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Abstract

In the present paper we prove direct approximation theorems for discrete type

operators

o0

Z Uk (2) Ak (f

k=(
f€C[0,00), z € 0,00) using a modified K —functional. As applications we give
direct theorems for Baskakov type operators, Szasz-Mirakjan type operators
and Lupas operator.

2000 Mathematics Subject Classification: 41A36, 41A25.
Key words: Direct approximation theorem, K —functional, Ditzian-Totik modulus of
smoothness.
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We introduce the following discrete type operatdrs n € {1,2,3,...}, de-
fined by

(1.2) (Lnf)(@) = Lu(f,2) =Y (@) A s(f),

where f € C[0,00), z > 0, upy € C[0,00) with w,; > 0 on [0,00) and . o
- e . ) Direct Approximation Theorems
Akt C[0,00) — R are linear positive functionals, € {0,1,2,...}. for Discrete Type Operators
The purpose of this paper is to establish sufficient conditions with the aim

Zoltan Finta
of obtaining direct local and global approximation theorems fot)( In [3] '
Ditzian gave the following interesting estimate:

Title Page
Iy
(1.2) |Bn(f,z) — f(z)| < C’wiA (f’ %901 /\(x)) ’ Contents
4« 44
where < >
. k
Bf) =X () at-ort (B). rechoal e € et
k=0 n Close
is the Bernstein-polynomialC’ > 0 is an absolute constant anedz) = Quit
v/z(1 — z). This estimate unifies the classical estimateXet 0 and the norm Page 3 of 21

estimate for\ = 1. Guo et al. in [] proved a similar estimate td.(2) for the
Baskakov operator. For the more general operdtdi) {ve shall give a result Ty
similar to the estimatel(2) and to the result established i [ http://jipam.vu.edu.au
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To formulate the main results we need some notations: CJgb, co) be
the space of all bounded continuous functiond@®mo) with the norm|| f|| =
sup,so | f(z)|. Furthermore, let

wy(f.t) = sup sup [ f(z + het(x)) = 2f(2) + f(a — he' (@))]

0<h<t zth? (2)€[0,00)

be the second order modulus of smoothness of Ditzian-Totik and let
Ko (f.t) =if {||f — gll + t]l®g"|| + 7 V|g"|| : ¢, *g" € C5[0,00)}

be the corresponding modified weight&d-functional, where\ € [0, 1] and
¢ : [0,00) — Ris an admissible weight function (cf/,[Section 1.2]) such that
©*(z) ~ 2* asz — 0+ andp?(x) ~ 2> asx — oo, respectively. Then, in view
of [4, p.24, Theorem 3.1.2] we have

(1.3) K (f 1) ~ wia(f1)

(r ~ y means that there exists an absolute congtant 0 such thatC 1y <
x < Cy). Throughout this paper;, Cs, ..., Cs denote positive constants and
C > 0 is an absolute constant which can be different at each occurrence.
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Our first theorem is the following:

Theorem 2.1.Let(L,,),>1 be defined as inl(1) satisfying

(1) La(Lo) =1, >0,
(i1) Ln(t,x) =2, x> 0;
(i#) Lo(t,2) < 22 + Cin~'g2(z), @ > 0;
(iv) Lo fll < CollfIl,  f € Cp[0,00);
) L (|21t~ wltig| ) < o2 @), e fifmoc)  and

(vi) n~'@*(x) < Cy (n 1?0V (2 ))2/(2_/\), r€[0,1/n).
Then for everyf € Cg[0,00),n € {1,2,3,...} andz > 0 one has
(Lo f)(z) — f(z)] < max{1+ Cs, C5,C1C,} 'Eso (f ntp? N (g ))

Proof. From Taylor’'s expansion
t
o) = 9(a) + g @t —a)+ [ 6wy, t20
and the assumptiori$), (ii), (iii), (v) and(vi) we obtain

L ( / . u)g"(u)du,x)

1) [(Lng)(z) —g(z)| <
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t
/ =l 19/l

/)

< (| [ H=ul ] o) 1
C,
<= V(g )-||90” "I,
n
wherex € [1/n,c0), and
Direct Approximation Theorems
” for Discrete Type Operators
@D (L)) — o) < Lo (| [ e ul- Il ) "
Zoltan Finta
< Ly ((t—2)*2) - [lg"
2(p Title Page
<28 g
n Contents
1 2(1-X) 2N "
Gl —o () [lg"ll, « >
< 4
where x € [0,1/n).
i Go Back
In conclusion, by2.1) and @.2),
Close
1 _ .
(23) |(Lag)(x) — gle)| < max{Ch, C1Cu} - {; P @) - | el
) 2/(2-)) Page 6 of 21
b (G@)
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for z > 0. Using(:v) and @.3) we get

N(x) = f(z)]

(Ln
<
<

n

[ Ln(f = g,2) = (f = 9) (@) + [(Lng)(x) — g(2)]
(Co+ DIIf = gll + max{Cs, C1Cy}

1 1 2/(2—X)
=TV (@) - Py ”H+( 902(1‘”(1‘)) g

< max{l + Cy, Cs, C1Cy} - {|| f — ¢

_ _ 2 - 4/(2=2)
(072 @) el + (0720 @) g

ﬂow taking the infimum on the right-hand side oyeand using the definition of
(f,n 1?17V (2)) we get the assertion of the theorem.

O

Corollary 2.2. Under the assumptions of Theoreni and for arbitrary [ €

Cpl0,00),n € {1,2,3,..

(Lo f) () =

Remark 1. In Corollary 2.2 the case\ = 0 gives the local estimate and for

.} andz > 0 we have the estimate

f@)] < Cwls (fin 120! (2).

Proof. It is an immediate consequence of Theorarhand (.3).

A = 1 we obtain a global estimate.

]
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The applications are in connection with Baskakov type operators, Szasz - Mi-
rakjan type operators and the Lupags operator. To be more precise, we shall study
the following operators:

> n+k—1 —(n
(L)) = Y tnaDos s el = (") T ety
k=0
s k Direct Approximation Th
(Lof)0) = 3 sus@aalF)y smala) = e 22 e Agpointon Treoan
k=0 ' Zoltan Finta
and their generalizations:
~ Title Page
(L) f)(z) = Z vff,z () A (f), Contents
k=0
_ . n . 44 44
(@) n+k—1 Hf:(}(x—}-loz) [T-(1+j)
v, (z) = v ; > 0; < »
’ k [ (z+1+ra)
00 Go Back
(o) _ (o)
(L@ = 32 80l s
o) (2) = (1+ na)_x/am:(n:c +na)--- (nz+nk —1)a) 0> 0 Quit
ok K1 4 na)* ’ - Page 8 of 21
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(the parametery may depend only on the natural numbgr and the Lupas

operator {] defined by
= e~ nr(nr + 1) (nr+k—1 k
(L)) =27y e D (%),
k=0 )

For different values of\,, , we obtain the following explicit forms of the
above operators:

1) the Baskakov operatdf]
- k
= vak(lf)f (5) ;
k=0
2) the generalized Baskakov operaf6f

e =3 2w (£);

n
k=0

3) the modified Agrawal and Thamer operafat

+Zvnk’

4) the generalized Agrawal and Thamer type operator

+Zvnk

(Linf)(2) = vno(2

(L) () =

o0 2fk—l
B(k n+1)/ (14 t)nth+t

oo k=1
k n+1) / (1 + )kt f(t)dt;

f(t)dt;
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5) Szasz - Mirakjan operatdr. 7]
- k
S0 = Y snaf (£
k=0

6) Mastroianni operatof“]

7) Phillips operator[10], [11]
(Lanf)(e) = suaa)F0) 41> susle) [ swsca(t) (0
k=1 0
8) the generalized Phillips operator
(LS () = s 0) 403 se) [ snaca(rreyie
k=1

9) a new generalized Phillips type operafaj defined as follows:

let] = {k;:0="Fy <k <k <---} C{0,1,2,...}. Then we can
introduce the operators

(B30 = Y suat)f (£) + 3 muaten [ sescay (0

kel kgl
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and its generalization

(L)) = e <)+Z el [ suea0stoyie
=

kel

For the above enumerated operators we have the following theorem:

Theorem 3.1.1f f € Cg[0,00), 2 > 0, p(z) = \/x(1 + x), A € [0,1] then
Direct Approximation Theorems
a) [(Vaf)(z) = f(2)] < Cw2y (f,n™ 2sDH(ﬂﬂ)) , n>1 for Discrete Type Operators
Zoltan Finta
b) [(Vie (@) — f(w)] < C2y (fin 2 (@), n>1,
a=a(n) <Cs/(4n),Cs < 1; Title Page
) [(Linf)(w) — fz)| < OWZA (f,n 2 M), n>9; Contents
d) (L) (@) = f(2)] < Cw?, (f,n 20 A @)), n >0, M S
a=a(n) <Cg/(4n),Cs < 1. 4 >
For f € Op[0.00), > 0. 0(x) = v/Z. X € 0, 1] andL, € {Sns Lo, L, L} Go Back
resp. Ly € {S\, LY, L\*)} we have Close
Quit

e) |(Lnf)(x) = f(z)] < Cw2y (f,n~ 2! @)), =1

f) ‘(L;a)f> (z) — f(a:)’ < waoA (f, n—l/zgpl—x(m)) o>,
J. Ineq. Pure and Appl. Math. 7(5) Art. 163, 2006

o= a(n) < l/n; http://jipam.vu.edu.au
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9) ‘(znf> (x) — f(:c)‘ < C’w?pA (fin 20" M2)), n>1

Proof. First of all let us observe that we have the integral representation

BY (N0 =gy | GO

B(, L+ 1+6)atat!

where0 < o < 1 and (Ln, LS”) € {(Vn, Vn(o‘)> , <L1,n, Lﬁ)} .

Analogously
Direct Approximation Theorems
(@) (l)% 00 . for Discrete Type Operators
(3.2 (B00) @) = gy [ o705 any o
() @) @)
wherea > 0, and (Ln,Ln ) € {(Sn,Sn ) (LM,L ) (L3n7L )} ) -

The relations$.1) and @3.2) can be proved with the same idea. For example,

if Lﬁf‘) = Vn(a) andL, =V, then Contents
1 %0 2 < >
V.(f,0)dd
B(&;+1 /0 (14 6)atatL (£,9) p >
“ /n+k—-1 1 o0 fa1 ok k Go Back
= — o dof
k=0 k B(L5+1)Jo (1+6)a ot (140) n Close
_i(n+k—1)B(§+k,§+n+1)f(k> Quit
k=0 k B (ﬁ? é + 1) n Page 12 of 21
[ee] N ]C
- Z ,U"(lvlz (x)f <_> = Vn(a) (f? .CE) J. Ineq. Pure and Appl. Math. 7(5) Art. 163, 2006
n http://jipam.vu.edu.au
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The statements of our theorem follow from Corollary if we verify the con-
ditions (i) — (vi). It is easy to show that each operator preserves the linear

functions and

(3.3)

Vi((t — 2)2,2) = %x(l +a),

Lialt—opa) = D Loy )
2¢(1 + ) ax(l+z) 17

LE((t — )%, z)

“G—om-n T 1-a Smtlto)

1
Sa((t— ) x) =~
((t —2)%2) =~
1
SE((t— )% x) = (Oé - —) r+axr < —x,
n
Lon((t — 2% ) = 22
2,n ) n 9
() 2 2
L2n((t - I) ,ZE) = Ex—i—ozx < —x,
2
Lyn((t — )% 2) < s
2
LY t—2)?2)<Zz+ar <>z  (seep,p. 179))
n
= 2

Direct Approximation Theorems
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which imply (4), (i7) and (iii). The condition(iv) can be obtained from the
integral representation8.() — (3.2) and the definition of_,,.
For (v) we have in view of {, p.140, Lemma 9.6.1] that

(3.4) /|t ' /|t—u\ )

= t;;ﬁ ((1+x) +(1it)x)
or
(3.5) /yt ‘ /\t (;f)Q.

Becausd., is a linear positive operator, therefore eitherf and @3.3) or (3.5
and 3.3) imply

L, ( /; \t—u\%' x) < %'%—F%Ln ((t =21+t ),
d

¢
Ln</ It —u

respectively. Thus we have to prove the estimation

€ z(+u)
n Atz

“—n ¥ n

(3.6) L, ((t—z)’(14+t) N z) <

for each Baskakov type operator defined in this section.
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1. By Holder’s inequality and4, p.128, Lemma 9.4.3 and p.141, Lemma
9.6.2] we have

Val(t = 2)(1+ 67 @) < {Val(t — )", 2)}2 - {Va((1+ 1), @)}

[

O z2(l+2a)
T n (14N
where z € [1/n, 00);
2. Using
Vo((t —z)* )—i 1+2). 2(1+ )2+i' (1+x)
n T), T =3 - x T 3 T ),

(3.) and [£, p.141, Lemma 9.6.2] we obtain
(3.7) ViO((t = a)',2)
3 2\ z(z+ao)z+1)(z+1—-a)
(1 * ﬁ) T —a)(1—2a)(1=3a)
1o z+l)
nd  1—a«

n n) 4 (1—Cs)?
+ L ! 2*(1+ z)?
n? (1 — C5)2
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wherez € [1/n,0c0), and
(38)  V(A+t) " x)

< C /°° a~l ' do
TB((L41) )0 (1460)atatt (1+0)
(14 a)(1 + 2a)(1 + 3a)(1 + 4a)
(14+z+a)(l+z+20)(1 + 2+ 3a)(1 + = + 4a)
<C(l+az)™,
wherez € [0,00), a = a(n) < Cs5/(4n),n > 1, C5 < 1. Therefore the
Holder inequality, 8.7) and @.8) imply (3.6) for L,, = V,{*;

I

. We have
(3.9) Ly,((t— x)*(1 + t)‘A, x)

< {Ll’n((t — ), x)}§ . {Lm((l +1)7 x)}
By direct computation we get
(3.10) Ly ((t—2)%2)

= Uy o(x)x

0 1 0 tk*l .
+ 2:UT"'“@)BU@, n+1) /0 (1 4 t)nth+t (t —x)"dt

NS

k=1
- 1
= Un,()(x)$4 + Z Un,k(l’)m {B(/{? + 4, n— 3)
k=1 ?

—4xB(k+3,n —2)+62°B(k +2,n — 1)
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— 42°B(k +1,n) + 2*B(k,n + 1)}

(k+1)(k+2)(k+3)

= ol x+2“”’“ { n(n —1)(n—2)(n—3)
DY) |, bRk
4 n(n—l)(n—2)+6 n(n—1) 4 njL }

(12n + 84)z* + (24n + 168)23 + (12n + 108)z* + 11z
(n—1)(n—2)(n—3) '

Direct Approximation Theorems

Hence, forxz € [1/71, OO) andn >9 one has for Discrete Type Operators
(3.11) Ly,((t— :L‘)4, x) Zoltan Finta
< (12n + 84)z* + (24n + 168)2® + (12n + 108)z* + 11na?
- (n—1)(n—2)(n—3) Title Page
c Content
< —a*(1+a) ontents
Further, S dd
4 4
(312) Ll,n(<1+t)_4ax)
o 1 Go Back
= Uno(®) + I; Un k(@ )m Close
00 th—1 dt Quit
X .
/0 (14 t)nthtl (14 t)* Page 17 of 21
- B(k,n +5)
= 'Un,O (l’) + ; Un k(x) B(/{} n + 1) J. Ineﬁtt;u/r/ejlzr;ir:psbl\gzd;;(? Art. 163, 2006
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+ivnk m+1)(n+2)(n+3)(n+4)

= vnol@ £ Tk D+ k2 k£ 3+ F+ )
B 1 "~ Vg i (T)
= Vn_10(2) L +; it

(nt+k—4)n+k-3)(n+tk-2)(n+k—-1)

m+k+D(n+k+2)n+k+3)(n+k+4)
(n+1)(n+2)(n+3)(n+4)
(

Direct A| imation Th
"n—4)(n—3)(n—2)(n—1) for Discrete Type Operators
< 16(1 + CU) ) Zoltan Finta
wheren > 9. Now (3.9), (3.11) and @.12) imply (3.6) for L,, = L; ,,;
Title Page
. Using (3.1), Holder’s inequality, .10 and 3.12 we have
Contents
L (¢ = 2)*(1+6) ) « | »
1 o ol
= Lin((t—2)*(1+1),0)d6 < 4
B(z L1 / 24li75 ’
(a’a + ) 0 <1+9) . Go Back
( 1 ~ -t 4 : Close
< /  La((t— ) 0)de
BEIrD) i (1rpiren u
A
1 > a1 ! Page 18 of 21
) z 1 / z 1 Ll,n((l +t)_478)d9 == =
B(55+1)Jo (1+6)atat!
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1
1 a-l ?

= (B (5 a+1) J o gyerim Lt =07.6)+ (O —a)] d9>

B(z,145))
B(x1+1)

1 1 [ a1
<C —._/ (0" 46+ 0200V
B <B(§,§+1) n? Jo (1+9)a+;+1< o)

Direct Approximation Theorems

0 eﬁ 1 % for Discrete Type Operators
+/ — L (h—x)'de _-
0 (1 4 H)E"'é'*'l( ) ) Zoltan Finta
A
‘ ( (1+a)(142a)(1 + 3a)(1 + 4a) ) z Title Page
I+z+a)(l+z+2a)(1+2+3a)(l+ 2+ 4a)
20,4 3, 2 ~2(p 3 2 -1 3 2y, 4 CaliEi
< Cn? (' + 2+ 2%) + n72(60° + 207 + o+ n” )z + (18 + 3a)x
3 2y, 3 3 2y 2 3,13 A « dd
+ (360° + 60%)2® + (240° + 30”)2* + 60’x]? - (1 + 2)~
< C z(1+x) ¢ >
“n (1+xz) Go Back
forz € [1/n,00),n > 9, a =a(n) < Cs/(4n), Cs < 1. Close
Quit

Condition (vi) follows by direct computation ifo?(z) = x(1 + cz), ¢ €

{0,1} andz € [0,1/n). Thus the theorem is proved. O Page 19 of 21
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