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In this paper, we prove a variant of a general Hardy-Knopp type inequality. We
also formulate a convolution inequality in the language of topological groups.
By our main results we obtain a general form of multidimensional strengthened
Hardy and Pdélya-Knopp-type inequalities.
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1. Introduction

The well-known Hardy’s inequality is stated below (c3, Theorem 327]):

(1.1) /OOO (i /Oxf(t)dt)pdx < (%)p/ooo flx)Pde, p>1,f>0.

By replacing f with j’% in (1.1) and lettingp — oo, we have the Pélya-Knopp
inequality (cf. b, Theorem 335]):
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(1.2) / exp <l/ logf(t)dt) dr < e/ f(z)dx.
0 T Jo 0 .
Title Page

The constantgp/(p — 1))? ande in (1.1) and (L.2), respectively, are the best Content
possible. On the other hand, the following Hardy-Knopp type inequalit) (vas ontents
proved (cf. [, Eq.(4.3)] and 7, Theorem 4.1]): <« 33

o 1 [* dx > dx < >
13) [T (5 [ i) < [Torn®,

0 T Jo X 0 x Page 3 of 20
where¢ is a convex function orf0, co). In [7], S. Kaijser et al. also pointed out Go Back
that (1.1) and (L.2) can be obtained from 1(3). Furthermore, inZ] and 3],

CizmeSija and Raric proved the so-called strengthened Hardy and Pélya-Knopp- Full Screen
type inequalities and their multidimensional forms. 4nTheorem 1 & Theorem 2], e

CizmesSija et al. obtained a strengthened Hardy-Knopp type inequality and its dual

result. With suitable substitutions, they also showed that the strengthened Hardy
and Pdlya-Knopp-type inequalities given in the paf@rare special cases of their
results. In the pape6], Kaijser et al. proved some multidimensional Hardy-type
inequalities. They also proved the following generalization of the Hardy and Pélya-
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Knopp-type inequality:

wa [ o(g [ Meonoa)un® < [,

where0 < b < oo, k(xz,t) > 0, K(x) = [ k(x,t)dt, u(z) > 0, and

A dual inequality to {.4) was also given. Inequalityl(4) can be obtained by using
Jensen’s inequality and the Fubini theorem. It is elementary but powerful. On the
other hand, in the proof oB] Lemma 3.1], for proving a variant of Schur’s lemma,

Sinnamon obtained an inequality of the form

as  {/ |ka<:c>rqdac}é <{/ !f(t)\p(Hw(t))gw(t)lpdt};,

wherel < p < ¢ < oo, X andT are measure spaces,f(z) = [ k(z,t)f(t)dt, w
is a positive measurable function @h and

q

e k(w)%(y)dy)q_ dr, m=—

Cpgtp—q

=

(1.6) Huw(t) = /

X

In this paper, le{ X, 1) and (7', \) be twoo-finite measure spaces. Letbe a
nonnegative measurable function &nx 7' such that

.7) /Tk:(x,t)d)\(t) =1 forpu—a.e.xe X.
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For a nonnegative measurable functjpon (7', \), define

(1.8) Tof(z) = /T ko, ) f(OANE), 7€ X,

The purpose of this paper is to establish a modular inequality of the form

(1.9) {/ ¢1(Ti f(2))dp(z } {/qu ())gw(t)l_spdw)}é

for0 < p <q<oo,¢€ ®H(I),s > 1/p, andH,w(t) is defined by 2.1). As
applications, we prove a convolution inequality in the language of integration on a
locally compact Abelian group. We also show that by suitable choices afe can
obtain many forms of strengthened Hardy and Pélya-Knopp-type inequalities. Here
®7(I) denotes the class of all nonnegative functigren I C (0, co) such thai'/*
is convex on/ andg takes its limiting values, finite or infinite, at the ends/oNote
thatd (1) C (1) for 0 < r < s and we denot@ (1) = (,., S (1).

The functions involved in this paper are all measurable on their domains. We
work under the convention thet = oc® = 1 andoo /0o = 0 - 0o = 0.
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2. Main Results

The following theorem is based on Jensen’s inequality 8hdgmma 3.1]. For the

convenience of readers, we give a complete proof here.

Theorem 2.1.Let0 < p < g < 00, 1/p < s < o0, and¢ € ®F(I). Let f be a
nonnegative function ofil’, A\) and the range of values gflie in the closure ofl.
Suppose thab is a positive function o7’, \) such that the function

2.1) Hwﬁ%jék@ﬁm(AH%MWMMMQOWﬁdM@,

wherem = spq/(spq + p — q), is finite for\—a.e.t € T. Then we have

@a{/wnfdu} {/w Mw%wwﬁp

Proof. Since¢!/® is convexo (T} f(z)) < {Tw(¢"*(f))(x)}* for p—a.e.x € X and
hence

ey [ omime < [ ([ KeostGnn) .
Letm = spq/(spq + p — q) andw be a positive function ofil’, \) such thatw(t)

defined by 2.1) is finite for \—a.e.t € T. By Hdlder’s inequality with indicesp
and(sp)*, we have

(2.4) AmmmMmm&w

:/MLWWMWWW%Wmmmw%www@
T
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1

< </T k(z, y)mw(y)dk(y)) o

- </Tk<f”’t>“m/‘sp’*”%p(f@))w(t) o/ A >) -

and this implies

es {[ sbq<ka<ac>>cm<:c>}é

: {/X (/T"“@’t)“m/“p)’”SWf(t))w(t) P/ (1 >)p
([ reprmmaw) d#(:v)};

<{ [ euomemtun o]
T
The last inequality is based on the Minkowski’s integral inequality with mélex
This completes the proof. 0

We can apply Theorera.1to obtain some multidimensional strengthened Hardy
and Polya-Knopp-type inequalities. These are discussed in Séctionhe follow-
ing corollary, we consider the norm inequality

(2.6) {/cqu )du(z } <O{/¢P }
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The results of Corollary?.2 can be obtained by Theorefhl and the fact that
OH(I) C df(I)for0 < r < s.

Corollary 2.2. Let0 < p < g < o0,1/p < s < oo, and¢ € & (I). Let f be given
as in Theoren2.1.

(i) If there exists a positive functiom on (7', \) such that the following condi-
tion (2.7) holds for somel /p < r < s and for some positive constart,: Inequality of Hardy-Knopp Type

Dah-Chin Luor

(27) Hrw(t) S A,,«w(t)(r_l/p)q for )\-a.e.t c T, vol. 10, iss. 3, art. 73, 2009
then we haveA.6) where the best constat satisfies Title Page
(2.8) C < Aé. Contents
N - . <« »
(i) If w satisfies2.7) for eachl/p < r < s, then we haveZ( 6) with
< >
(2.9) C< 1/;259 Ar. Page 8 of 20
Go Back
(iii) If ¢ € &L (I) andw satisfies £.7) for eachl/p < r < oo, then we haveA6) e
with Full Screen
(2.10) C< inf A Close
1/p<r<oco
journal of inequalities
In the casel < p < ¢ < oo and¢(z) = x, chooses = r = 1 and then in pure and applied
Corollary 2.2 can be reduced t@[ Lemma 3.1]. mathematics
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In the following, we consider the particular cad = T = G, whereG is a
locally compact Abelian group (written multiplicatively), with Haar measuré.et
h be a nonnegative function @x such thath hdp = 1. For a nonnegative function
f onG, define the convolution operator

(2.11) hx f(x) = /Gh(xtl)f(t)d,u(t), AN E

Moreover, iffG h™dyu is also finite, wheren is given in Theoren2.1, then by £.1)
with k(z,y) = h(zy~') andw = 1, we have

@1 Hot) = [y ([ h(zyl)Mdu<y>)sq_gdu<x>

sq

_ < /G h(m)mdu(a:))m.

We then obtain the following result:

Corollary 2.3. Let0 < p < g < 00, I/p < 5 < o0, and¢ € ®f(I). Leth
be a nonnegative function ad such thath hdp = 1 and fG h"dp < oo, where
m = spq/(spq + p — q). Let f be given as in Theoreth 1. Then we have

(2.13) { / ¢q(h*f(w))du(x)};
(oo

3=

(oo}
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Moreover, ifp < ¢, ¢ € @1 (I) and [, h"dp < oo for somer > 1, then

(2.14) { / ¢q(h*f(w))dﬂ(l‘)};
< {oxo ([ n6otognteint )}{/¢ )l }

Inequality ¢.14) can be obtained by letting— oo in (2.13. In the case)(z) =
rands = 1in (2.13, the conditionfG hdp = 1is not necessary and (L9 can be
reduced to Young's inequality:

(2.15) { /G (h*f(w))qdu(x)};é{ /G B dpu( } { / Pty du(t } ,

wherel < p < ¢ < oocandm = pq/(pqg+p—q). If ¢(z) = e* andf is replaced by
log fin (2.14), then for0 < p < ¢ < 0,

(2.16) { /G {exp ( /G Bzt log f(t)du(t)) }qdu(x)};
< {oxn ([ oy toghta)dn )}H{/f (b du(t }

Let G = R™ under addition ang be the Lebesgue measure. Thern.f) can be
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reduced to

1

e {[ ([ ne- t)f(t)dt)qdw}q
Lo ey
Moreover, if . h(z)dz = 1 and f,, h(z)"dz < oo for somer > 1, then by ¢.16),
e ([ ()]
e

Let G = (0, co) under multiplication andy = z~'dx. Then by £.15),

(2.19) { | ( | h(w/t)f(t)%)q df}
(s Loty

Moreover, if [~ h(z)z~'de = 1 and [;° h(z)"z 'dz < oo for somer > 1,

3=
Q=
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then ¢.16) can be reduced to

(2.20) { I {exp ( | ntaryo e >dt) }df}
§{exp</oooh( 1o h(z) )}

-Q\’—‘

([ oty

There are multidimensional cases corresponding to and ¢.20). For example,

the 2-dimensional analogue Gi.(9 is

o ([ ([ [ o)y
[ [t [ [ty

and we can also obtain similar results #00).
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3. Multidimensional Hardy and Pdélya-Knopp-Type Inequalities

In this section, we apply our main results to the cXse- 7' = R and obtain some
multidimensional forms of the strengthened Hardy and Pdlya-Knopp-type inequal-
ities. LetX=V~! be the unit sphere iRY, that is,>""! = {x € RN : |z| = 1},
where|z| denotes the Euclidean norm.of Let A be a Lebesgue measurable subset
of XV1, 0 < b < o0, and define

E={zcRY:2=5p,0<s<b pc A}
Forz € E, we define
S, ={ycRY :y=sp, 0<s<|z|, p€ A},
and denote bysS,| the Lebesgue measure 8f. We have the following result:

Theorem 3.1.Let0 < p < ¢ < 00, 1/p < s < o0, and¢ € & (I). Letg be a
nonnegative function oR™ x R" such thatf, g(z,t)dt = 1for almostallz € E

and let f be a nonnegative function dR"¥ and the range of values df lie in the
closure of/. Suppose that is a nonnegative function oR” andw is a positive
function onF such that the function

(3.1) Hmwwaégmwm(Lﬂwwa@m@Wﬁumn&wma

wherem = spq/(spq + p — q), is finite for almost alt € E. Then we have

(3.2) {/Eq§q (/Swg(:c,t)f(t)dt) u(x)dx}é

s{éwumxmw@ﬁMW*w@;
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Proof. Let X = T = RY, du = u(z)xe(z)dz, d\ = xp(z)dr, andk(z,t) =
g(x,t)xs,(t) in Theorem2.1. Then H,w defined by 2.1) can be reduced to3(1)
and we have 1.2) by Theorenm. 1. O

In the case = ¢ = s = 1, thenm = 1 and we have

(3.3 /E¢ (/x g(x,t)f(t)dt) u(x)dx
/¢ (/ (m,t)u(x)st(t)dx) dt.

In particular, if NV = 1, £ = [0,b), S, = [0, x), andu(x) is replaced by.(z)/z, then
(3.9 can be reduced to

e | s ([ ste.swa) "D [ (1) (/ bg(x,w@dx) it

Inequality (3.4) was also obtained ir6[ Theorem 4.1].

Now we consider {.2) with u(z) = |S,|* andg(x,t) = |S.|” 1h(|S,5|/|S ),
wherea € R, his a nonnegatlve function defined ¢ 1) and fo r)dxr = 1.
By (3.1) with w(y) = |S,|™*"2/9) we have

sq—f

1
(3.5 Huw(t)= (/ h(g)mgm(q/pam/(sq)dg) |5, |~ mlat2=a/p)/ (s0)
0

1
% / h(é“)mgm(Q/p*a*Q)/(SQ)dé‘_
(Itl/5)N

As a consequence of Theoréir, we have the following result:

Inequality of Hardy-Knopp Type
Dah-Chin Luor
vol. 10, iss. 3, art. 73, 2009

Title Page
Contents
44 44
< 14
Page 14 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:dclour@isu.edu.tw
http://jipam.vu.edu.au

Corollary 3.2. Let0 <p < g < o0,1/p <5 < 00,9 € & (1), andf be given asin
TheorenB.1. Leta € R, h be given as above, anja1 h(&)memia/r=a=2)/(s0)d¢ < oo,
wherem = spq/(spq + p — q). Then we have

0 {1 (5 rom)

1 S— % Inequality of Hardy-Knopp Type
< (/ h(f)mfm(q/pa2)/(sq)df) Dah-Chin Luor
0 vol. 10, iss. 3, art. 73, 2009
< [ ousieriia)
Title Page
where 1 Contents
o)) = [ gyl arengg
’ 44 44
(Itl/o)N
By (3.6), we see that < >

Page 15 of 20

en {Lor(ig [0 (j5)) ro) |Sz|“da:}3’ o Bk

L Full Screen
<c{/¢P )|,V 1dt} :
Close
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Moreover, if¢ € &7 (I) andp < ¢, then the estimation given in3() can be
replaced by

1
q

3=

39  C< {exp ( / " h(€) loglh(€)¢o-m) <q—p>]d§) }

In the following, we consider the particular cgse- ¢. In this casen = 1 and
(3.6) can be reduced to

|St’) ) adr
@) [ (|S|/z (\sa F&)dt J 15[
< ([ meecrrrmae)
p (—a—l)/(sp)d) S, |dt.
< [ou ( /| G £) 15

In the case) € @1 (1), by lettings — oo in (3.10), we have

1 [ (g /0 (||§i’|)f(t)dt) %l
g{exp( /0 (f)log§d£>} / P ( /wb) <5>d5) SiJedt.

If (&) = a1, a > 0, then we have the following corollary.

sp—1

Corollary 3.3. Let0 < p < o00,1/p < s <o0,¢p € 7 (1), > 0,a+ 1 < asp,
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and f be given as in Theorem 1 Then we have
1) [ (i [ Isitron) s pa
|Sz]* Js,

asp \? [ [\ Voo
< (m) /E¢ (f(t)) (1 - (?) |Si|*dt.

Moreover, ifp € T (1), then fora € R, we have

@) [ o (G [ Il o) s

< e [ si0) (1 - (’%‘)N) Sildt.

Inequality (.12 was obtained in3, Theorem 1(i)] for the cas¢(z) = z,p > 1,
s=1,a <p—1,a =1, andE is the ball inRY centered at the origin and of
radiusb. If ¢(x) = e, p = 1, andf is replaced byog f in (3.13, then we haved,
Theorem 2(i)]. Ifa(€) = a(1 — €)1, a > 0, then we have the following corollary.

Corollary3.4. Let0 <p< o0, 1/p<s<o0,¢0 € ®f(I),aa>0,a+1 < sp, and
f be given as in Theoref 1. Then we have

10 [ o (i [ 05 =15 r0ar) Is. s
S{aB(Sp_SZ_l )} /w NRIRIOL
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whereB(d, n) is the Beta function and

o= [ ap gt
(It]/b)N

Moreover, ifp € &7 (I), then fora € R we have

15 [0 (i /z<|swr—|st|>a—1f<t>dt) S.lodz
< {exp < / (1 loggdg) }
< [ o) (1 - (%)N) St

In the following, we consider the dual result of Theoregm Let0 < b < oo and
E={zecR": z=spb<s<oopc A}

1

Forz € E, we define
Se={yeRY :y=sp,|z| <5 <oo,pe A}

Let u be a nonnegative function d&", du = u(z)xz(z)dz, d\ = xz(t)dt, and
k(z, t) = g(x,t)xg, (t), whereg is a nonnegative function oR"™ x R such that

fS (z,t)dt = 1 for almost allz € E. Suppose thaw is a positive function ork.
ThenH w defined by £.1) can be reduced to

16) ) = [ gty (| z ot 0)" o)y " s, (B

We have the following theorem.
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Theorem 3.5.Let0 <p < g <o0,1/p < s < oo, ¢ € ®f(]), andy, u, w be given
as above. Lef be given as in Theorem 1. Suppose that/,w(t) given in ¢8.16) is
finite for almost allt € E. Then we have

(3.17) {/ X (/S g(z ,t)f(t)dt) u(m)dm}é
s{é#ﬁww¥

In the case = ¢ = s = 1, thenm = 1 and we have

(3.18) [Eqb(/s g(az,t)f(t)dt) u(z)dx
/fb (/ x, t)u(x)x gz(t)da?) dt.

In particular, if N = 1, E = [b,), S, = [, 00), andu(z) is replaced by:(z)/z,
then by (3.19 we have

(3.19) /boo s (/OO g(x,t)f(t)dt) @dx
< [Totson ([ ate.0 i) a

w(t))iw(t)lspdt}p

Inequality (.19 was also obtained ir6] Theorem 4.3]. Using a similar method,

we can also obtain companion results 6f6f — (3.15. We omit the details.
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