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1. I NTRODUCTION

LetA denote the class of all functions of the form

(1.1) f(z) = z +
∞∑

j=2

ajz
j

which are analytic in the open unit diskU := {z ∈ C : |z| < 1}, andS := {f ∈ A : f is univalent inU}.
Forf ∈ A, Al-Oboudi [2] introduced the following operator:

(1.2) D0f(z) = f(z),

(1.3) D1f(z) = (1− δ)f(z) + δzf ′(z) = Dδf(z), δ ≥ 0,

(1.4) Dnf(z) = Dδ(D
n−1f(z)), (n ∈ N := {1, 2, 3, . . .}).

If f is given by(1.1), then from(1.3) and(1.4) we see that

(1.5) Dnf(z) = z +
∞∑

j=2

[1 + (j − 1)δ]n ajz
j, (n ∈ N0 := N ∪ {0}),

with Dnf(0) = 0.
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Whenδ = 1, we get S̆alăgean’s differential operator [10].
A functionf ∈ A is said to bestarlike of orderα if it satisfies the inequality:

Re

{
zf ′(z)

f(z)

}
> α (z ∈ U)

for some0 ≤ α < 1. We say thatf is in the classS∗(α) for such functions.
A functionf ∈ A is said to beconvex of orderα if it satisfies the inequality:

Re

{
zf ′′(z)

f ′(z)
+ 1

}
> α (z ∈ U)

for some0 ≤ α < 1. We say thatf is in the classK(α) if it is convex of orderα in U.
We note thatf ∈ K(α) if and only if zf ′ ∈ S∗(α).
In particular, the classes

S∗(0) := S∗ and K(0) := K
are familiar classes of starlike and convex functions inU, respectively.

Now, we introduce two new classesSn(δ, α) andMn(δ, β) as follows:
Let Sn(δ, α) denote the class of functionsf ∈ A which satisfy the condition

Re

{
z (Dnf(z))′

Dnf(z)

}
> α (z ∈ U)

for some0 ≤ α < 1, δ ≥ 0, andn ∈ N0.
It is clear that

S0(δ, α) ≡ S∗(α) ≡ Sn(0, α), Sn(0, 0) ≡ S∗.
LetMn(δ, β) be the subclass ofA, consisting of the functionsf , which satisfy the inequality

Re

{
z (Dnf(z))′

Dnf(z)

}
< β (z ∈ U)

for someβ > 1, δ ≥ 0, andn ∈ N0.
Also, letN (β) be the subclass ofA, consisting of the functionsf , which satisfy the inequality

Re

{
zf ′′(z)

f ′(z)
+ 1

}
< β (z ∈ U).

It is obvious that
M0(δ, β) ≡M(β) ≡Mn(0, β).

The classesM(β) andN (β) were studied by Uralegaddi et al. in [11], Owa and Srivastava
in [9], and Breaz in [4].

Definition 1.1. Let n, m ∈ N0 andki > 0, 1 ≤ i ≤ m. We define the integral operator
In(f1, . . . , fm) : Am → A

In(f1, . . . , fm)(z) :=

∫ z

0

(
Dnf1(t)

t

)k1

· · ·
(

Dnfm(t)

t

)km

dt, (z ∈ U),

wherefi ∈ A andDn is the Al-Oboudi differential operator.

Remark 1.
(i) Forn = 0, we have the integral operator

I0(f1, . . . , fm)(z) =

∫ z

0

(
f1(t)

t

)k1

· · ·
(

fm(t)

t

)km

dt

introduced in [5]. More details aboutI0(f1, . . . , fm) can be found in [3] and [4].

J. Inequal. Pure and Appl. Math., 9(4) (2008), Art. 115, 5 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


SOME PROPERTIES FOR ANINTEGRAL OPERATOR 3

(ii) For n = 0, m = 1, k1 = 1, k2 = · · · = km = 0 andD0f1(z) := D0f(z) = f(z) ∈ A,
we have the integral operator of Alexander

I0(f)(z) :=

∫ z

0

f(t)

t
dt

introduced in [1].
(iii) For n = 0, m = 1, k1 = k ∈ [0, 1], k2 = · · · = km = 0 andD0f1(z) := D0f(z) =

f(z) ∈ S, we have the integral operator

I(f)(z) :=

∫ z

0

(
f(t)

t

)k

dt

studied in [8].
(iv) If ki ∈ C for 1 ≤ i ≤ m, then we have the integral operatorIn(f1, . . . , fm) studied in

[7].

In this paper, we investigate some properties for the operatorsIn on the classesSn(δ, α) and
Mn(δ, β).

2. SOME PROPERTIES FOR In ON THE CLASS Sn(δ, α)

Theorem 2.1. Let fi ∈ Sn(δ, αi) for 1 ≤ i ≤ m with 0 ≤ αi < 1, δ ≥ 0 andn ∈ N0. Also let
ki > 0, 1 ≤ i ≤ m. If

m∑
i=1

ki(1− αi) ≤ 1,

thenIn(f1, . . . , fm) ∈ K(λ) with λ = 1 +
∑m

i=1 ki(αi − 1).

Proof. By (1.5), for 1 ≤ i ≤ m, we have

Dnfi(z)

z
= 1 +

∞∑
j=2

[1 + (j − 1)δ]n aj,iz
j−1, (n ∈ N0)

and
Dnfi(z)

z
6= 0

for all z ∈ U.
On the other hand, we obtain

In(f1, . . . , fm)′(z) =

(
Dnf1(z)

z

)k1

· · ·
(

Dnfm(z)

z

)km

for z ∈ U. This equality implies that

ln In(f1, . . . , fm)′(z) = k1 ln
Dnf1(z)

z
+ · · ·+ km ln

Dnfm(z)

z

or equivalently

ln In(f1, . . . , fm)′(z) = k1 [ln Dnf1(z)− ln z] + · · ·+ km [ln Dnfm(z)− ln z] .

By differentiating the above equality, we get

In(f1, . . . , fm)′′(z)

In(f1, . . . , fm)′(z)
=

m∑
i=1

ki

[
(Dnfi(z))′

Dnfi(z)
− 1

z

]
.
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Thus, we obtain

zIn(f1, . . . , fm)′′(z)

In(f1, . . . , fm)′
+ 1 =

m∑
i=1

ki
z (Dnfi(z))′

Dnfi(z)
−

m∑
i=1

ki + 1.

This relation is equivalent to

Re

{
zIn(f1, . . . , fm)′′(z)

In(f1, . . . , fm)′
+ 1

}
=

m∑
i=1

ki Re

{
z (Dnfi(z))′

Dnfi(z)

}
−

m∑
i=1

ki + 1.

Sincefi ∈ Sn(δ, αi), we get

Re

{
zIn(f1, . . . , fm)′′(z)

In(f1, . . . , fm)′
+ 1

}
>

m∑
i=1

kiαi −
m∑

i=1

ki + 1 = 1 +
m∑

i=1

ki(αi − 1).

So, the integral operatorIn(f1, . . . , fm) is convex of orderλ with λ = 1+
∑m

i=1 ki(αi−1). �

Corollary 2.2. Let fi ∈ Sn(δ, α) for 1 ≤ i ≤ m with 0 ≤ α < 1, δ ≥ 0 andn ∈ N0. Also let
ki > 0, 1 ≤ i ≤ m. If

m∑
i=1

ki ≤
1

1− α
,

thenIn(f1, . . . , fm) ∈ K(ρ) with ρ = 1 + (α− 1)
∑m

i=1 ki.

Proof. In Theorem 2.1, we considerα1 = · · · = αm = α. �

Corollary 2.3. Let f ∈ Sn(δ, α) with 0 ≤ α < 1, δ ≥ 0 and n ∈ N0. Also let0 < k ≤
1/(1− α). Then the function

In(f)(z) =

∫ z

0

(
Dnf(t)

t

)k

dt

is inK(1 + k(α− 1)).

Proof. In Corollary 2.2, we considerm = 1 andk1 = k. �

Corollary 2.4. Letf ∈ Sn(δ, α). Then the integral operator

In(f)(z) =

∫ z

0

(Dnf(t)/t) dt ∈ K(α).

Proof. In Corollary 2.3, we considerk = 1. �

3. SOME PROPERTIES FOR In ON THE CLASS Mn(δ, β)

Theorem 3.1. Let fi ∈ Mn(δ, βi) for 1 ≤ i ≤ m with βi > 1. ThenIn(f1, . . . , fm) ∈ N (λ)
with λ = 1 +

∑m
i=1 ki(βi − 1) andki > 0, (1 ≤ i ≤ m).

Proof. Proof is similar to the proof of Theorem 2.1. �

Remark 2. Forn = 0, we have Theorem2.1 in [4].

Corollary 3.2. Let fi ∈ Mn(δ, β) for 1 ≤ i ≤ m with β > 1. ThenIn(f1, . . . , fm) ∈ N (ρ)
with ρ = 1 + (β − 1)

∑m
i=1 ki andki > 0, (1 ≤ i ≤ m).

Corollary 3.3. Letf ∈Mn(δ, β) with β > 1. Then the integral operator

In(f)(z) =

∫ z

0

(
Dnf(t)

t

)k

dt ∈ N (1 + k(β − 1))

andk > 0.
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Corollary 3.4. Letf ∈Mn(δ, β) with β > 1. Then the integral operator

In(f)(z) =

∫ z

0

Dnf(t)

t
dt ∈ N (β).
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Math. Sci., (25-28) 2004, 1429–1436.

[3] D. BREAZ, A convexity property for an integral operator on the classSp(β), J. Inequal. Appl.,
(2008), Art. ID 143869.

[4] D. BREAZ, Certain integral operators on the classesM(βi) andN (βi), J. Inequal. Appl., (2008),
Art. ID 719354.

[5] D. BREAZ AND N. BREAZ, Two integral operators,Studia Univ. Babeş-Bolyai Math., 47(3)
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