) can be replaced, as was the cas¢ i (1.2), by any seq@i8nce vGBV' S, if v, =
O(n™1).

2. RESULTS

We prove the following assertions.

Theorem 2.1. If the functionf € L(0,2x) with {b;} Fourier sine coefficients, the sequence
{nm} is quasi geometrically increasing, and the sequefit;g belongs toyGBV S or aGBV' S,
wherea and~ have the same definition as in Theofenj 1.2, then

oo |njr1—1

(2.1) ST Bl < K({na} B DI fl

j=11| k=n;
or

oo |mj+1—1

(2.2) S ] =o(1), m— o0,

j=m | k=n;
hold, respectively.

Remark 2.2. Itis clear that if a sine series with coefficiedts, } € yGBV S andy, = O(n™!),
that is, if the function

g(x) = Z B sin kx
k=1

had a bounded variation, thgn (2.1) would be a special cage of (1.5).

The author is unaware of such a result, or its converse. It is an interesting open question.
Utilizing our result [2.]11) and the method of Telyakovisised in [7] we can also obtain
estimates fo#,, (), andw, (f,0)r.

Corollary 2.3. If f(z), v, {bx}, {8} and{n,,} are as in Theorer 2.1, then for anywith
n; < n < n;y1 the following estimates

@d)  w(ry) = KWEW,

niy1—1 oo |nj+1—1
> K AAnn b A8 || D0 0B+ D | D bubh
k=n+1 Jj=i+1| k=n;

hold.
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3. NOTIONS AND NOTATIONS

A positivenull-sequence: := {c¢,} (¢, — 0) belongs to the family obequences of rest
bounded variationand briefly we writec € R§ BV S, if

Z |Acn‘ SKCm, (Acnzcn_anrl)a

n=m

holds for allm € N, whereK = K(c) is a constant depending only en

In this paper we shall us& to designate either an absolute constant or a constant depending
on the indicated parameters, not necessarily the same at each occurrence.

Let~ := {v,} be a giverpositivesequence. A null-sequenesof real numberssatisfying
the inequality

Z A c,| < KAy

is said to be @equence of rest bounded variatiorrepresented by € YRBV'S.

If v is a given sequence abnnegativenumbers, the terms, are real and the inequality

2m

Z|Acn|§K7m, m=12, ...
holds, then we write € yGBV'S.
The classyG BV S of sequences is wider than any one of the clasgeBV S andGBV'S.
The classZBV S was defined in[1] by Le and Zhou with,, := max |c,|, whereN is a

mn<m+N
natural number.
A sequence’ := {3, } of positive numbers is called quasi geometrically increasing (decreas-
ing) if there exist natural numbegsand K = K () > 1 such that for all natural numbers

n,
1
Bn-‘r,u Z 2ﬁn andﬁn S Kﬁn—f—l (ﬁn—‘ru S §ﬁn andﬁn-ﬁ-l S Kﬁn) :

Let F,,(f). denote the best approximation of the functjbm the metricL by trigonometric
polynomials of ordem; andt,(f,x) be a polynomial of best approximation ¢fz) in the
metric L by trigonometric polynomials of order.

Finally denote by, (f, d);, the integral modulus of continuity of orderof f € L.

4. PROOFS
In this section we detail proofs of Theorém]|2.1 and Corollary 2.3.

Proof of Theorer 2]1lt is clear that

nj+1-1 o Mi+1-1

1
Z bkﬁk:—/ Z O sin kx dzx.
™ Jo
k:TLJ' k:nj
Thus
nj+1-1 1 [2r nj+1—1
Z bi. O S%/ |f(x)] Z Bsin kx| dz.
k=n; 0 k=n;
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Let us sum up these inequalities and apply the estirhate (1.3)jwithplace ofc;, we get that

oo |Mj+1—1

- 2
Z. br B S%/o ’f(ﬂf)lz Z Br sin kx| dx

j:1 k:'rL]'
< K({Be}, {nm DIl fllz,
which proves|[(2]1).
If we sum only fromm to infinity and use the assertion ([L.4) instead[of](1.3), we clearly

obtain [2.2).

Herewith Theorem 2|1 is proved. O
Proof of Corollary{2.3.1t is easy to see that Jackson’s theorem and the estifnafe (2.1) with
f(z) — t,(f, z) in place off(x) yield (2.3) immediately. O

An itemized reasoning can be foundin [7].
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