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ABSTRACT. A generalization of some recent sharp inequalities by N. Ujéviestablished.
Applications in numerical integration are also considered.
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1. INTRODUCTION

In [1] we can find a generalization of the pre-Gruss inequality as:
Lemmal.1l. Letf, g,V € Ly(a,b). Then we have

(1.1) Se(f,9)* < Su(f, f)Su(g,9),
where

(12) Sul(f.g) /f dt——/f dt/)

_W/a FOT() dt/a (T (E) dt
and U satisfies

(1.3) /b\If(t) dt =0,

while as usuall| - || is the norm inLs(a, b). i.e.,

b
ol = [ v
Using the above inequality, Ujevin [1] obtained the following interesting results:
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Theorem 1.2.Let f : [a,b] — R be an absolutely continuous function whose derivafive
Ls(a,b). Then

a+b b (b—a)?
(1.9 () e-a- [ el <
where
@5 cr={ir - PO =IOE oriane}
and

2 a+b 3 b
@0 QUiat) == |+ £ () 410 - 2 [ al.
Theorem 1.3. Let the assumptions of Theorem|1.2 hold. Then

f(a) + f(b )3

(1.7) ‘( 5 ) / f(t dt‘ Cy,
where
1.9 e = {11 - LO=IEL i a,b>]2}2
and

1 a+b 6 b
@9 Pad) = @i (50) 10 - 2 [ rwal],
Theorem 1.4. Let the assumptions of Theorgm|1.2 hold. Then

f(a) +2f (52) + £(0) (b= a)}

b
(1.10) . oo~ [ s < e

where

111 - {Hf’H%— IOZOE L (-2 (“50) + 1)) }

] {W_ [ (55) o] -5 [f@)f(“ib)r}%

In [2], Ujevic further proved that the above all inequalities are sharp.

In this paper, we will derive a new sharp inequality with a parameter for absolutely continuous
functions with derivatives belonging 1, (a, b), which not only provides a unified treatment of
all the above sharp inequalities, but also gives some other interesting results as special cases.
Applications in numerical integration are also considered.

=

2. MAIN RESULTS
Theorem 2.1. Let the assumptions of Theorem|1.2 hold. Then foréamy0, 1] we have

(2.1) ‘(b—a) [(1 —0)f (QT“’) +9M] —/bf(t) dt

( a)? 5
N Y V1 — 30 + 3620(0),
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where
@) co) = {1 - LOZLE - ivamo}
and

2
V(1 —30+30%)(b—a)

X (1—39)f(“;b)+(2—39)f()+f 5 69/]“ dt‘

(2.3) N(f;a,b;0) =

2

The mequallty.l) W|t2) an 2.3) is sharp in the sense that the congtamannot be
replaced by a smaller one.

Proof. Let us define the functions

and

t— (a+ 0= , te a’a—b ,
w):{ ( f) | bg}

t—(b—0%5), te (0,

wheref € [0, 1].

It is not difficult to verify that

b b

(2.4) / p(t) dt = / W(t) dt = 0.

i.e., ¥ satisfies the conditiofi (1.3).
We also have

b 33
25) ol = [ w20 de = O
and
b
(2.6) ||\1/|y§:/ U2 (¢) dt = (b 12“)3(1—3%382).

We now calculate

2.7) / p(£)T(t) dt

:/aa;b(t—a)(t—a—GbT)dt+/aib(t—b)( b;“)dt

_ (% _ g) (b— a)®.

Integrating by parts, we have
b a b
28) [ rawoa = () 0=~ [ o

J. Inequal. Pure and Appl. Math?(5) Art. 172, 2006 http://jipam.vu.edu.au/



http://jipam.vu.edu.au/

4 ZHENG LIu

and

(2.9) /f
:/a (_ _ebT>f()dt+/:b (t b+0b2a)f’(t)dt

~ - [i-or () o Oy a

From (2.4),[(2.B) H{(219) and (1.2) we get

(2.10) Su(f',p)
b b
) / p(t) dt

= [ remoa- 1 |
||\1J||2/f /

(a+b> /f )t = 1239?f30)
ool (5] 2]

o1 32+302) {<b_ 2 [(1 30)] (%b)
42— 39)@} —(3-60) /abf(t) dt} |

From (2.4) —[(2.7) and (1].2) we also have

1) s =l ([ o) ok ([ roswar)

b -a)?
~16(1 — 30 + 362)

and

12) s =718 ([ 7 dt) e (/:f’u)w)dt)Z
12

[f(b) = f(@)]?
=11z - b_a C (1-30+30%)(b—a)

y [(1_9)f(aT+b)_i_ef(a);‘f(b)_bia/abf(t)dtr
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Thus from [2.1D) -{(2.12) anfl (1.1) we can easily get

(2.13) ’(b—a){(1—39)f(a;b)—l—(2—30)f();f } (3 69/f dt

(1—30+30*)(b—a)® [ o [f(0) = f(a)]”
= 4 {HfH?_ b—a (1—30+302(b—a)

v {(1—9)f<a;b>+ef(“) b_a/ f(t dt] }
It is equivalent to

(2.14) 3(b— a)? {(1—9)1‘ (“;b> +9f(a);f(b) - bia/:f(t)dtr

1 — 30 + 36 [f(b) = f(a)]”
ST(Z)_G) {l|f||2_ b—a (1—39+392 (b—a)

x (1—39)f(a;b)+(2—39)f()2 _z 69/]” Da

Consequently, inequality (2.1) with (2.2) afnd (2.3) follow frgm (2.14).
In order to prove that the inequality (2.1) with (2.2) ahd(2.3) is sharp fordasy0, 1], we

define the function
1 % 1
{ T te o],

= (L=9)t+ 55 te (5]

The function given in[(2.75) is absolutely continuous since it is a continuous piecewise polyno-
mial function.
We now suppose thdt (2.1) holds with a constént 0 as

(2.16) ‘(b—a)[(l—@)f(a;b)Jr@ } /f dt‘
C(b—a)2V1— 30+ 362C(0),

(2.15) f(t) =

\ w

whereC(0) is as defined iff (2]2) anfl (2.3).
Choosinge = 0, b = 1, andf defined in|(2.1] -) we get

/f Dt =5~ ¢,

1 1 0
ro=rm=0. 1(3)=5-%
! 1 — 360+ 367
/ 2 .
| a = =
and
N(f;a,b;0) =0
such that the left-hand side becomes
. 2
(2.17) [.H.S.(2.16) = w
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We also find that the right-hand side is

C(1— 36+ 36?)
2V/3 '

From [2.16) -8) we find that > 1=, proving that the constanty is the best possible
in @ . O

Remark 2.2. If we takef = 0, 6 = 1 and¢ = § in (2.1) with (2.2) and[(2]3), we recapture

the sharp midpoint type inequality (1.4) WI@. 5) and|1.6), the sharp trapezoid type inequality
(1.7) with (1.8) and[(1]9) and the sharp averaged midpoint-trapezoid type inequality (1.10) with
(1.11), respectively. Thus Theorém]2.1 may be regarded as a generalization of Thegrem 1.2,
Theoreni 1.8 and Theordm 1..4.

Remark 2.3. If we takef = % we get a sharp Simpson type inequality as

(2.18) R.H.S.(2.16) =

&

N

(2.19) ‘bg“ [f(a)+4f (‘%b) } / £(t) dt' ) Cl,
where

2.20 R [R(f;a,b)V};

and

(2.21) R(f;a,b):N(f;a,b;%):\/zb\/___a <> /f dt‘

3. APPLICATIONS IN NUMERICAL INTEGRATION

We restrict further considerations to the averaged midpoint-trapezoid quadrature rule. We
also emphasize that similar considerations may be made for all the quadrature rules considered
in the previous section.

Theorem 3.1.Letm = {zg = a < z; < --- < z, = b} be a given subdivision of the interval
[a,b] such thath; = 2,41 — 2; = h = ©* and let the assumptions of Theorem| 1.4 hold. Then
we have

@) | [ frd =330 +ar (B 4 slo)]
(b—a)? (b—a)?
< gm ) < T ),
where

@2 a7 = {1z - LU LOL

1 n—1 n—1 T +xi+1 2
Iy — [f(xo) + f(n) +2izlf($i) —2Zf (T)] }
and

33) ) = {11 - O =Ll

a
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Proof. From [1.10) and (1.11) in Theorgm [L.4 we obtain

@) |77 2r (520 st - [ rwar

i

< A [ rora i - s

4V3 1
HICE w(ﬁiﬂﬂ)+ﬂamr}a

By summing [(3.4) ovei from 0 to n — 1 and using the generalized triangle inequality, we get

1

/f dt——Z[ i +2f(x1+2x2+1>+f<$i+1)H

=0

(3.5)

n

Njw

<

Sl

Titi 1 )
L[ Syt - s

1=
1

- % {f(l“i) —2f (%) +f($z'+1)r}2-

By using the Cauchy inequality twice, we can easily obtain
n—1

co) X[ rOra- e - s

1=0

¢ﬁ“fm ”j;wmﬁu—ﬂaw
B bﬁajz_: [f(xi) -2/ (%) +f($z‘+1)r}%
< va{lrg- OO

n—1 n—1 2 %
=1 =0
Consequently, the inequality (3.1) wifh (B.2) ahd[3.3) follow frdm](3.5) (3.6). O

Remark 3.2. It should be noticed that Theorém 3.1 seems to be a revision and an improvement
of the corresponding result inl[2, Theorem 6.1].
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