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Abstract

In the present paper, the authors prove several inclusion relations associated
with the (n, §)-neighborhoods of certain subclasses of p-valently analytic func-
tions of complex order, which are introduced here by means of a family of ex-
tended multiplier transformations. Special cases of some of these inclusion

relations are shown to yield known results.
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Let.A4,(n) denote the class of functiorf§z) normalized by

(1.1) f(z)=2F — Z a.z"
T=n+p
(a, 20; n,pe N:={1,23,...}),
which areanalyticandp-valentin the open unit disk
U:={z:2€C and |z] <1}
Analogous to the multiplier transformation ot the operatof,,(r, ;¢), given

onA,(1)b
= 5 (228 o

T=p+1

(,u >0, rei; fe Ap(l)),
was studied by Kumaet al. [6]. It is easily verified that
(p+ ) Lp(r+ 1, p) f(2) = 21, (r, ) f(2)] + plp(r, ) f (7).

The operatotl,(r, ;1) is closely related to thedagean derivative operator
[11]. The operator
I = Li(r, p1)
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was studied by Cho and Srivastav4 and Cho and Kim §]. Moreover, the
operator
[7" = ]1 (’I", 1)

was studied earlier by Uraleggadi and Somanaib [
Here, in our present investigation, we define the opergftor 1) on A, (n)
by
p - T+ H ' T
(1.2) L(r,p) f(z) = 2" = ) arz

T=n-+p p"—ﬂ
(W20, peN; rel).

By using the operator,(r, 1) f(z) given by (L.2), we introduce a subclass
Sk (1,7, A, b) of the p-valently analytic function classl,(n), which consists
of functionsf (=) satisfying the following inequality:

1/ z[L,(r, D 4 X221 (r, 2)](m+2)
13 k( L N 4 Al 1) ) om_@_mD

b \Az[Ly(r, ) f(2)] + (1= Mp(r, ) f(2)]
(zGU; peN; meNy;, reZ; u=0; A =0; p>max(m, —u); bG(C\{O}).

<1

Next, following the earlier investigations by Goodmah Ruscheweyhl(]
and Altintaset al. [7] (see also]], [ 7] and [L7]), we define thén, §)-neighborhood
of a functionf(z) € A,(n) by (see, for details, ] p. 1668])

(1.4) Nus(f)

= {g € Ay(n):g(z) =2F — Z b.»" and Z Tla; — b, < 5},

T=n+p T=n+p
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It follows from (1.4) that, if
(1.5) h(z) = 2" (p€N),

then

(1.6) N, s5(h):= {g e A,(n) 1 g(z) = 2" — Z b,z" and Z 7lb,| < 6} :

T=n-+p T=n+p
i p icti Inclusion and Neighborhood
Flpally, we de.note byzmm(u., r, A, b) .the subclass ofd,(n) consisting of Ak Skl
functionsf(z) which satisfy the inequalityl(7) below: Subclasses of Analytic and

Multivalent Functions of
Complex Order

1
(17) ‘B{[l - )‘(p —m — 1)] [Ip(rv :u)f(z)}(m—’—l) H.M. Srivastava, K. Suchithra,

B. Adolf Stephen and
S. Sivasubramanian

+ A2 [Ly(r, ) f(2)] ™ = (p=m)}| <p—m

Title Page
(zGU;pGN; m € No; r € Z; u =2 0; XA = 0; p> max(m, —pu); bE(C\{O}). J
Contents
The object of the present paper is to investigate the various properties and
characteristics of analytie-valent functions belonging to the subclasses 4 dd
Sﬁm(u, r,A\,b) and Rﬁm(u, r, A\, b), S 4
_ _ o o Go Back
which we have defined here. Apart from deriving a set of coefficient bounds o
ose

for each of these function classes, we establish several inclusion relationships
involving the(n, ¢)-neighborhoods of analytjevalent functions (with negative Quit

and missing coefficients) belonging to these subclasses. Page 5 of 17
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Our definitions of the function classes
S, A D) and RE (1,7, N, b)

are motivated essentially by the earlier investigations of Orhan and Kathali [
and of Raina and Srivastava]] in each of which further details and closely-
related subclasses can be found. In particular, in our definition of the function
classes

Sh (s, A 0) and RE . (u, 7, A, D)

involving the inequalities1(.3) and (L.7), we have relaxed the parametric con-
straint
0 A1,

which was imposed earlier by Orhan and Kamalip. 57, Equations (1.10)
and (1.11)] (see also Remaskelow).
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In this section, we prove the following results which yield the coefficient in-

equalities for functions in the subclasses
S (. A 0) and RE (7, A, D).

Theorem 1. Let f(z) € A,(n) be given by(1.1). Thenf(z) € S&, (1,7, A, b)
if and only if

@) 3 (ZE2) (7 ) At == Dl = p+ o)

oy \PTH m
< |b|{(§)[1+A<p—m—1>}},

<T) r(r=1)-(r=m+1)

m m)!

where

Proof. Let a functionf(z) of the form (L.1) belong to the class? , (u, 7, A, b).
Then, in view of (.2) and (L.3), we have the following inequality:

) r=§::+p (ﬁ)r (D) =p)1+ AT —m—1Da,z"™

2.2) ®

(2)I+Ap—m—1Jerm— 5 (22 (D1+AT—m 1),

T=n-+p

> —|b| (z € U).
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Puttingz = r; (0 < r; < 1) in (2.2), we observe that the expression in the

denominator on the left-hand side @f¥) is positive forr; = 0 and also for all
r1 (0 < ry < 1). Thus, by letting; — 1— through real values2(2) leads us
to the desired assertiof.() of Theoreml.

Conversely, by applying?(1) and settingz| = 1, we find by using {.2) that

2L (r ) f ()Y + N[ (r, ) £(2)] 42 _(p_m)‘
Az[Ip(r, ) f(2)] 0D 4 (1 = M) (r, ) f(2)]0

2 () QA - m= 1l - e
i (Q)UJF)\(p—m—l)]—T§+p<%ﬁ>r(;¢)[1+/\(7—m—1)}a7
<quDD+Mp—m—1H—Tinﬁﬂrmﬂr+MT—m—1m@
@A —m = 5 () (AT == Dl

= ol.

Hence, by the maximum modulus principle, we infer thet) € S% (11,7, A, b),
which completes the proof of Theoren O

Remarkl. In the special case when

(2.3) m=0, p=1, b=py (0<B=1 veC\{0}),
=Q (2eNy:=NU{0}), 7=k+1, and =0,
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Theoreml corresponds to a result given earlier by Orhan and Karfigp.[57,
Lemma 1].

By using the same arguments as in the proof of Thedrawe can establish
Theorem?2 below.

Theorem 2. Let f(z) € A,(n) be given by(1.1). Thenf(z) € RE (11,7, A, b)
if and only if

00 r
T+ W T Inclusion and Neighborhood
(2.4) Z (T - m)[l + >‘(T - p)]aT Properties of Certain
ptp m ;
T=n+p Subclasses of Analytic and

|b| —1 p Complex Order
< (p—m) {T +

Multivalent Functions of

H.M. Srivastava, K. Suchithra,
. i L . B. Adolf Stephen and
Remark2. Making use of the same parametric substitutions as mentioned above S. Sivasubramanian

n (2.3), Theoren? yields another known result due to Orhan and Kanialp|
58, Lemma 2]. Title Page
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In this section, we establish several inclusion relationships for the function
classes
S, A D) and RE (1,7, )\, b)

involving the(n, §)-neighborhood defined by (6).

Theorem 3. If

[bl(n +p) (7)1 + Alp —m — 1)]

(3.1) 0= X (p > [0]),
(n -+ [bl) (2522) (7)1 + A+ p—m = 1))

then

(32) Sﬁ,m(ﬂ7 T, )‘7 b) - Nn,§<h)

Proof. Let f(z) € S, (1,7, A, b). Then, in view of the assertior2 (1) of The-
oreml1, we have

(n+ [b]) (w) (n+p)[1+)\(n+p—m—1)] i a

m
T=n+p

< o (f;) [L+A(p—m — 1)),
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which yields

S bl () ()1 A+ p—m = 1)]

ptp m

(3.3) i W < I+ Ap —m = 1)

Applying the assertion( 1) of Theoreml again, in conjunction with3.3), we
obtain

(W)’” (n;nl—p)[1+/\(n+p_m_1)] f: o

p + K T=n+p

gw(ﬁ)ﬂ+k@—”“-”“*p‘w”(E%£%£>T

-<n+p)[1+)\(n+p—m—1)] i ar

m
T=n+p

gw(§>“+Mp_m_l”+@_““(ziﬁiﬁ>r

p+p
. (n;p)[1+/\(n+p—m—1)]
| (7)1 + Ap — m — 1))
(n+ ol) (2222 ) () L+ A +p—m = 1))

ptp m

:w(i)U+Mp—m‘*”(§j@>'

Hence
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b](n 4+ p)(2)[L+ A(p — m — 1)]
34) > ra = -
rentp (n + |8B]) (M) ("Y1 + A(n+ p —m — 1)]

D+ 1
=:0 (p>1b]),

which, by virtue of (L.6), establishes the inclusion relatiof.%) of Theorem
3. O

Analogously, by applying the assertiod.4) of Theorem?2 instead of the

Inclusion and Neighborhood

assertion Z.1) of Theoreml to functions in the clas&?, (1,7, A, b), we can Properties of Certain
prove the following inclusion relationship. S el L

C lex Ord
Theorem 4. If omplex Order

( ) |:|b\ 1 n ( )] H.M.BSX\aaSIFaSvta, l; Suchdithra,
— . [0} ephen an
(3_5) 5 = b Tri ()\ > 1) S Sivasubrgmanian
n L n 1 ’

(22" ("2 1+ ) .
then Title Page
(3.6) RE (7, A, 0) C Ny s(h). Contents
Remark3. Applying the parametric substitutions listed(ih3), Theorens and 4 dd
Theorem4 would yield the known results due to Orhan and Kamalid. 58, < >
Theorem 1; p. 59, Theorem 2]. Incidentally, just as we indicated in Section
above, the condition > 1 is needed in the proof of one of these known results Go Back
[8, p. 59, Theorem 2]. This implies that the constrdirg A\ < 1in[8, p. 57, Close
Equations (1.10) and (1.11)] should be replaced by the less stringent constraint Quit
A= 0.
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In this last section, we determine the neighborhood properties for each of the
following (slightly modified) function classes:

Sho (A b) and RYT (u, 7, A, D).

Here the class?y, (11,7, A, b) consists of functiong (z) € A,(n) for which
there exists another functlcyﬁz) € 8P (11,7, A, b) such that

Inclusion and Neighborhood

Z Properties of Certain
(4.1) — -1 -« (Z el 0 é o < p) Subclasses of Analytic and
Z Multivalent Functions of

Complex Order

Analogously, the clas®2: (u, 7, A, b) consists of functiong'(z) € A,(n) for LML Srivastava, K. Suchithra

which there exists another funCtI(y’Qz) € R (u,r, A, b) satisfying the in- B. Adolf Stephen and
equality ¢@.1). ’ S. Sivasubramanian
Theorem 5. Letg(z) € 8%, (1,7, A, b). Suppose also that Title Page
42) a—p— 0 Contents
ntp «“« b
(n -+ [0l) (2222) " ()14 An + p = m = 1)] p 5
(n+ B (222 (") [L4+ A(n-+p—m— D] = b 21+ A(p—m—1)] Go Back
Then Close
4.3) Nys(g) © S22 (1,7, A, b). Qut

Page 13 of 17
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Proof. Suppose thaf(z) € N, s(g). We then find from {.4) that

o0

(4.4) > rlar— b £,

T=n+p

which readily implies the following coefficient inequality:

S 0
4. —b| S —— .
(4.5) 2 lar=brls = (neN)

T=n-+p

Next, sinceg € S, (i, 7, A, b), we have

)
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N bI(2)[1+ A(p —m — 1)]

(4.6) T:ZW by < " (Z%Z“) T VR—
so that
20|« e
S0, ()4 Mp— m — 1) B
SR (b)) ("p%j”) (") L+ A(n+p—m—1)]

) | (”+‘b’)<%)w (") L+ An+p—m—1)]
P ) (22 ()L A+ 1))~ () Ap—m 1)
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provided thatv is given precisely by4.2). Thus, by definitionf € SZe (u, 7, A, b)

m

for a given by @.2). This evidently completes the proof of Theorém ]

The proof of Theoren® below is much similar to that of Theoref) hence
the proof of Theorend is being omitted.

Theorem 6. Letg(z) € RS (i, 7, A\, b). Suppose also that

,m

4.7 a=p-— nip
. (=) () p = m)(1 4 An)
()" (49 (4 p = m) (1 + M) — (o — m) [+ (2)]
Then
(4.8) N..alg) © RES, (1.7, D).

Remarkd. Applying the parametric substitutions listed(ih3), Theorem; and
TheoremG would yield the known results due to Orhan and Kamalig. 60,
Theorem 3; p. 61, Theorem 4].
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