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Abstract

A new generalized perturbed trapezoid type inequality is established by Peano
kernel approach. Some related results are also given.
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In recent years, some authors have considered the perturbed trapezoid inequality

[ rteran =20 @)+ £+

<Oy — ) (b—a)®,

where f : [a,b0] — R is a twice differentiable mapping ofa, b) with ~, =
infrefap f'(7) > —oo andly = sup,¢(, 4 f*(x) < +oo while C'is a constant.
(e.g. seel] —[2]) It seems that the best result = 1—\62 was separately and
independently discovered by the authors=dfdnd [3]. The perturbed trapezoid
inequality has been established as

(b—a)’

(1.1) =

[f(b) = f'(a)]

V3
— 108

[ t@de = @+ o) +

(g —72) (b — a)g‘

Moreover, we can also find irs] the following two perturbed trapezoid inequal-
ities as

@2 | [ fla)de = "5 @) + £0) +
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where f : [a,0] — R is a third-order differentiable mapping dn, b) with
¥3 = infoepp [7(2) > —ooandl’y = sup,¢(,y [ () < +o0, and

b b—a b—a)?. , ,
@3 |[ f@ae- 505w+ o+ L0 - )
1

< = Y

< g Malb =)’
wheref : [a,b] — R is a fourth-order differentiable mapping dn, b) with Some Inequalities of Perturbed
M4 = sup ‘f(4)(33)‘ < 400. Trapezoid Type

z€la,b]

The purpose of this paper is to extend these above results to a more general Zheng L

version by choosing appropriate harmonic polynomials such as the Peano ker-
nel. A new generalized perturbed trapezoid type inequality is established and Title Page
some related results are also given.
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Theorem 2.1.Let f : [a,b] — R be ann-times continuously differentiable
mapping,n > 2 and such thaf\f,, := sup,c(,; | /™ (z)| < co. Then

b—a b—a)?
D) iz — 221 + 16+ L0 - fa)
S HE D (229 L
P Qki + 1 '22]€ 2 2 Zheng Liu
_\/g(gia)iﬂ if n=2;
< M, x Title Page
n(n— —aq)ntt .

( 3(?4?1)!21 ifn >3, Contents
where[“>1] denotes the integer part &£-. <« »
Proof. It is not difficult to find the identity < >

b Go Back
2.2) (~1)" / () f) () da
a Close
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whereT,,(z) is the kernel given by

@may  (maamart  poallemal? g [y ath]

n! 2(n—1)! 12(n—2)!

(23) Tu(x) = (=)™ | (b—a)@—b)"! | (b-a)>(z—b)"~2 b
T— —a)(x— —a)*(z— . a
- T T T 12me) if ze (%787} :

Using the identity 2.2), we get

b= ey + poy + L=

(2.4)

x)dr —
5] 2h+1
Z k CZ) f(2k> a+b
2k‘ —|— 1) '2% 2 2

k=2

/ Tn(q:)f(”) (x) dz

For brevity, we put

(x—a)" (b-a)(z—a)t (b—a)*(x—a)"?

Po(2) o= = 2(n—1)! 12(n — 2)!
Tz —a)"2 , nb—a)(xr—a) n(n—1)b-a)?
el S e Sl
a+b
xé[a, 2}

b
SMn/ | T ()| de.
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and

(z=b)"  (b—a)(r— bt (b—a)*(x—b)"?
Qnlr) = 2(n —1)! 12(n — 2)!
(x — )2 , n(b—a)(x—>b) n(n—1)b-—a)?
IERE o 06-07)
a-+b
T € [ 5 ,b} )

It is clear thatP,(x) and @, (x) are symmetric with respect to the line=

"T“’ for n even, and symmetric with respect to the pcﬂﬁg—b,o) for n odd.

Therefore,
b o3
/ T (z)| dx = 2/ | P, ()| dz
gttt _
_ b / =2 {tQ L Gl 1)] ' dt
nl2n 0 3
by substitutiont = a + b‘T“t, and it is easy to find that
-1
ro(t) =72 [tz —nt + —n(n3 )]

is always nonnegative df, 1] for n > 3. Thus we have

/01 | (t)| dt = /Olt“ [t2 —nt + @} dt = %
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forn > 3, and

1
/ ro()] dt =
0 0
to 2 1 2
:/ (t2—2t+—)dt—/ (t2—2t+—)dt,
0 3 to 3

22t dt
v

wheret, = ‘[ is the unique zero af,(¢) in (0,1). Hence,
b \/g(gza)sa n = 2;
(25) [ m@a=s "
¢ ORI I 2
Consequently, the inequalit () follows from (2.4) and @.5). O

Remark 1. If in the inequality 2.1) we chooser = 2, 3, 4, then we get

oo == 24s@) + o+ =L i) - )] < Lo -y
b—a (b—a)? , 1
oo~ = 24¢@) + o)+ =L i) - )| < Sane-

and the inequalityX.3), respectively.

For convenience in further discussions, we will now collect some technical
results related to(3) which are not difficult to obtain by elementary calculus
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as:

(2.6)

(2.7)

(2.8)

b 0, n odd,
T, (z)dx = .
/a nn DA™ neven.
(e n=2,
—a)?
a?el[%,}lf] ()] = \/?:(Zblﬁ =, n=3,
> g
1 b
max |To,(z) — Top(x) dx
xe[a,)zf] om () b—a/a om ()
(b—a)*
720

(8m3—16m24-2m+3)(b—a)?™

3(2m+1)122m
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Theorem 3.1.Let f : [a,b] — R be a mapping such that the derivatiye—!
(n > 2) is absolutely continuous dn, b. If f™ € L.[a, b], then we have

0y + g+ L=

(254]
B 22: k(k—1)(b— a)**! Fee a+b
2o 3(2k + 1)12%2 2

(3.1) z)dz —

\/g(bia)ii
54 )

< 1F oo x
n(n—2)(b—a)™t?!
EICES) DI nz3,

where["51] denotes the integer part 85* and|| f ") ||, := ess sup, ¢,y [/ (2)]
is the usual Lebesgue norm én,[a, b].

The proof of inequality§.1) is similar to the proof of inequalityX 1) and so
is omitted.

Theorem 3.2. Let f : [a,b] — R be a mapping such that the derivative
f=Y(n > 2) is absolutely continuous o, b]. If f™ € L[a,b], then we
have

b= pa) + py) + L=

(3.2) x)dr —
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(254]

S Bk = D)0 = )™ (a_+b>

L T 3(2k + 1)1222 2
(bzg){z, n=2,
n —a 3
< x ] Y e,

n—1)(n—3)(b—a)™
el g,

where|| f(™||; := fab | f(z)| dz is the usual Lebesgue norm éala, b].
Proof. By using the identityZ.2), we get

b o )2
[ s@as = @+ s+ C 0 - )

(2571

k(k —1)(b— 2k+1 + b
a ; (3(% J)r(l)!zgk?—2 fe (%)

/ Tn(x)f(”) (x) dz

Then the inequality3.2) follows from (2.7).

b
< e [T, ) / £ ()] de.
z€(a, a
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Theorem 4.1.Let f : [a,b] — R be a mapping such that the derivative
f™(n > 2) is integrable withv,, = inf,cy f™(z) > —oco and T,

SUDPg¢[a,b] f(”) (x) < 400. Then we have

b— b— a)?
@0 | [ yde =" @ + o0+ O 0) - pa)
['n—l
2 Rk = 1)(b— a)?* oy (atb
a ; 3(2k + 1)122+-2 A (T)
T A n=2
< X
2 %, n > 3 and odd,
b —a (b — a>2 / /
@2) | [ flyde "2 (@) + fO) + T F0) - )
n 1]
(b —a)™* oy (atb
_; 2k+1 192k—2 e (T)

< [f"00) = f V(@) = (b — a)]
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(b—a)”

12 n=2,
V3(b—a)3
X (216 =, n=3,
g9 n > 5and odd,
b —a b—a)? , ,
@3) |[ fwar "2 5@+ 11+ U= L0 - )
n 1]
_ Z D — a7 o (atb
2k+1 192k—2 2
< [Ca(b—a) = fOD0) + £V (a)]
b—a)?
( 12) g n=2,
x § V0o n=3,
—(”‘1)?5’(‘7;?2)9_“)", n > 5 and odd,
b —a b—a)?. , ,
@) | [ r@de ="t + s+ U - s

(257
2 k(k — 1)(b— 2k+1 4 b
-2 (3(% J>r(1)!2§’32 Fe (a 2 )
k=2
m(m —1)(b — a)*™

_ 3(2m - 1)!22m_2 [f(2m—1)(b) _ f(Zm—l)(a>]
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< [fE"0(0) = FEm D (a) = Yo (b — a)]

(b—a)* —
720 m =2,
X

(8m3—16m?+2m+3)(b—a)>™
32mt1)22m , m =3,

b—a / /
(4.5) 7) da = = [f(a) + f(0)] + 5 (6) = £ (@)

(2571

N k(k = 1)(b— ) oy (atDd
-2 3(2k + 1)122k-2 = (T)

ZQm(m _ 1>(b — a)2m 2m—1 2m—1
N 3(2m + 1)122m—2 [f( )(b) — ft )(a)]

(b—a)?
720

< [Pom(b—a)—fE" D (0)+ "V (a)] {

(8m3—16m2+2m+3)(b—a)?™
32mt1)22m , m =3,

Proof. Forn odd andn = 2, by (2.2) and @.6) we get
(1" [ D@ @) - ] da
K b—a (b - CL)2 ! /
=/ﬂmm—jrw@+ﬂm+ 10 - )

>2k+1 (2%) a+b
Z 2k+1'22k2 / ( 2 )

k=
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whereC' € R is a constant.
If we chooseC' = 22£I= then we have

- Z k(k b—a)%“f(%) a+b
— 32k +1)12%2 2

r. — b
< n2 %/ | T, ()| dx.

and hence the inequalityt (1) follows from (2.5).
If we chooseC' = +,,, then we have

vyde - (@) + )+ L) - i)
(23]
= (k= 1)(b—a)* o (atb
-2 3(2k + 1)122+-2 f )(T)

k=2

b
= Joos |Tn(m)|/ f (@) = | de,

and hence the inequality @) follows from (2.7).
Similarly we can prove that the inequalit§.g) holds.
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By (2.2) and @.6) we can also get

) d - Z"T“ma) 1]+ ) - (@)
(23]
k(k—1)(b— ) o0 fatb
- Z 2k+1 192k—2 I (T)

k=2

m(m —1)(b — a)*"

_ 3(2m - 1)!22m_2 [f(2m—1)(b) _ f(Zm—l)(a>]

/ab [Tm(m) ey / Tano) da:] 2" (@) - C] da

whereC € R is a constant.
If we chooseC' = ~,,,, then we have

vyde— "2 @) + 0]+ U 0) - )
[231]
= k= 1)(b— a2 (a4 b
_; 3(2k + 1)122-2 I )(T)

_mlm = Db = a)™ omoy g pemon(g)

3(2m + 1)122m—2
1
sz(x)—b_a/ Tom(x) dx / |f 2’” — Yom| dx

and hence the inequalityt @) follows from (2.9).

< max
z€[a,b]
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Similarly we can prove that the inequalit§.p) holds.

Remark 2. It is not difficult to find that the inequalityl(1) is sharp in the sense
that we can choos¢ to attain the equality in4.1). Indeed, forn = 2, we
construct the functiorf(z) = [ ([ j(z) dz) dy, where

T, a<z< (3+v3)a+(3—/3)b
’ = 6

Y

j(z) = Yo, (3+\/§)a—6|—(3—\/§)b <r< (3—\/§)a;(3+\/§)b7

and forn > 3 and odd, we construct the function

flx) = /x (/yn <~~-/ay2j(y1)dy1~~) dym) Ay,

r,, a<:1:<“+b

where

j(@) =
Vo, L < <b.

Remark 3. If in the inequality ¢.1) we choose: = 2, 3, then we recapture the
inequalities (.1) and (L.2), respectively.
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