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ABSTRACT. In the present paper we prove direct approximation theorems for discrete type op-
erators

(L) @) = 3 ws@) i),
k=0

f € CJ0,00), z € [0,00) using a modifiedK —functional. As applications we give direct
theorems for Baskakov type operators, Szasz-Mirakjan type operators and Lupas operator.
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1. INTRODUCTION

We introduce the following discrete type operatdrs n € {1,2,3, ...}, defined by
(1.1) (Lnf)(@) = Lu(f,2) = )t i(2) A (),
k=0

wheref € C[0,00), x > 0, u, . € C[0, 00) with u,, ;, > 0 on[0,00) and\,, ;. : C[0,00) — R
are linear positive functional, € {0,1,2,...}.

The purpose of this paper is to establish sufficient conditions with the aim of obtaining direct
local and global approximation theorems for {1.1).lIn [3] Ditzian gave the following interesting
estimate:

(1.2) Bo(fox) — f(x)] < O (f, %w-*m) ,
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2 ZOLTAN FINTA

where
_ - n k(1 _ ,\n—k E
B =3 (3) 0 -arts (7). secon zep
is the Bernstein-polynomial;’ > 0 is an absolute constant agdz) = /x(1 — ). This

estimate unifies the classical estimate for 0 and the norm estimate for= 1. Guo et al. in
[7] proved a similar estimate tp (1.2) for the Baskakov operator. For the more general operator
(1.1) we shall give a result similar to the estimate](1.2) and to the result establishéd in [7].

To formulate the main results we need some notations:Clg0, co) be the space of all
bounded continuous functions @ oc) with the norm|| f|| = sup,~, | f(z)|. Furthermore, let

w(f.t) = sup sup [ f(z + het(x)) = 2f(2) + flo — he’ (2))]

0<h<t gtho (z)€[0,00)

be the second order modulus of smoothness of Ditzian-Totik and let
Ko (f,t) =inf{|f — gl + t|®g"|| + 7/ V|g"|| : ¢, 0™ ¢" € Cp[0,00)}

be the corresponding modified weight&d-functional, where\ € [0, 1] andy : [0,00) — R
is an admissible weight function (cfil[4, Section 1.2]) such thtr) ~ 2* asz — 0+ and
©*(z) ~ 2* asx — oo, respectively. Then, in view of [4, p.24, Theorem 3.1.2] we have

(13) Fgo’\(fa tz) ~ w?@)\(fv t)

(r ~ y means that there exists an absolute constant 0 such thatC—ly < z < COy).
Throughout this papet’, Cs, . .., Cs denote positive constants adtd> 0 is an absolute con-
stant which can be different at each occurrence.

2. MAIN RESULTS

Our first theorem is the following:

Theorem 2.1.Let(L,),> be defined as irj (1].1) satisfying
(i) Ln(1,z) =1, > 0;

(i) Loft,2) =2, 2> 0

(ii1) L,(t*, x) < 2>+ Cin~ 1o (x), x>0;

(iv) |Lof]l < Cz||f|| fe CB[O’ 00);

(v) Ly (‘f |t — “( :v> < Osn~ 1?0V (z), =z €[l/n,00) and
i) n

( ( )<C4( -1 2(1 )\)( ))2/(2—)\)’ xE[O,l/n)
Then for everyf € Cg[0,00),n € {1,2,3,...} andz > 0 one has

(Luf)(x) = f(2)] € max{1l+ Cy, Cs, CiCa} - Ko (fin™ '™V (@)

Proof. From Taylor’s expansion

g(t) = gl(x) + ¢/ (@)(t — ) + / (t—wg(w)du, 130
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and the assumptions), (ii), (iii), (v) and(vi) we obtain

2.1) (Lag)e) = o) <[ ([ = 19" o )

|t—u| g"(u)|dul ,

)

du
< o . 2\ 1
<1, x't s ) 1
C — /!
<& 200a) - ),
wherez € [1/n,o0), and
2.2) (Lug)(x) — 9(2)] < Lo ( ors )
< L ((t—2)%.2) - "]
2
x Vi
<29 1

n
. 2/(2-X)
<0, (— - ¢2<1-A><x>) 0
n

where x € [0,1/n).
In conclusion, by[(2]1) andl (3.2),

(2.3) [(Lng)(z) — g(z)| < max{Cs, C1C,} - {% LN () - 02

. 2/(2-))
(@)

for z > 0. Using(iv) and [2.8) we get

[(Lnf)(x) — f(z)]
<|Ln(f —g,2) = (f — 9)(@)| + [(Lng)(x) — g(2)]
< (Cy+ DI[f = gll + max{C3, C1Cy}

1 2(1—=X 2 1 2(1—=X 2N
A2 P P+ (5 @)

n

< max{l+ Cy, C3,C1Cy} - {||f — g

_ _ 2 _ 4/(2=X)
(072 @) e+ (02 @) T g

Now taking the infimum on the right-hand side over and using the definition of
(f,n 1?17V (2)) we get the assertion of the theorem. O

Corollary 2.2. Under the assumptions of Theorem|2.1 and for arbitrérg C[0,00), n €
{1,2,3,...} andz > 0 we have the estimate

|(Lnf) (@) = f(2)] < Cwis (07120 ()
Proof. It is an immediate consequence of Theofen 2.1 (1.3). O
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Remark 2.3. In Corollary[2.2 the casg = 0 gives the local estimate and far= 1 we obtain
a global estimate.

3. APPLICATIONS

The applications are in connection with Baskakov type operators, Szasz - Mirakjan type
operators and the Lupag operator. To be more precise, we shall study the following operators:

= Zvn,k(ﬂf))\n,k(f), Un,k;(x) = (Tl +: - 1) ilfk(l + l‘)_(n+k);
k=0

> nl'k
=S s@Anl), suple) = e B

k!

and their generalizations:

k=0
2@ (2) = n+k— 1> [T S (4 i) [T, (1 + ja) o> 0
mkA k H”Jrk(x +1+ra) 7 -
(L) (@) =Y s (@) Ans(f),
k=0
37(;}11(@ _ 1+ na)_z/anx(nx +na)---(nz+n(k—1)a) a0

K1+ na)k ’
(the parametett may depend only on the natural numb@rand the Lupag operatar [8] defined

by
(Lof)(@)=27"">" noine +1) o k- 1>f (§> .

2kE! n
k=0

For different values o\, , we obtain the following explicit forms of the above operators:

1) the Baskakov operatd?]
- k
0= w0 (1)
k=0

2) the generalized Baskakov operafbi

3) the modified Agrawal and Thamer operaftf

0 tk*l
(Ll,nf)( )= UnO )+ Zvnk k‘ nt 1) / Wf(t)dt;

4) the generalized Agrawal and Thamer type operator

00 k—1
(L) = +Zv(a) VT ), e
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5) Szész - Mirakjan operatdi.2]

$u0)) = Y sual)f (£)

k=0

6) Mastroianni operatoif9]

7) Phillips operator[L0], [11]

(Lonf)(@) = sno(x +nzsnk / St () f(1)dt;
8) the generalized Phillips operator

(LE)F)(w) = 53 F(0) + ni sol) [ smanato o

9) a new generalized Phillips type operafi defined as follows:
let] = {k; : 0 =Fky <k <k <---}C{0,1,2,...}. Then we can introduce the

operators
oo k‘ o0 00
(Lan ) = 3 nal0)] () + 3 suatohn [ suscs(0s 0
kel rel
and its generalization
(L)) = Y s (5 )+Z Lo [ s 101
’ée? kg[

For the above enumerated operators we have the following theorem:

Theorem 3.1.1f f € Cp[0,00),x > 0, p(z) = /x(1 + ), A € [0,1] then
a) |(Vaf)(z) = f(2)] < Cw2, (f,n 1/2901 Ma)), =1

b) |(Vi2 f)(z) — f(z)] <Cw 2 (finT oA @), n> 1,
a=an) < /( )C5<1,

¢) [(Linf)(x) = f(2)| < Cwly (fin ' Ppt M 2), n>09;
>|@@ﬁ@>1‘|<0w (fn 2t N @), n>9,
a=aln) <Cg/(4 )C6<1

For f € Cgl0,00), z > 0, p(z) = vz, A € [0,1] and L,, € {S,, Lo, L3, Ly} resp.
LY e {8, L5 L)} we have
e) [(Laf)(z) = f(z)] < OW2\ (f,n PN @), n>1;

N (L) @) = f@)| < G2 (fn V2012 @), =1,
a=a(n) <1/n;

(Z 1) @) - fl )’ < C, (fn e @), n> 1
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Proof. First of all let us observe that we have the integral representation

1 0o -1
(3.1) (LW F) (x) = m/{) W(Lnﬂ(@)d@,
where0 < a < 1and (Ln, Lﬁf”)) e {(Vn Vn(“)) , (le, ng-;z)} .
Analogously
1ya oo 0
(3.2) (L f) (2) = Ea()g) /0 e w0 (L, [f)(0)do,

wherea > 0, an%Ln, qu,;%e {(Sn S,(f‘)> , (Lg,n, L;?g) , (Lg,,n, Lg?g) } .

The relationsl) and (3.2) can be proved with the same idea. For exanmSl?(-:), VALY
andL, =V, then

1 [e's} e%—l
1) Jo (1+0)atatt

n+k—1 1 /°° ot o 10 k
k B(2,241) )y (1+@)itatt(1+0)th o

(
:i(nwlj—l) B(gBJr(l;:éirf)ﬂ)f(s)

a’ a

k=0
= >l (%) = V{(f,).
k=0

The statements of our theorem follow from Corollary| 2.2 if we verify the conditiohs (vi).
It is easy to show that each operator preserves the linear functions and

(3.3) Vot —2)% 2) = %x(1+x),
N s v r(l4z) ax(l4z) 5
|78 )((t—x),m)—(l_a)n—l— o Sg—nm(1+a:),
Lon((t — 2)% ) = % < %x(l ),
LE)((t — 2)?, ) 2elte)  ae(te) 17 .

T l-a)n—-1) " 1-a ~3n
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2
LE)(t— )% 7) < ~r+ar < %x (see[6, p. 179])
~ 2
L((t—2)%2) = =u,
((t —2)"2) =~

which imply (4), (i7) and(éii). The condition(iv) can be obtained from the integral represen-
tations [(3.1) -{(3]2) and the definition &f,.
For (v) we have in view of([4, p 140, Lemma 9.6. 1] that

(3.4) /|t ‘ t—u| 1+u)

= t;;g <(1+1:) +(1it)A>
or
(3.5) /|t /|t < ;”)2.

Becausd.,, is a linear positive operator, therefore eltl-(3.4) and (3.3) or (3.5) arjd (3.3) imply

L"( > S?1,_;'%+%L”((t_$)2(l+trk,x>7

t
du 3 x 3
Ln(/:;“_u 2/\11,) 7$>§E;:E$ )

respectively. Thus we have to prove the estimation
_ C z(l+ux)
3.6 Lo ((t—2)*(1+t) " 2) < —-
(3.6) ((t—2)*(1+1) ,CU)_n 1+a)>
for each Baskakov type operator defined in this section.
(1) By Holder’s inequality and |4, p.128, Lemma 9.4.3 and p.141, Lemma 9.6.2] we have

Va((t = 221+ )7 2) < {Val((t — 2) 2)}2 - {Va((L+ 1) 2)} 3
<O 22?1+ 2))z - ((1+2) )i
_C z(l+a)
T n (T+a)

and

€ [1/n,o0)

where z € [1/n, 00);
(2) Using

Vo((t —2)* z) = 32 (1 + 2) 2?14 2)* + %x(l + ),

(3.1) andl[4, p.141, Lemma 9.6.2] we obtain
B7) Vi)' a)

3 2\ zz+a)(z+l)(z+1—a) 1 x(x+1)
_ﬁ<1+ﬁ)' 1-a)(1—-2a)(1=3a) n® 1-—a
§%<1+%)-g-u_ﬁ-ﬁ(l#—xf%—%-ﬁ-xz(l%—@z

<C(n a1 +2))%,

J. Inequal. Pure and Appl. Math?(5) Art. 163, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

8 ZOLTAN FINTA

wherezx € [1/n,00), and

' " T B(Ra 1) o <1+9)++1 (1+6)*
_c (1+a)(1+42a)(1+ 3a)(1 + 4a)
(I+z+a)(l+z+2a)(1+2+3a)(l+ 2+ 4a)
<C+x)™,
wherez € a = aln) < Cs/(4n), n > 1 C5 < 1. Therefore the Holder
inequality, (3 ' ) an.8) |mpl). 6) far,, = =V, ;
(3) We have
A
(3.9) Lin((t —2)*(1+t) 2) < {L1a((t — 2)* } AL (+t) )}t
By direct computation we get
(3.10) Lin((t —2)",2)

00 Zfkfl A
v O SL’ + ZU k ]{7 n+ 1) / (1 +t)n+k+1( )

1

= vpo(z)z +Zvnk — ){B(k+4n 3)
—4xB(k;+3,n—2)+6x23(k+2,n—1)
— 42°B(k+ 1,n) + 2'B(k,n+ 1)}

) k(k+1)(k+2)(k+3)
— vno(a)a +Zvn’k(x){n(n—1)( —2)(n-3)
(

k=1
k(k+1) .y 3'§+x4}

[e.o]

Bkt D(+2) i
n(n —1)(n — 2) n(n —1) n
(12n + 84)2* + (24n + 168)23 + (12n + 108)2% + 11x
B (n—1)(n—2)(n —3) '
Hence, forz € [1/n,00) andn > 9 one has
(12n + 84)x* + (24n + 168)z + (12n + 108)2? + 11nx?
(n—1)(n—2)(n—3)

(311) Ly, ((t—x)t2) <

C
< ﬁxQ(l + )2,
Further,
(312) Ll,n(<1+t)74aw>

= @)+ Yol e [ g
- k=1vn7kmB(k’”+1) o (L+)nthtl (1 4¢)4

= Vno(2) + Y vni(z)

B(k,n+5)
B(k,n+1)

(n+1)(n+2)(n+3)(n+4)
ot kr Dtk +r2)(ntk+3)(ntk+4)
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1
(1+2)4
+Zvn sh(@) (n+k—4)n+k-3)(n+k-2)(n+k—1)
1+2)' (n+k+D)n+k+2)(n+k+3)(n+k+4)
‘ (n+1)(n—|—2)(n—|—3)(n+4)
(n—4)(n—3)(n—2)(n—1)
<16(1 4 2)7*,

= Up—40() -

wheren > 9. Now (3.9), [3.11) and (3.12) imply (3.6) fdr, = L1 ,;
(4) Using [3.1), Holder's inequality] (3.1L0) arjd (3,12) we have

LNt — 2?1+ 1) 2)

00 T _1
= [ L ((t—2)*(1 + 1), 6)de
B(g,g+1)/0(1+e>a+;+l (=) 1+ 676)

9] Z-1
gy e bl =)t o)as
BE I+ (1roiin

1
L / - g (1+1)*,6)do
B(&,1+1) )y @+oerar " ’

N[

NP

a’;_{_
<C ! /OO 0" [Lun((t— 0)%,0) + (0 )}d92
B(z1+1) )y (4eEran " ’
B(z:+5)\"
B(55+1)
1 1 [> fat
<Cl——" = | — (0" + P+ +nt0)d0
- (B(§,$+1) n2/0 (1+9)%+a+1( n0)
00 6%—1 %
+/ #(ﬁ—x)‘ldG
o (L+0)atatt
| ( (1+ a)(1+ 2a)(1 + 3a)(1 + 4a) )i
(14+z+a)(l+z+20)(1+ 2+ 30)(1 + 2+ 4a)

<Ot + 2%+ 2%) + 07360 + 20° + o+ n Y + (18° + 307z
+ (3607 + 60%)7* + (240° + 30%)2% + 60’27 - (1+ 7)™

forz € [1/n,00),n > 9, a =a(n) < Cgs/(4n), Cs < 1.

Condition (vi) follows by direct computation ifo?*(z) = z(1 + cz), ¢ € {0,1} andx €
[0,1/n). Thus the theorem is proved. O
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