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ABSTRACT. Let us denote by, ;, the sequence of numbers which have in its factorization
prime factors £ > 1), we obtain in short proofs asymptotic formulas fary, >, c'), and
>, . < Cige We generalize the work by T. Salaty S. Znam witen 1 (see reference [2]).
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Let 7 (z) be the number of these numbers not exceediriwas proved by Landau 1] that

: m(z)
(1) gch—>Holo z(log log z)* 1 =1
(k—1)!logx

Note that ifk = 1 thenm (z) = 7(z), ¢,,,1 = p,, and equatior] (1) is the prime number theorem.
Theorem 1. The following asymptotic formula holds:

k—1)nlogn
(2) Cn,k ™~ ( ) )k—l :

(loglogn

Proof. If £ = 1 the formula is true, since in this case (2) is the prime number theprem
nlogn. Supposé: > 2. If we putz = ¢, and substitute intd {1) we find that

(k—1)Inlogcyk

3 lim =1.
®) n—oo ¢, . (loglog cmk)k_1
Writing
k—1)nl
@ e = B Unlogn )
(loglogn)
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and substituting (4) intd {3) we obtain

log ¢, . (log log n)kfl

111
n=ee logn f(n) (loglog ¢, )
From equation (1) we find that

5) =1.

k—1

(6) lim () =0

i ()

Assume that the inequalitieg , > p,, have infinitely many solutions, then we havé, ;) >
m(pn) = n = m(cnk), Which contradicts@G). Hence for all sufficiently largewe have
cnk < pn. ON the other hand, clearly < ¢, ;. Thereforen < ¢, < p,, thatislogn <
log ¢, < log p,,, and we find that

log Cnfe log P

(7) 1< <
logn log n’

From () and the prime number theorgm~ n log n, we obtain

log ¢, i

i =1.
(8) nh—{go logn
From (5) and[(B) we find that
(9) lim f(n) =
To finish, [9) and[(4) give (2). The theorem is thus proved. O

The following proposition is well known, we use it as a lemma

Lemma2. Let) .°, a; and) ;" b; be two series of positive terms such thah ¢» = 1. Then

n—o00 bn

if > .2, b; is divergent, the following limit holds

lim 2= 1% =1.
n—oo 3 iy b
Theorem 3. Letk > 1 and leta be a positive number. The following asymptotic formula holds
“ E—1)H)*no tlog*n
(10) Z Cik ™ ( Y a(h=1) "
i=1 (a+1) (loglogn)

Proof. Let us consider the following two series:

icgk and 1+2+Z( “:gf) .
=1

(loglog )

Since the functior(%) is increasing from a certain value gfwe find that

(loglog i)
" (k=D tlogt)” 1 i
:/ (k— 1)t ](:it G40 n ognk_1 ‘
3\ (loglogt) (loglogn)
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On the other hand, from the L'Hospital rule

12) /3n ((k - 1)!tll?g1t> gt~ ((k — 1)1)* not? logo;nl)

(loglogt) (@ +1) (loglogn)™'

Equation[(ID) is an immediate consequencé of (11}, (12) and the lemma.
The theorem is thus proved. O

Theorem 4. Letk > 1 and leta be a positive number. The following asymptotic formula holds

1 (loglog )
13 &~ :
(13) Z Cirk (a+1)(k—1)! loga

k—1

Ci kST

Proof. Equation|(B) can be written in the form
n
14 lim =1.
( ) n—oo ¢, 1, (loglogcmk,)k71
(k—1)! log cp i

From [8) we obtain

log1
(15) lim —8298Cmk _ 4
n—oo loglogn

Substituting[(T}),[(8) and (15) intp (110) we find that

a+1( )k—l

loglog ¢,y
16 &~ )
(16) Z Cik (a+1)(k—1)! logcp i

Cik <Cnk

Equation [(2) gives,, » ~ c,1.k, therefore

(17) Z o CZI% r(loglog iy p)*!
Cik SCnk o (Oé + 1) ( - 1)' log Cn+1,k

a+1( )k—l

log log ¢,

~ (a+1)(k—=1)!logen

Since the function
2T (loglog x)k~1
(a+1)(k—1)! logx

is increasing from a certain value ©f we have for all sufficiently large

(0% (0% (0%
> Cik > Cik > Cik
(18) Cik <cnk Cik ST < Cik < Cnk
D‘+1(10glogcn W)kl — zotl(loglogz)k—1 cgi} ,(loglogcnp1 )1’
(@D (kD! logen, (@D (k=D logz TG0y ETI Tog enpr

wherec,, , <z < cpq1 -
To finish, [IT) and(18) give (13). The theorem is proved. OJ
Note. The casé: = 1 was studied in the reference [2]. In this cdge (9) andl (13) become

a+1 a+1

log™ n
sz T 0 2P i Dies

pilx

Using equation[(2) and the lemma, we can prove (as above) other theorems, for example the
following:
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Theorem 5. The following asymptotic formulas holds

1 (loglog n)" 1 (loglog )"
~ and _—~ .
Z Cn,k k! Z Cn.k k!

n=1 [ )

Whenk = 1, this theorem is well known.
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