journal of inequalities in pure and N‘
applied mathematics M

http://jipam.vu-edu-au
issn: 1443-575b

Volume 8 (2007), Issue 2, Article 50, 6 pp. © 2007 Victoria University. All rights reserved.

AN INEQUALITY AND ITS ¢-ANALOGUE

MINGJIN WANG

DEPARTMENT OFMATHEMATICS,
EAST CHINA NORMAL UNIVERSITY,
SHANGHAI, 200062,
PEOPLE S REPUBLIC OF CHINA

wmj@jpu.edu.cn

Received 16 July, 2006; accepted 11 June, 2007
Communicated by J. Sandor

ABSTRACT. In this paper, we establish a new inequality andgi@nalogue by means of the
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1. INTRODUCTION AND SOME KNOWN RESULTS

g-series, which are also called basic hypergeometric series, plays a very important role in
many fields, such as affine root systems, Lie algebras and groups, number theory, orthogonal
polynomials and physics, etc. In this paper, first we establish an inequality by means of the
Gould-Hsu inversions, and then we obtaig-analogue of the inequality.

We first state some notations and known results which will be used in the next sections. Itis
supposed in this paper that ¢ < 1. Theg-shifted factorial is defined by

n—1 e’}
(1.1) (@@o=1 (sq)=]]0—-ad"), (a9)~=]]0~ad").
k=0 k=0
Theg-binomial coefficient is defined by
n (¢ 9)n
1.2 = :
1.2 [/f] (4 Or(a @)

The following inverse series relations are due to Gould-Hsu [4]:

Theorem 1.1.Let{q;} and {b,} be two real or complex sequences such that the polynomials
defined by

W(x,n) = :I:[O(ak by, (n=1,2,...),
¢(m70) =1,

190-06


mailto:wmj@jpu.edu.cn
http://www.ams.org/msc/

2 MINGJIN WANG

differ from zero for any non-negative integer Then we have the following inverse series
relations

(1.3) "0 .
aln) = 35 (1) ()t £ ).
where(;) = k:!(r?ik)!'

Carlitz [2] gave the following;-analogue of the Gould-Hsu inverse series relations:

Theorem 1.2.Let{a;} and{b;} be two real or complex sequences such that the polynomials
defined by

o(z,n) = :ﬁ:(ak + ¢*by), (n=1,2,...),
925(‘7;70) =1,

differ from zero forz = ¢™ with n being non-negative integers. Then we have the following
inverse series relations

("2")

fn) =Y (=D ]a = ok,n)g(k);
(1.4) w0 k
g(n) = ;;)(_ka o f (k).

We also need the following inequality, which is well known in the literature as the Griss
inequality [5]:

Theorem 1.3.We have

@y |t e - (G [ i) (7 [ o)

(M —m)(N —n)

)

<

provided thatf, g : [a,b] — R are integrable orja, b] andm < f(z) < M,n < g(x) < N for
all x € [a,b], wherem, M,n, N are given constants.

The discrete version of the Griss inequality can be stated as:

Theorem14.1fa<a; < Aandb <b; < Bfori=1,2,...,n,then we have

1 & 1< 1< (A—a)(B—0)
1. - b — = - | <
(1.6) n;albz n;a n;b < 4 ,

wherea, A, a;, b, B, b; are real numbers.

2. ANEW INEQUALITY

In this section we obtain an inequality about series by using both the Gould-Hsu inversions
and the Griss inequality.
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Theorem 2.1.Supposé) < a < f(k) < A, g(k) = Sr, (*)f(9), k = 1,2,...,n, then the
following inequality holds

n

() S0 (1) £09g0) — Fg(o

st oa(2) o) -]

wherek, = [%51], [z| denotes the greatest integer less than or equal
Proof. Lettinga;, = —1,b; = 0in (1.3), we have

n

fn) = S (=1)"* () g(k),
(2.2) h=0

(2.1)

Since0 < a < f(k) < A, we obtain
k k k
k k k
. < = < A- .
D> (1) <o > BICE > ()
Substituting>""_, (%) = 2* into the above inequality we get
(2.3) a-2"<gk)<A-2% k=0,1,...,n.
On the other hand, we know that
(h)  nal/k+Dn—k—-1)! n—k

R A — k) kt 1l

k

consequently
() >1 whenk < kg,

< 1, whenk > ko,

wherek, = [*1]. So, we get

n n
) < < = ..M.
(2.4) 1_(?)_(%), F=01....n

(2.5) aSAkSA(n)
ko
From (2.3) and[(214), we know that
OgBk§2”A(,Z)) if n — kis even
—2"*1A(,Z)) < B, <0, if n—kisodd.

So, fork =1,2,...,n, we have

(2.6) on=tg( ") < B <oma M),
ko ko
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Combining [I-6),[(2}5) and (4.6) we obtain
1« 1 < 1«
A;B; — A - B,
n—i—lz . <n+1z Z) ( 414 Z)

_(AG) —a) (24l +24)
< . 7

—_

which can be written as

n

e () Amg)

k=0

< (AGz) —a) (2a(z) +21A(2))
P 4 .
Substituting[(2.R) into the above inequality, we get|(2.1). O

3. A g-ANALOGUE OF THE INEQUALITY

In this section we give g-analogue of the inequality (2.1) by means of the Carlitz inversions.
First, we have the following lemma.

Lemma 3.1. Suppos® < f(k) < Aandg(k) = >.F , [¥] (i), then for anyk = 1,2,...,n,
we have

n

n
3.1 0< g(k)< A [ }
(3.1) <g(k) < 2; Z.
Proof. Itis obvious thayy(k) > 0. If £ < n; < ny, then we have

[ng} B 1 — qn1+1 ' 1 — qn1+2 1 — qnz [nl}
k o 1— qn1+1—k 1 — qn1+2—k 1 — qnz—k‘ Ll
Since
1 _ qn1+1 1 _ qn1+2 1 _ an
1— qn1+1—k ) 1 — qn1+2—k’ T 1— qng—k -
we get
NEIE
k1l — Lk

Consequently,

The main result of this section is the following theorem.
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Theorem 3.2. Supposé) < a < f(k) < A, g(k) = S, [¥] f(é), k = 1,2,...,n, then the
following inequality holds

n

(n+1) 31" o) kgk) — Fmgln)

L A G (SERET))

wherek, = [*1], [z] denotes the greatest integer less than or equall
Proof. Lettinga; = —1,b; = 0 in (1.4) we get

(3.2)

f(n) = i(—l)"*’“[ﬁ}q(ngk)g(k%
(3.3) =
g(n) = kgﬂ [R]f(k)

(3.4) Zm Sg(k)ZZk:[ﬂf(i)SA_ "]

=0
On the other hand, we notice that

L) @0/ (@G D@ Ones 1=
H (45 Dn/ (6 Qi@ Dnt 1— gkt
consequently
[’f%] > 1, whenk < ky,
k
['ﬁ] <1, whenk > ko,
wherek, = [251]. So, we have
n n
, < < = .
(3.5) 1—[15]—{1{0]’ k=0,1,...,n
n—k
Let A, = [7]f(k) andBy = (—1)”+k[;‘]q( ’ >g(k:), then
(3.6) agAkgA[n}.
ko
From (3.4) and[(3]5), we know that
0<B<Alf]S[1], itn-kiseven
=0
n—1
~AlL ]S [T < Be <0, if n— kis odd
=0
So, fork =1,2,...,n, we get
n—1 n
(3.7) —A["} ["fl]gBkSA{”] ]
ko i=0 L ko i—0 ¢
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Combining [1.6),[(3)6) andl (3.7) we obtain

J— 1 < 1 &
rEan- (i ge) (R

=0

which can be written as

LS ey 1] o5 skt

n+1 —
- <n—1HZZ: [Z}f(M) (n—lu n (—1)”+k[2]q(n2k>g(k)>

=0

k
Aln n " -1
< = — .
STAICHEDI0oIHES i)
Substituting[(3.8) into the above inequality, we get](3.2).
From [3], we know
. n n

Let¢ — 1 in both sides of the inequality (3.2) to get

n

et )14 (7)) = gt

k=0

LB
A0 ) et () ) .

which is the inequality[ (2]1). So the inequalify (3.2) is thanalogue of the inequality (2.1).
0
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