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Abstract

Let f be a 2r periodic function in L]0, 2x] and Y0° ___ f(ny, )¢+ be its Fourier
series with ‘small’ gaps ny.1 — ng > ¢ > 1. Here we have obtained sufficiency
conditions for the absolute convergence of such series if f is of A BV locally.
We have also obtained a beautiful interconnection between lacunary and non-

lacunary Fourier series.
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-~

Let f be a2r periodic function inL'[0, 27| and f(n), n € Z, be its Fourier
coefficients. The series

(1.2) Z f(nk)em’“x,

keZ

wherein{n; }{° is a strictly increasing sequence of natural numbersrand=
—ny, for all £, satisfy an inequality

(1.2) (g1 —ng) >qg>1 forall £ =0,1,2,...,

is called the Fourier series gfwith ‘small’ gaps.
Obviously, ifn, = k, for all k, (i.e. ny 1 — np = ¢ = 1, for all k), then we
get non-lacunary Fourier series andif; } is such that

(1.3) (ng+1 — nk) — oo as k — oo,

then (L.1) is said to be the lacunary Fourier series.
By applying the Wiener-Ingham result,[Vol. |, p. 222] for the finite
trigonometric sums with small gapi.¢) we have studied the sufficiency condi-

~

B
tion for the convergence of the serigs, _, ‘f(nk)‘ (0 < B < 2)interms of

/\ BV and the modulus of continuity’| Theorem 3]. Here we have generalized
this result and we have also obtained a sufficiency condition if fungti@nof

A BV®_ In 1980 Shiba4] generalized the clas BV. He introduced the
class/\ BV ™,
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Definition 1.1. Given an intervall, a sequence of hon-decreasing positive real
numbers\ = {\,,} (m=1,2,...)suchthaty_ ﬁ divergesand < p < oo
we say thatf ¢ A\ BV® (thatis f is a function ofp — /\-bounded variation
over (I)) if

%»UJ)ZiﬁUQAUmLﬂD}<mL

where

Vi (L} £.1) = (Z (b ;mf(am)‘p> 3

and{I,,} is a sequence of non-overlapping subintervigls= [a,,b,,] C I =
la, b].

Note that, ifp = 1, one gets the clagg BV (I); if A, = 1 for all m, one gets
the classBV®); if p = 1 and)\,, = m for all m, one gets the class Harmonic
BV(I).if p=1and\,, =1 for all m, one gets the clas8V (I).

Definition 1.2. For p > 1, thep—integral modulus of continuity® (6, f, I) of
f overl is defined as

w? (6, f, 1) = (Tnf = H@l, 1 s

sup |
0<h<s

whereT}, f(x) = f(x + h) forall z and||(-)||,,; = [[(-)x:]|, in which x; is the
characteristic function of and||(-)[|, denotes the.*-norm. p = oo gives the
modulus of continuitw (0, f, I).

We prove the following theorems.
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Theorem 1.1.Let f € L[—n, 7] possess a Fourier series with ‘small’ gaps
(1.2) and I be a subinterval of lengtfy, > %’T If f e ABV(I)and

B
2

2 [ wis 1) -
2\ (m))
then
(1.4) 3 ’fA(nk)‘ﬁ <o (0<pB<2).

keZ

Since{);} is non-decreasing, one gexs;* A—lj > A”Tkk and hence our earlier
theorem P, Theorem 3] follows from Theorerh. L

Theoreml.1 with 3 = 1 and )\, = 1 shows that the Fourier series ¢f
with ‘small’ gaps condition 1.2) (respectively {.3) converges absolutely if
the hypothesis of the Stechkin theoremYol. Il, p. 196] is satisfied only in a
subinterval ofl0, 27| of length> 27” (respectively of arbitrary positive length).

Theorem 1.2.Let f and I be as in Theorer. 1 If f € ABV®(I),1 <p <
2r;1 <r <ooand

2—p/r g
00 (w((%p)sﬂo) (L) f, ])) P
Nk

Z 1 < 00,
T ()

wherei + 1 =1, then (L.4) holds.
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Theoreml.2 with 3 = 1 is a ‘small’ gaps analogue of the Schramm and
Waterman result, Theorem 1].

We need the following lemmas to prove the theorems.

Lemma 1.3 (2, Lemma 4]). Let f and I be as in Theorem.1 If f € L*(])
then

(L5) S| < A7 112,

keZ
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Proof. Observe that

f@)P <2 (| sy + 2, LI, V0 ng($)!"’)

<27 (| f(@)]” + AV, (. 1))
Hence the lemma follows. O]

Proof of Theoremi..1 Let I = [z5 — &, 20 + %] for somez, andé, be such
that0 < 2 < §, < &;. Putds = 6, — 0y and.J = [z — % 2+ 2]. Suppose
integersl” and; satisfy

(53 |7’LT|

4
(1.6) |np| > il and 0<j < )
53 47

Sincef € A\ BV(I) implies f is bounded oved by Lemmal.6 (for p = 1),
we havef € L*(I), so that (.5 holds andf € L?[—m,n]. If we put f; =
(Tojnf — Tizj—1ynf) thenf; € L*(I) and the Fourier series ¢f also possesses
gaps (.2). Hence by Lemma.3we get

t S [ sn (%) =0 (1512,

keZ

because
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Integrating both the sides ofi () over (0, %) with respect toh and using
Lemmal.4, we get

o0

(1.8) >

[ng|>nT

f(mn,)‘2 = O(nT)/O”WT (Il £5 115.,) dh.

Multiplying both the sides of the equation bﬁl and then taking summation
overj, we get !

0 (555

[ng|>nr

2
‘ dh.

)

. 12
~on [ (|24

Now, sincex € J andh € (0, ;) we have|f;(z)| = O(w(%, f,I)), for each
j of the summation; since € J andf € A BV (I) we have}", 5=l = O(1)

because for eachthe pointse + 2jh andx + (25 — 1)k liein I for h € (0, %)
andz € J C I. Therefore

(zg: @) =0 (W (%fl>> (; %jﬁ)!)
o)

It follows now from (1.9) that

1,J
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Finally, Lemmal.5with u; =

>

f(nk)f (k € Z) andF(u) = u?? gives

. B > R 2
Fo| =230 ([f])
k=1 k=1
—~ (R
<4 F L
Sr (%)
k=1
> A2 On the Absolute C
< 4 Z (Rn’c > of r;mgll G:p(:suF%ur(i):y gre%?enscce)f
—1 k Functions of A BV (®)
O(1 S w(nLkv fv ]) 72 R.G. Vyas
k=1 =1} "
Title Page
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whereQ), ; = (W@ PP (h £ J))2 P,
This together with 1.9) implies, putting

B=>"|f(m)

2
‘ sin2 (nLh) 7
2
keZ

ol ([In@ra)
5 <o ( [1n@ra),

Now multiplying both the sides of the equation @Jyand then taking the sum-
mation overj = 1 tony (T € N) we get

(0 (5 52) )

< 23%
Oy ; (@) '
me(w5) (L2557 )

that

Thus

Therefore
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tion with respect td: over (0, .”-), we get

(1.10) kezz ( Flw) o (sin2 (@)) dh
() LU -

Observe that for: in J, hin (0, ;) and for eacly of the summation the points
x4+ 2jh andz + (25 — 1)k liein ] moreoverf € A\ BV®(I) implies

Z |f]

Therefore, it follows from 1.1() and Lemmeal .4 that

Rup= Y. ‘f(nk)r:O(%)r.

_O)

[ng|>nT J=1 A
Thus
- ps+p< ) I) 2-p/r
R,, =0 T
(T )
Now proceeding as in the proof of Theorend, the theorem is proved using
Lemmal.5. [

On the Absolute Convergence
of Small Gaps Fourier Series of
Functions of A BV ()

R.G. Vyas

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 11 of 12

J. Ineq. Pure and Appl. Math. 6(1) Art. 23, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:drrgvyas@yahoo.com
http://jipam.vu.edu.au/

[1] A. ZYMUND, Trigonometric Serie2nd ed., Cambridge Univ. Press, Cam-
bridge, 1979 (reprint).

[2] J.R. PATADIA AND R.G. VYAS, Fourier series with small gaps and func-
tions of generalized variationg, Math. Anal. and Appl 1821) (1994),
113-126.

[3] M. SCHRAM AND D. WATERMAN, Absolute convergence of Fourier se-
ries of functions of\ BV ® and® A BV, Acta. Math. Hungar40 (1982),
273-276.

[4] M. SHIBA, On the absolute convergence of Fourier series of functions of
class/\ BV®), Sci. Rep. Fukushima Uni\80 (1980), 7-10.

[5] N.K. BARRY, A Treatise on Trigonometric Series Pergamon, New
York,1964.

[6] N.V. PATEL AND V.M. SHAH, A note on the absolute convergence of la-
cunary Fourier serie®roc. Amer. Math. Soc93(1985), 433—-439.

On the Absolute Convergence
of Small Gaps Fourier Series of
Functions of A BV ()

R.G. Vyas

Title Page

Contents
44
<
Go Back
Close
Quit
Page 12 of 12

J. Ineq. Pure and Appl. Math. 6(1) Art. 23, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:drrgvyas@yahoo.com
http://jipam.vu.edu.au/

	Introduction

