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ABSTRACT. Let f be a2 periodic function inZ.![0, 2] and3";> _ __ f(ny)e™* be its Fourier
series with ‘small’ gaps.,+1 — ni > ¢ > 1. Here we have obtained sufficiency conditions for
the absolute convergence of such serieg i§ of A BV (?) locally. We have also obtained a

beautiful interconnection between lacunary and non-lacunary Fourier series.
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1. INTRODUCTION

Let f be a2 periodic function inL'[0, 27] and f(n), n € Z, be its Fourier coefficients. The
series

(1.1) Z f(nk)ei"”,
keZ
wherein{n; }{° is a strictly increasing sequence of natural numbersrand= —ny, for all k,
satisfy an inequality
(1.2) (g1 —ng) >q¢>1 forall k=0,1,2,...,
is called the Fourier series gfwith ‘small’ gaps.

Obviously, ifn, = k, for all k, (i.e. nx1 — ni. = ¢ = 1, for all k), then we get non-lacunary
Fourier series and ifn, } is such that

(1.3) (ngs1 —ng) — 0o as k — oo,
then [1.1) is said to be the lacunary Fourier series.
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By applying the Wiener-Ingham result [1, Vol. I, p. 222] for the finite trigonometric sums
with small gap[(1.R) we have studied the sufficiency condition for the convergence of the series
~ g
Yowez [f(ne)| (0 < B < 2)interms of A BV and the modulus of continuity [2, Theorem

3]. Here we have generalized this result and we have also obtained a sufficiency condition if
function f is of A BV®. In 1980 Shibal[4] generalized the claAsBV. He introduced the
class\ BV ®,

Definition 1.1. Given an intervall, a sequence of non-decreasing positive real numhess
{An} (m=1,2,...)suchthafy" s~ diverges and < p < oo we say thatf € A BV (that
is f is a function ofp — A- bounded 'Variation over|) if

Va, (f, 1) = sup{Va,({Im}, [, 1)} < o0,

m

where

Vi, (L, £.1) = (Z 17 bm) = Flan)” )

and{7,,} is a sequence of non-overlapping subintervals= [a,,, b,,] C I = [a, b].

Note that, ifp = 1, one gets the clas§ BV (/); if A\,, = 1 for all m, one gets the class
BV®:if p = 1 and)\,, = m for all m, one gets the class Harmoni}/(I). if p = 1 and
Am = 1 for all m, one gets the clas8BV (7).

Definition 1.2. Forp > 1, the p—integral modulus of continuitw® (8, f,I) of f overI is
defined as

@5, f,1) = sup I(Tnf = H) @),z

0<h

whereT}, f(x) = f(x + h) for all z and H(-)HpJ = |[(-)xzll, in which x; is the characteristic
function of / and||(-) ||, denotes thé”-norm. p = oo gives the modulus of continuity(é, f, I).

We prove the following theorems.

Theorem 1.1.Let f € L[ 7, ] possess a Fourier series with ‘small’ gaps (1.2) ahbe a
subinterval of length; > 2. If f € A BV (I) and

53
2

< (Wt f)
; k (E;Lil %) -

then
~ B
(1.4) So|fm)| <o 0<B<2).
keZ
Since{)\;} is non-decreasing, one gels’*, A > 1% and hence our earlier theoren [2,
Any,

Theorem 3] follows from Theorem 1.1.

Theorenf 1.1 with3 = 1 and\,, = 1 shows that the Fourier series ffwith ‘small’ gaps
condition [1.2) (respectively (1.3)) converges absolutely if the hypothesis of the Stechkin theo-
rem [5, Vol. 1l, p. 196] is satisfied only in a subinterval [6f 27| of length > %’r (respectively
of arbitrary positive length).
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Theorem 1.2.Let f and I be as in Theorefn 1.1. fc ABV®(I),1 <p<2r,1<r < oo

and
2—p/r g
o0 <w<(2fp)s+p> (L’ f ]>>
Z - 1 < e,
T\ ()
where! + 1 =1, then [1.4) holds.
Theorenj 1.R withs = 1 is a ‘small’ gaps analogue of the Schramm and Waterman result [3,

Theorem 1].
We need the following lemmas to prove the theorems.

Lemma 1.3([2, Lemma 4]) Let f and! be as in Theorem 1.1. Jf € L*(I) then
—~ 2
(L5) S| fo| < asl T s,

keZ

whereAs depends only oh.

Lemma 1.4.If |n;| > p then fort € N one has

’ sin® |ng| h dh > m .
[ el = 5
Proof. Obvious. m

Lemma 1.5 (Stechkin, refer to[[6]) If w, > 0 for n € N, u, # 0 and a functionF'(u) is
concave, increasing, andl(0) = 0, then

iF(un)SQiF(un+u2rl+'.'>_
1 1

Lemma 1.6.1f f € A BV®(I) impliesf is bounded over.

Proof. Observe that
\ﬂ@Fg?<umw+wﬂﬂ@;fWW+AJﬂ®;j@W>

<27 (|f(@)]” + XV, (f, 1))
Hence the lemma follows. O

Proof of Theoreri I]1Let I = [z5 — &, 20 + &] for somez, andé, be such thab < %’r <
8y < 1. Putdy = &, — &, andJ = [zg — 2,z + 2]. Suppose integef and; satisfy

(1.6) Inr| > L;—W and 0<j5< M

3
Sincef € A BV (I) implies f is bounded ovef by Lemma 1.6 (fop = 1), we havef € L*(I),
so that[(1.p) holds anfl € L*[—m, ]. If we put f; = (Ty;nf — Tej—1nf) thenf; € L*(I) and
the Fourier series of; also possesses gaps (1.2). Hence by Lefnma 1.3 we get

. 2 nih
@) S || s () =0 (152,
keZ
because )
mmzmmwwm”%m@%)
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Integrating both the sides .7) ov@, ;=) with respect tch and using Lemm.4, we get

o0

(1.8) >

[ng|>nr

) 2

— O(ny) / T 1) di

Multiplying both the sides of the equation lg]?/ and then taking summation ovgrwe get

o (20) (£ ) om [ (1£] o
ng|>nr J 1,J

Now, sincez € J andh € (0,.=) we have|f;(z)| = O(w(%,f, I)), for eachy of the
summation; since € J andf € A\ BV(I) we have)_; ‘ff(f)‘ = O(1) because for eachthe
pointsz + 2jh andz + (2j — 1)k liein I for h € (0, ;%) andz € J C I. Therefore

(£52) -0 (o) (£42)
ofe(Z)

It follows now from [1.9) that

Rup= Y

|ng>nr

k=1
00 Rn B/2
<4 .
<2 (%)
k=1
(B8/2)
X (wis fo 1)
= 0(1) 0
(E(k@w) )
This proves the theorem. O

Proof of Theorer@ZSmcef € \ BV®(I), Lemmd 1. implieg is bounded ovef. There-
fore f € L? nd henceg (115) holds so thate L*[—, ]. Using the notations and procedure
of Theore we ge ! (2.9). Singe= &= p)”p +2 by using Hoélder’s inequality, we get from
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(I2))

/‘]‘fj(x”zdm : </ R dx)i (/J | fi(x)[" dx>1
</ </ e ]”dx) |

whereQy, ; = (W@ PtP(h, f,J))* .
This together with[(1]9) implies, putting

B =3 [Fnn)|sin? (”—Qh) ,

keZ
that

<ol ([In@ra)
Br S Qh’J (/] ‘f](l’)|pd$) .

Now multiplying both the sides of the equation %yand then taking the summation ovet 1

tony (T € N) we get
o (1 (5, ) )
Zrﬂ '

QhJ % G\T P %
=(23) (555

Substituting back the value @& and then integrating both the sides of the equation with respect
to h over (0, ;7-), we get

(1.10) k; )f ) ( /W/nT (Sin2 (lnglh» dh
o) U

Observe that for in .J, 2 in (0, = ) and for eachy of the summation the points + 2jh and
r+ (25— 1)hliein I; moreoverf € /\BV(P)( ) implies

Z|f] —O )

Therefore, it follows from[(Z.70) and Lemrpa[l.4 that

Ry, = ) \ﬂnk)f:()(;%?i )

Ing|2np I=b X

Thus

Therefore

S =
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Thus ,
w(2—p)s+p (L f, ]) B

nt’

R,, =0 T
(i)
Now proceeding as in the proof of Theorgm|1.1, the theorem is proved using Liemjma I15.
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