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Abstract

In this paper, we derive several interesting subordination results for certain
class of analytic functions defined by the linear operator £(a,c)f(z) which in-
troduced and studied by Carlson and Shaffer [2].
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Let A denote the class of functions of the form:
(1.2) f(z)=2z+ Z anz"
n=2

which are analytic in the open unit digc = {z : |z| < 1} . For two functions
f(z) andg(z) given by

(1.2) f(z) =2+ Z a,z" and g¢(z)=z+ Z 2"
n=2 n=2
their Hadamard product (or convolution) is defined by
(1.3) (f*xg)(z) =2+ Z A 2"
n=2

Define the functior(a, ¢; z) by

(1.4) o¢(a,c¢z) = Z %Znﬂ

© (c¢ Zy :={0,—1,-2,...}, z€ A),

n=0

where()\),, is the Pochhammer symbol given, in terms of Gamma functions,

(A +n)

(15) (A= o

]-7 n:(),
:{A@+UQ+2)“Q+R—U,nEN{LZH}
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Corresponding to the functiop(a, ¢; z), Carlson and Shaffef] introduced
a linear operatot(a,c) : A — A by

(1.6) L(a,c)f(z) = ¢(a, ¢ z) * f(2),

or, equivalently, by

o0

L(a, _z+2 (@, i1 (e
C L
Subordination Results for a
Clqss of Analytic Functions
Note thatZ (1,1)f(2) = f(2), £(2,1)(2) = =['() andL(3,1) (=) = 2f'(2)+ Defined by a Linear Operator
%ZQf”(Z). B.A. Frasin

For—1 < a < 1,03 > 0,weletL(a,c;a, ) consist of functionsf in A
satisfying the condition

Title Page
1 Contents
(1.7) Re {“ﬁ(“ FLafe) 1)}
L(a,c)f(2) « 33
al(a+1,¢)f(2)
> [ ’ —a|+ «, ze A < >
L0,/ e
Go Back
The family L(a, c; o, ) is of special interest for it contains many well- Close
known as well as many new classes of analytic univalent functionsCHot; «, 0), _
we obtain the family of starlike functions of order0 < « < 1) and£(2, 1; «, 0) Quit
is the family of convex functions of order (0 < o < 1). For £(1, 1;0, 8) and Page 4 of 16
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([3],[4]) (see also the work of Kanas and Srivastavh [Goodman ([],[9]),
Renning (I.0],[ 11]), Ma and Minda P] and Gangadharan et ab]).

Before we state and prove our main result we need the following definitions

and lemmas.

Definition 1.1 (Subordination Principle). Let g(z) be analytic and univalent
in A.If f(z) is analyticinA, f(0) = ¢g(0), and f(A) C g(A), then we see that
the functionf(z) is subordinate tg(z) in A, and we writef(z) < g(2).

Definition 1.2 (Subordinating Factor Sequence)A sequencéb,, } > , of com-
plex numbers is called a subordinating factor sequence if, wheng\sgris
analytic , univalent and convex iy, we have the subordination given by

(1.8) ibnanz" < f(2) (z€ A, a;=1).
n=2

Lemma 1.1 ([L4]). The sequencé, }°°, is a subordinating factor sequence if
and only if

(1.9)

Re{l—IrZanz”} >0  (ze€A).
n=1

Lemma 1.2. If

(1.10) > on(a, o, B) lan) <1-a
n=2
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where, for convenience,

(1.11) onla, ¢, B) = (1+8)(a).+[1 (—C)a_: a(l + B)](a)n—1

(-1<a<1;3>20,n2>2),
thenf(z) € L(a,c; a, 5).

Proof. It suffices to show that

aﬁ(a—l—l,c)f(z)_a _Re &ﬁ(a—l—l,c)f(z)_a L
s t { L@, 0f(:) } sioe
We have
s R e
<[ -

(n—-1

IN

(14 8) Yor2, (Hettigmstelost ) fay | |2

fe'e) n— n—1
1= 3007, et g, ||z
_ 049 S, (8= lal
- 1= 3002, (5=t lan|
The last expression is bounded abovel by « if

[e.o]

3 (1+8)(@)n + 1 —a—a(l+H)|(a)

n—1
an <1 —«
n=2 (c>n_1 | n|
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and the proof is complete. O

Let £*(a, c; «, ) denote the class of functiorf§z) € .A whose coefficients
satisfy the condition(.10. We note that_*(a, ¢; o, ) C L(a, c; , [3).
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Employing the techniques used earlier by Srivastava and Atiiia Attiya [1]
and Singh 17], we state and prove the following theorem.

Theorem 2.1.Let the functiory(z) defined by1.1) be in the clas€*(a, ¢; «, [3)
where—1 < a < 1; 3>0;a>0;c>0.Also letk denote the familiar class
of functionsf(z) € .4 which are also univalent and convexin Then

0s(a, ¢; v, )

2.1 f*xg)(z) <g(z z€e€A; ge k), Subordination Results f
@D i ata@aapV F9E <) ) Sitordnaton Resut o2
Defined by a Linear Operator
and
B.A. Frasin
1 —a+o0y(a,ca,pf)
2.2 R > — , e A).
(2.2) e(f(2)) O (= € 8)
( 5 Title Page
o2(a,c;ax H H
The constar‘g[1 o (aca] 1S the best estimate. FeS—
Proof. Let f(z) € L*(a,c;a, 3) and letg(z) = z + > 2, ¢,2" € K. Then <« S
(23) - 2BC00) )
2[1 — a+ o9(a, c;a, )] Go Back
os(a, c; a, B) ( ) cl
= z+ Z anCn 2" | . 25
2(1 —
1 —a+ oy(a,c;a,f)] Quit
Thus, by Definitionl.2, the assertion of our theorem will hold if the sequence Page 8 of 16
09 (CL, G Q, 5) >
2.4 n
@4 S I e
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is a subordinating factor sequence, with= 1. In view of Lemmal.1, this will
be the case if and only if

oo(a, ¢ a, B)

(2.5) Re{1+22 1_a+02ac&’ﬁ)]az"}>0 (z€ A).
Now
os(a, c;a, 3
Re{1+1—a+02aca,ﬁ Zan }

0-2(017070576)
= Re<1
e{ +1—a+0’2(a,c;a,ﬁ)

1 - n

Z 1_ 0-2(0’70;0176) r
1 —a+os(a,ca,B)

1 = n
T Tatoacald ;an(a,c,a,ﬁ)anr } .

Sinceo, (a, c; «, 8) is an increasing function of (n > 2)
1 0’2(CL, G Q, ﬁ)
1 —a+oy(a,ca,f)

1 = .
- ]_—O./—l-O'Q(CL,C;Ogﬁ) ;Un<aacva76>a’nr }
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O'Q(CL,C;Oé,ﬁ> l -«
- r— r
1—C(+02(@,C;Oé,ﬁ) 1_&+02(a703057ﬁ)

> 1

> 0.

Thus @.5) holds true inA. This proves the inequality?(1). The inequality 2.2)

o0

follows by taking the convex function(z) = = = 2+ > ", 2" in(2.1). To
prove the sharpness of the constgatZzl®ce.d) we consider the function

) = a+oa(a,c;a,6)]?
fo(2) € L*(a, c;a, B) given by

(26) [y —zo O

0'2((1, G «Q, ﬁ)

Thus from @.1), we have

(-1<a<1; 8>0).

oo(a, ¢ a, fB) 2
(2.7) M=o+ oala.c: 0.5 fo(z) < T

It can easily verified that

0’2(61, G &, B)

@9 min{re (gl e -3

; ant 02(a,c0,0) i i
This shows that the constag— sy IS best possible. O

Corollary 2.2. Letthe functiory(z) defined by1.1) be in the clas€*(1, 1; «, )
and satisfy the condition

o0

(2.9) > 1+ ) = (a+ ) an| <1—a

n=2
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then

B+2—a«
2.10 - = ~
(-1<a<1l;6>0;,z€ A; geK)
and
B+ 3 -2
2.11 R > ——) e A).
( ) e(f(Z)) ﬁ +2 -« (Z ) Subordination Results for a
Clqss of Analytic Functions
The constantZ-2—5— is the best estimate. Defined by a Linear Operator
B.A. Frasi
Corollary 2.3. Letthe functiory (=) defined by1.1) be in the clas€*(1, 1; a, 0) -
and satisfy the condition
Title Page

(2.12) Z(n —a)la,] <1 —aq, Contents

n=2 <« >
then < >

2 —
(2.13) —(fx9)(x) < 9(x)  (zeAigek) Go Back
Close
and Quit
3 — 2«
(2.14) Re(f(2)) > — 5 : (z € A). Page 11 of 16
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Puttinga = 0 in Corollary 2.3, we obtain
Corollary 2.4 ([17]). Let the functionf(z) defined by 1.1) be in the class
£*(1,1;0,0) and satisfy the condition

[e.9]

(2.15) > nlay| <1

n=2

then

Subordination Results for a

(2.16) %(f * g)(z) < g(z) (Z SWANS/NS /C) Class of Analytic Functions

Defined by a Linear Operator

and B.A. Frasin
3

2.17 R —— A).
(2.17) (f(:)> =5 (€4 e page
The constant /3 is the best estimate. Contents
Corollary 2.5. Letthe functiory (=) defined by1.1) be in the clas€£*(2, 1; «, ) <« >
and satisfy the condition p >
(2.18) D nln(1+8) = (a+8)] x| < 1-a, Go Back

n=2 Close
then Quit

B+2—a
2.19 s = Page 12 of 16
(2.19) 2ﬁ+5_3a(f*g)(2)<9(2)
(—1 <a< 1; ﬂ > O; z € A; g < IC) J. Ineq. Pure and Appl. Math. 7(4) Art. 134, 2006
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and

26+ 5 — 3«

2.20 _
(2.20) Re(f(z)) > 2Br2=a)
The constangﬁigig‘ is the best estimate.

Corollary 2.6. Letthe functiory (=) defined by1.1) be in the clas€*(2, 1; a, 0)
and satisfy the condition

(z € A).

(2.21) inn—a ) |an| <1 —q,
then
@22)  S(fee) <) (€A geK)
and
5 — 3«

The constang% is the best estimate.
Puttingar = 0 in Corollary 2.6, we obtain

Corollary 2.7. Letthe functiory (=) defined by1.1) be in the clas£*(2, 1; 0, 0)
and satisfy the condition

(2.24) > n?la,| <1
n=2
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then

(2.25) S0 <9(s) (A gEk)

and

(2.26) Re(f(2)) > %5 (z € A).

The constan2/5 is the best estimate. Subordination Results for a
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