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Abstract

Let us denote by ¢, . the sequence of numbers which have in its factorization
k prime factors (k > 1), we obtain in short proofs asymptotic formulas for c;, 1,
Yiopcpand )y . We generalize the work by T. Sélaty S. Znam when

k =1 (see reference [2]).

2000 Mathematics Subject Classification: 11N25, 11N37.
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Let 7 () be the number of these numbers not exceedirigwas proved by
Landau [] that

()

z—oo z(loglog )
(k—1)!logx

(1)

k—1

Note that ift = 1 thenm(z) = w(x), ¢,1 = pn, and equationi( is the prime
number theorem.

Theorem 1. The following asymptotic formula holds:

(k—1)lnlogn

(2) Cnk ™~ )k,1 .

(loglogn
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Proof. If £ = 1 the formula is true, since in this cas® {s the prime number
theoremp,, ~ nlogn. Supposé: > 2. If we putz = ¢, and substitute into
(1) we find that

(k —1)Inlog e,k

3 = 1.
) n—oo ¢, 1 (log logcn,k)k_1
Writing
kE—1)nlogn
@) g = e nlog
(loglogn)

and substituting4) into (3) we obtain

log ¢, k. (log log n)k*1

im — = L.
== logn f(n) (loglog cu)

(5)

From equation) we find that

= OQ.

(6) lim T2

o0 (x)
Assume that the inequalitieg . > p,, have infinitely many solutions, then we
haver(c,x) > m(p,) = n = m(cax), Which contradicts&). Hence for all
sufficiently largen we havec, , < p,. On the other hand, clearly < ¢, ;.
Thereforen < ¢, < p,, thatislogn <logc, ; < logp,, and we find that

log ¢,y i < log py,

(7) 1< < .
logn logn
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From (7) and the prime number theorem ~ nlog n, we obtain

8) lim 28 Cnk _
n—oo logn
From 6) and @) we find that
9) lim f(n) =
To finish, @) and @) give (2). The theorem is thus proved. O

The following proposition is well known, we use it as a lemma

Lemma 2. Let> ", a; and ) >°, b; be two series of positive terms such that
lim ¢= = 1. Thenify_*, b; is divergent, the following limit holds

n—oo "
n
hm 27, 1 a7' =1
n—oo Zz 1

Theorem 3. Letk > 1 and leta be a positive number. The following asymptotic
formula holds

s (k= DY n log
(10 ; ok (a+1) (loglogn)** 1"

Proof. Let us consider the following two series:

> ¢, and 1+2+Z< Zlfgll> .
=1

(loglog 1)
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Since the funcUor(%) is increasing from a certain value ofwe find
that

(11) 1+2+Z< Zlogf)

(loglog 1)

n (k- Dltlogt) 1 "
B o () ).
3\ (loglogt) (loglogn)
On the other hand, from the L'Hospital rule

n _ o _ a a-‘rl <
(12) /3 <(k 1)!tlog1t> 0t (k=1 logk -

(loglogt)k (v + )(loglogn)

Equation (L0) is an immediate consequence bi), (12) and the lemma.
The theorem is thus proved. m

Theorem 4. Letk > 1 and leta be a positive number. The following asymptotic
formula holds

2 (loglog x)k~1
13 &~ .
(13) Z Cirk (a+1)(k—1)! logz

k<

Proof. Equation B) can be written in the form

n
(14) lim = 1.
n—00 ¢, i (loglog Cn,k)
(k—=1)! logcy, i
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From @) we obtain

loglog ¢,
(15) lim —o 085k _ g
n—oo loglogn

Substituting {4), (8) and (L5) into (10) we find that

a+1(10g log ¢, 1) "1
(16) D e AN :
i (a+1) (k—1)! log ca
Equation @) givesc,,  ~ ¢,+1 4, therefore
At k(log log ¢ )"t
(17) e~
N k;n . P+ 1) (k—1)! log etk
O‘“(log log ¢, 1)t

~ (a+1)(k—=1)!logecny

Since the function
1 (loglog z)*~1
(a+1)(k—1)! logx
is increasing from a certain value of we have for all sufficiently large

(0 Q (0%
> Cik > Cik > Cik
(18) Cik < Cnk Cik ST < Cik <Cnk
O‘Jrl(log log e, )k~ — z2Fl(logloga)k—1 = zii p(loglog ey 1 k)1 ’
(atD) (kD! logen,  (@FD (=Dl logz (G &) Tog enpr

wherec,, , <z < cpq1 -
To finish, (L7) and (L8) give (13). The theorem is proved.
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Note. The casé: = 1 was studied in the referencd] In this case 9) and (L3)

become
a+1

‘”llog n
sz (a+1) sz (a+1)logx

pilx

Using equation?) and the lemma, we can prove (as above) other theorems, for
example the following:

Theorem 5. The following asymptotic formulas holds
A Note On Sums Of Powers

00 k k Which Have A Fixed Number Of
E L ~ M and § 1 ~ (log log x) ) Prime Factors
c k! c k!
n=1 "k Cn kST m.k Rafael Jakimczuk

Whenk = 1, this theorem is well known.
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