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g-integral, Inequalities.

In this paper, we provide @analogue of an open problem posed by Q. A. Ng6 et
al. in the paperNote on an integral inequality]. Inequal. Pure and Appl. Math.,
7(4)(2006), Art. 120, by using analytic and elementary methods in Quantum
Calculus.
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1. Introduction

In [9], Q.A. Ngb et al. studied an interesting integral inequality and proved the
following result:

Theorem 1.1.Let f(x) > 0 be a continuous function df, 1] satisfying

1 1
(11) / f(t)dt > / tdt, Ve € [07 1] g-Integral Inequalities
T 95 Kamel Brahim
Then the inequalities vol. 9, iss. 4, art. 106, 2008
1 1
(1.2) /0 for(x)ds > /0 z® f(x)dx Title Page
and Contents
1 1
(1.3) / for(x)ds > / zfY(x)dx “ i
0 0 < >
hold for every positive real number > 0.
. . Page 3 of 14
Then, they proposed the following open problddmder what condition does the
inequality Go Back
1 1 Full Screen
(1.4) / o (2)dx > / 2P £ (x)da
0 0 Close

hold fora and 5? . : "
journal of inequalities

in pure and applied
mathematics
issn: 1443-575k

In view of the interest in this type of inequalities, much attention has been paid
to the problem and many authors have extended the inequality to more general cases
(see L, 3, 7, 8)]). In this paper, we shall discussjeanalogue of Ng&’s problem.
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This paper is organized as follows: In Sectigrwe present definitions and facts
from theg-calculus necessary for understanding this paper. In Segtwe discuss
ag-analogue of the inequalities given i8] jand [3].

g-Integral Inequalities
Kamel Brahim

vol. 9, iss. 4, art. 106, 2008

Title Page
Contents
44 44
< >
Page 4 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:swasowicz@ath.bielsko.pl
http://jipam.vu.edu.au

2. Notations and Preliminaries

Throughout this paper, we will fix € (0,1). For the convenience of the reader, we
provide in this section a summary of the mathematical notations and definitions used
in this paper (seed] and [6]). We write fora € C,

_1=4
[a], = 1—q
Theg-derivativeD,, f of a functionf is given by
_ flx) = flgx) .
(2.1) (Dyf)(@) = B if ©#0,

(D,f)(0) = f'(0), providedf’(0) exists.
The ¢-Jackson integral frorf to a is defined by (se€d])

(2.2) / @ = (1 ga’y Flag")q",

provided the sum converges absolutely.
Theg-Jackson integral in a generic interyal b| is given by (seef])

b b a
(2.3) [ 1@ = [ s~ [ e
We recall that for any functiotf, we have (seeq])
(2.4) D, (/x f(t)dqt> = f(x).
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If F'is any antig-derivative of the functionf, namelyD,F' = f, continuous at

z = 0, then

(2.5) /0 " H@)d,z = Fla) — F(0).

A g-analogue of the integration by parts formula is given by

b b
(2.6) /f(x)(Dqg(ﬂﬁ))dqﬂ?:f(a)g(a)—f(b)g(b)—/(qu(x))g(qx)dqﬂf-

Finally, we denote
0,1),={¢": k=0,1,2,...,00}.
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3. Main Results

Let us begin with the following useful result:

Lemma 3.1 (B] General Cauchy inequality). Leta and 5 be positive real numbers
satisfyinga + (3 = 1. Then for all positive real numbersandy, we always have

(3.2) azx + By > %P,
Theorem 3.2. Let f be a nonnegative function defined [on1], satisfying

g-Integral Inequalities
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1 1 vol. 9, iss. 4, art. 106, 2008
(3.2) / fAt)d,t > / tfd,t, Vre[0,1],.
Then the inequality Title Page
! ! Contents
(3.3) | @i = [ @
0 0 <« >
holds for all positive real numbeks > 0 and > 0. p R
To prove Theoren3.2, we need the following lemma.
Lemma 3.3. Under the conditions of Theorein?, we have Page 7 of 14
1 5 1 Go Back
3.4 @ dgv > —— .
(34) /0 v @)y 2 [a+8+1], Full Screen
Proof. By using ag-integration by parts, we obtain Close
’ o - q— z® f7 ' lof i it
f t)dgt ) dgx = f dt + [P (z)dyx journal of inequalities
- [a], in pure and applied
q 0 8 mathematics
= m/o / ( ) q'l; issn: 1443-575k
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which yields

o=l [ ([ o)
(3.5) /Oa: fP(x)dyx - /0 x /xf (t)dgt | dyx.

On the other hand, from conditiof.¢), we get

/01 ! (/: fﬁ(t)dqt) dyx > /01 2! (/zltﬂdqt) dyx
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= % —x*)d,x ST S S A
R ’q
q" .
= . Title Page
gl + 8+ 14
, C
Therefore, from §.5), we obtain ontents
1 1 44 44
3.6 R L (1 ¥ I —
(36) | e r @i > <
Page 8 of 14
We now give the proof of Theorem 2. Go Back
Proof of Theoren®.2. Using Lemma3. 1, we obtain Full Screen
15} Close
3.7 —_fots —— gotB > g b
3.7) (Hﬁf (x)+a+ﬁx > 2% f7(x), | ' -
. ] journal of inequalities
which gives in pure and applied
1 1 1 mathematics
(3.8) ﬁ/ fa+ﬁ($)dq$ + a/ IO‘”Lqu:E > (a+ ﬁ)/ :po‘fﬁ(x)dqx, issn: 1443-575k
0 0 0
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Moreover, by using Lemma.3, we get

(3.9) (a+pB) /0 2 fP(z)d,w = a/o z® P () d,x + B/O z® fP () d,x

1
2 g, ), e

Then, from relation{.8), we obtain g-Integral Inequalities
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3.10 ﬁ/fa+ﬂxdx+ > +ﬁ/x°‘fﬂxdx, e AR
G100 IO ], F g, T T
which completes the proof. ] Title Page
Taking3 = 1 in Theorem3.2, we obtain Contents
Corollary 3.4. Let f be a nonnegative function defined [0n1], satisfying << »
1 1 4 >
(3.11) / F(#)dot > / td,t, Ve e[0,1],
x x Page 9 of 14
Then the inequality Go Back
1 1
(3.12) / fa+1(x)dqx > / 2 f(x)dyx Full Screen
0 0 Close

holds for every positive real number> 0.
journal of inequalities
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Then the inequality

(3.14) /0 1 o (z)dga > /O ' F(2)dga

holds for every positive real number> 0.

Proof. We have

(3.15) Ve € [0, 1], (f*(z) —2%)(f(z) —x) =0,
SO
(3.16) fori(a) + 2% > 2 f(2) + 2 f*(z).

By integrating with some simple calculations we deduce that

(3.17) /0 fe N (@)d,x + ot 2

Then, from Lemma3.3for 3 = 1, the result follows.

Theorem 3.6. Let f be a nonnegative function defined [on1], satisfying

(3.18) /1f(t)dqt2/ltdqt, v € [0,1],.

Then the inequality

(3.19) /O 1 o (z)d,xe > /O 1 2 fP(x)d,w

holds for all real numbers: > 0 andj > 1.

1 1 1
_ @ d “(z)d,x.
L 2/0 xf(x) qas+/0 rf*(x)d,x
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Lemma 3.7. Under the conditions of Theoref6, we have
(3.20) /1 2 fP(2)d,r > v

0 [+ B+ 1],
for all real numbersy > 0 and( > 1.
Proof. Using Lemma3.1, we obtain

(3.21) %fﬁ(w) T %xﬁ > 2% f(a),

which implies

1 1 1
(3.22) /0 2 fP(z)d,x + (B — 1) /O *d,x > 3 /0 a7 f(2)d .

Therefore, from Lemma.3, we get

B—-1 S 5}
a+0+1], ~ Ja+8+1],

(3.23) / 1 2 fP(x)d,a +
0

Thus .20 is proved.
We now give the proof of Theoremeé.

Proof of Theoren®.6. By using Lemma3.1, we obtain

ﬁ a+ a+p a B
(3.24) Tl @) e 2 et P,
which implies
1 1
a+f @ a B
(3.25) ﬁ/o fO P (z)dyx + FEESIp > (a—i—ﬁ)/o z® fP(x)dy.
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Then, from Lemma&s.7, we obtain

(67

! a+f a ! a B

which completes the proof. O

Title Page

Contents

N
PG

:
:

Page 12 of 14
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:swasowicz@ath.bielsko.pl
http://jipam.vu.edu.au

References

[1] L. BOUGOFFA, Note on an open proble, Inequal. Pure and Appl. Math
8(2) (2007), Art. 58. [ONLINE:http://jipam.vu.edu.au/article.
php?sid=871 ].

[2] L. BOUGOFFA, Corrigendum of the paper entitled: Note on an open problem,
J. Inequal. Pure and Appl. Mathd(4) (2007), Art. 121. [ONLINE:http://
jipam.vu.edu.au/article.php?sid=910 ]

[3] K. BOUKERRIOUA AND A. GUEZANE-LAKOUD, On an open question re-
garding an integral inequality, Inequal. Pure and Appl. Mat/8(3) (2007), Art.
77. [ONLINE: http://jipam.vu.edu.au/article.php?sid=885 ].

[4] G. GASPERAND M. RAHMAN, Basic Hypergeometric Serie&nd Edition,
(2004), Encyclopedia of Mathematics and Its Applications, 96, Cambridge Uni-
versity Press, Cambridge.

[5] F.H. JACKSON, On;-definite integralsQuarterly Journal of Pure and Applied
Mathematics41(1910), 193-203.

[6] V.G. KAC AND P. CHEUNG Quantum CalculudUniversitext, Springer-Verlag,
New York, (2002).

[7] W.J. LIU, C.C LIAND J.W. DONG, On an open problem concerning an integral
inequality, J. Inequal. Pure and Appl. Math8(3) (2007), Art. 74. [ONLINE:
http://jipam.vu.edu.au/article.php?sid=882 ]

[8] W.J. LIU, G.S. CHENG&AND C.C LI, Further development of an open problem,
J. Inequal. Pure and Appl. Math9(1) (2008), Art. 14. [ONLINE:http://
jipam.vu.edu.au/article.php?sid=952 ]

g-Integral Inequalities
Kamel Brahim

vol. 9, iss. 4, art. 106, 2008

Title Page
Contents
44 44
< >
Page 13 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:swasowicz@ath.bielsko.pl
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=871
http://jipam.vu.edu.au/article.php?sid=871
http://jipam.vu.edu.au/article.php?sid=910
http://jipam.vu.edu.au/article.php?sid=910
http://jipam.vu.edu.au/article.php?sid=885
http://jipam.vu.edu.au/article.php?sid=882
http://jipam.vu.edu.au/article.php?sid=952
http://jipam.vu.edu.au/article.php?sid=952

[9] Q.A. NGO, D.D. THANG, T.T. DATAND D.A. TUAN, Note on an integral

inequality,J. Inequal. Pure and Appl. Math7(4) (2006), Art. 120. [ONLINE:
http://jipam.vu.edu.au/article.php?sid=737 ]

g-Integral Inequalities
Kamel Brahim

vol. 9, iss. 4, art. 106, 2008

Title Page
Contents
44 4 2
< >
Page 14 of 14
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:swasowicz@ath.bielsko.pl
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=737

	Introduction
	Notations and Preliminaries
	Main Results

