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ABSTRACT. If Ais an isotonic linear functional anfl: [a, b] — (0, co) is a monotone function
thenQ(r, f) = (f"(a) + f7(b) — A(f"))*/" is increasing irr.
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1. INTRODUCTION

Let0 < a <z <9 < -+ <z, <bandw (1 <k < n) be positive weights associated
with thesez;, and whose sum is unity. A Mc D. Mercer|[3] proved the following variant of

Jensen’s inequality.

Theorem 1.1.1f f is a convex function on an interval containing the poingghen

(1.1) f <a+b—zwk3€k> < f(a Zwkf T).

The weighted power meand, (xz, w) of the number:; with weightsw; are defined as

w) = (Z wka) forr #£0
k=1
My(z,w) = exp (Z W lnmk> :

k=1
In [2] Mercer defined the family of functions

Qr(a,b,3) = (a + b — M (z,w))r forr #0
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and proved the following (see alsac [4]):
Theorem 1.2.Forr < s, Q,(a,b,x) < Qs(a,b, ).

In [3] are given another proofs of the above theorems.
Let us consider a isotonic linear functiondl i.e., a functionald : C[a,b] — R with the
properties:

(i) A(tf +sg) =tA(f) + sA(g) fort,s e R, f,g € Cla,b];
(i) A(f) > 00f f(x) > 0forall z € [a,b].

In [1] A. Lupas proved the following result:
“If fis a convex function and is an isotonic linear functional withl(ey) = 1, then

(b—a1)f(a) + (a1 — a) f(b)

b—a ’

(1.2) flar) < A(f) <
wheree; : [a,b] — R, e;(z) = 2 anda; = A(ey).

Let A be an isotonic linear functional defined 6fja, b] such thatA(e;) = 1. For a real
numberr and positive functiory, f € C|a, b] we define the power mean of ordeas

{(Mﬂ»* for 1 # 0

exp (A(log f)) for r=0

and for every monotone functiofr: [a, b] — (0, 00)

(f(a) + f7(b) = M"(r, /)7, r#0

(1.3) M(r, f) =

(1.4) Qri f) = .
exp(A(log f))’ r=20

2. MAIN RESULTS

Our main results are given in the following theorems. HUdbe an isotonic linear functional
defined onC'[a, b] such that4(ey) = 1.

Theorem 2.1.Let f be a convex function oa, b]. Then

b—a1

1)

(2.1) flat+b—a1) < Ag) < f(a) + f(b) — f(a)
< fla) + f(b) = A(f),

whereg = f(a+b— ).

Theorem 2.2.Letr, s € R such thatr < s. Then

(2.2) Qr, [) < Q(s, f),

for every monotone positive function.

Proof of Theorern 2|1The functiong is a convex function. From inequality (1.2), written for
the functiong we get:

(b~ a)f () + (a1 — a)f ()

29 flatb—m) < Afg) < -
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Using Hadamard’s inequality (1.2) relative to the functjowe obtain

@4 Al < @) T2+ £0) 1=
However,
s CmWIOT AT ey ) gt B

Now (2.7) follows by [(2.5).[(2}4) andl (3.3). O

Proof of Theorer 2|2Let us denoter = f"(a), [ = f"(b). If 0 < r < s then the function
g(x) = /" is convex. Let us consider the following isotonic linear functioRal C|«, 5] — R
defined byB(h) = A(ho f7), wherea = min(f"(a), f(b)), 8 = max(f"(a), f"(b)). We have:

B(e1) = A(f").
From (2.]) we get
g(a+ B — Bler)) < g(a) +g(B) — Blg)

or

(f(a)" + f7(b) = A(f) )" < f*(a) + f5(b) — A(f%).
The last inequality is equivalent to

Q(r, f) < A(s, f).

Forr < s <0, g is concave and we obtain

(f7(a) + £7(0) = A(f)" = f*(a) + £2(b) = A(f?)

which is also equivalent tQ(r, /) < Q(s, f). Finally, applying [(2.1l) to the concave function
log « for the functional

B(g) = A(go ["),
we have
log (o + 5 — A(f")) > loga +log B — A(log f7),
or

rlog(Q(r, f)) > rlog Q(O0, f),

which shows that for > 0

Q(—T, f) < Q(O7f) < Q(Tv f)

Remark 2.3. For the functional4d, A : C[a, b] — R defined by

A =D wif (zn),

in the particular case whef{z) = =" we obtain Theorein 1].2.
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