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ABSTRACT. In this paper, we provide g@analogue of an open problem posed by Q. A. Ngé et
al. in the paperNote on an integral inequalifyd. Inequal. Pure and Appl. Math., 7(4)(2006),
Art. 120, by using analytic and elementary methods in Quantum Calculus.
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1. INTRODUCTION

In [9], Q.A. Ngb et al. studied an interesting integral inequality and proved the following
result:

Theorem 1.1.Let f(z) > 0 be a continuous function df, 1] satisfying

(1.1) /:f@)dtz/;tdt, vz € [0,1].
Then the inequalities

(1.2) /O L e > /0 )
and

(1.3) /0 1 oY (@) de > /0 1 o f(x)dx

hold for every positive real number> 0.

Then, they proposed the following open problddmder what condition does the inequality

(1.4) /1 P (x)da > /1 27 £ (x)dx

0 0
hold fora and 5?
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In view of the interest in this type of inequalities, much attention has been paid to the problem
and many authors have extended the inequality to more general cases (séél[l, 3, 7, 8]). In this
paper, we shall discussgaanalogue of Ngé’s problem.

This paper is organized as follows: In Sectjgn 2, we present definitions and facts from the
g-calculus necessary for understanding this paper. In Sgdtion 3, we disg¢@sstbgue of the
inequalities given in[9] and [3].

2. NOTATIONS AND PRELIMINARIES

Throughout this paper, we will fix € (0,1). For the convenience of the reader, we provide
in this section a summary of the mathematical notations and definitions used in this paper (see
[4] and [6]). We write fora € C,

1—q°
[a], = 1—q
Theg-derivativeD,, f of a functionf is given by
_ J(@) — flgz) .
(2.1) (Dyf)(z) = BT if z # 0,

(D,f)(0) = f'(0), providedf’(0) exists.
Theg-Jackson integral frori to a is defined by (see [5])

(2.2) (Aaf@ﬁ%$=(1—wﬂa§:fw¢ﬁdi

provided the sum converges absolutely.
Theg-Jackson integral in a generic interyal b] is given by (se€ [5])

b b a
(2.3) / f(x)dyz = / f(x)d,z — / f(x)dyz.
a 0 0
We recall that for any functiorf, we have (see [6])
@4) o, ([ 1t0as) = o)
If F'is any antig-derivative of the functiory, namelyD,F' = f, continuous at = 0, then
(2.5) / f(@)dyz = F(a) — F(0).
0
A g-analogue of the integration by parts formula is given by
b b
@8 [ f@Dwg)ise = fa)gla) = Fg0) ~ [ (D,f(@)glaz)dye
Finally, we denote
0,1, ={¢": k=0,1,2,...,00}.
3. MAIN RESULTS
Let us begin with the following useful result:

Lemma 3.1([9] General Cauchy inequality)let o« and 5 be positive real numbers satisfying
a + = 1. Then for all positive real numbersandy, we always have

(3.1) oz + By > %P,
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Theorem 3.2. Let f be a nonnegative function defined [0n1], satisfying

1 1
(3.2) /fﬁ(t)dqtz/ tPd,t, VY €0,1],
Then the inequality
1 1
(3.3) | @iz [ o @
0 0

holds for all positive real numbeks > 0 and 5 > 0.
To prove Theorerp 3|2, we need the following lemma.

Lemma 3.3. Under the conditions of Theordm B.2, we have

(3.4) / P @) > [ !

a+B+1],
Proof. By using ag-integration by parts, we obtain

[ ([ )= g [ [ dt]:+[q—]/ o @)y

_ 1 2o 8
mq/o [y
which yields

! a3 _% ! a—1 ! B
(3.5) /0 x fP(x)dye = © /0 x (/x f (t)dqt) dgx

On the other hand, from condition (8.2), we get

/01 2! </x1 ff’(t)dqt> dgx > /leal (/xltﬁdqt) dyx

1 1

=G, @ e

_ @

ladgla+8+1],
Therefore, from[(3]5), we obtain

! 1
a B

(3.6) /0 z® fP(x)d,x > PEEEIR

We now give the proof of Theorem 3.2.

Proof of Theorem 3]2Using Lemma 31, we obtain
g

a+0 a+p arp
(3.7) a+ﬂf+()+—oé+5x+2xf(x),
which gives
(3.8) 3 /0 1 o (z)d,x + a /0 lxa+6dqx > (a+ ) /0 lxa fA(z)d,x
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Moreover, by using Lemmrja 3.3, we get

(3.9) (a+B) /1 2 fP(2)d,r = oz/l 2 fP () d,x + 6/01 2 fP(x)d,x

0 0

(8% 1 a B
- [a+6+1]q+ﬁ/o oy

Then, from relation(3]8), we obtain
1 1
3.10 B (1)d - > / “fO(x)d
©10) 0 [ s e s i 8 [ P,
which completes the proof.
Taking3 = 1 in Theorenj 3.2, we obtain

Corollary 3.4. Let f be a nonnegative function defined [on1], satisfying

1 1
(3.11) /f(t)dth/ tdgt, Vz €|0,1],.
Then the inequality
1 1
(3.12) /fa+1(x)dqx2/ % f(x)d,x
0 0

holds for every positive real number> 0.

Theorem 3.5. Let f be a nonnegative function defined [on1], satisfying

1 1
(3.13) /f(t)dqtz/ td,t, Vx €|0,1],.
Then the inequality
1 1
(3.14) /fa+1(x)dqx2/ zfY(x)d,x
0 0

holds for every positive real numbar> 0.

Proof. We have

(315) Vo e [07 1](17 (fa(x) - xa)(f(x> - :L’) >0,
SO
(3.16) f (@) + 22t > 2% f(x) + 2 f(x).

By integrating with some simple calculations we deduce that

(3.17) /0 fe N (z)dgr + a2

Then, from Lemma@ 3|3 fof = 1, the result follows.

1 1 1
—_— @ d “z)d,x.
I 2/0 2 f(x) qx+/0 v f*(x)d,x

Theorem 3.6.Let f be a nonnegative function defined [n1], satisfying

1 1
(3.18) /f(t)dth/ tdgt, Vz €|0,1],.
Then the inequality
1 1
(3.19) / o (z)d,x > / 2 fP(z)d,x
0 0
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holds for all real numbers: > 0 andg > 1.
Lemma 3.7. Under the conditions of Theordm B.6, we have

o 1
(3.20) /O fo(x)d, m

for all real numbersy > 0 and( > 1.

Proof. Using Lemma 31, we obtain

L
5f()+

(3.21) — L s 01 (),

which implies

1 1 1
(3.22) / 2 fP(x)dx + (B —1) / *tdx > 3 / 2P f () d, 2.
0 0 0

Therefore, from Lemmia 3.3, we get
(3.23) / )b s D

. T T T .

0 o Ja+B4+1) T [a+B+1],

Thus [3.20) is proved. O

We now give the proof of Theorem 3.6.

Proof of Theorerp 3]6By using Lemma 3]1, we obtain

B rass
L) +

(3.24) 2o > 1o B (1),

e
a+ 3
which implies
1
(3.25) 6/ OB (x)d,x +
0

Then, from Lemma@ 3]7, we obtain

«

1
a+0 o a3
(3.26) ﬂ/o [P (x)dgx + PENEI > P +ﬁ/0 z® fP(x)d,x

which completes the proof. O

>
[a+ 5 +1],

> (0+9) [ )
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