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In this paper, the geometric convexity of a function involving gamma function is
studied, as applications to inequality theory, some important inequalities which

improve some known inequalities, including Wallis’ inequality, are obtained.
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1. Introduction and main results

The geometrically convex functions are as defined below.

Definition1.1([10, 11, 12]). Letf : I C (0,00) — (0, c0) be a continuous function.
Thenf is called a geometrically convex function éif there exists an integer > 2
such that one of the following two inequalities holds:

(1.1) f(Vriz2) < v/ f(z1) f(22),
(1.2) f (H) < TT i,
=1 =1
wherex, xs,...,x, € T andAq, \a, ..., A\, > 0 with ZL A; = 1. If inequalities

(1.1 and (..2) are reversed, thefiis called a geometrically concave function bn

For more literature on geometrically convex functions and their properties, see
[12, 29, 30, 31, 32] and the references therein.
It is well known that Euler’s gamma functidn(x) and the psi function)(z) are

defined forz > 0 respectively byl'(z) = [ e "t*"'dt andy(z) = Ty - For
x> 0, let

eI'(x
(1.3) fla) = )

This function has been studied extensively by many mathematicians, for example,
see p] and the references therein.

In this article, we would like to discuss the geometric convexity of the function
defined by {.3) and apply this property to obtain, from a new viewpoint, some new
inequalities related to the gamma function.

Our main results are as follows.
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Theorem 1.1. The functionf defined by(1.3) is geometrically convex.

Theorem 1.2.For z > 0 andy > 0, the double inequality

1.4) 2 (x>y[w(y)lny} (x) (m)z[w(x)ml a
. — | - — < — | = e
v \y (y) v \y

holds.

As consequences of above theorems, the following corollaries can be deduced.

Corollary 1.3. The functionf is logarithmically convex.

Remarkl. More generally, the functiorf is logarithmically completely monotonic
n (0, 00). See f].

Corollary 1.4 ([7, 13)). For0 < y < x and0 < s < 1, inequalities

(1.5) @Yy m < e@=y)¥(@)
['(y)
and
r—1 1—\ r—1
(1.6) v < M) 27 s
(A ['(y) yv2
are valid.

Remark2. Note that inequality 1.4) is better than1.5) and (..6). The lower and
upper bounds fo% have been established in many papers such44p, 16, 17,
18,19, 20, 21, 23, 24 25, 26].
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Corollary 1.5. For z > 0 andn € N, the following double inequalities hold:

wn  ve (1) e gl (e )

2 I'(z+1/2)
and
—xr—m N 1
(1.8) Vel +n) <1+2 —|—2n> H<1_2x+2k)
T(z + 1) 1\ e
“Terig < Veletn) <1+2x+2n) H( 2x+2k>

k=1
Corollary 1.6. For n € N, the double inequality

1 1\ ™  (n-D1I 1 1\" e
1.9 — 1+ — < < 1+ —
(1.9) vern ( * 2n> (2n)!! vern ( - 2n>

is valid.

Remark3. Inequality (L.9) is related to the well known Wallis inequality. #f > 2,
inequality (L.9) is better than

1 _ @ 1
Vrn+4/m—1) " o)t T /r(n+1/4)

(1.10)

in [3]. For more details, please refer 1 B, 33, 34, 35 and the references therein.

Corollary 1.7 ([28]). LetS, =>";_, + forn € N. Then

3/24n
) =102 /i

9ntinl  /on 43
(1.11) n ("+

2n+ D!\ 2n +2
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2. Lemmas

In order to prove our main results, the following lemmas are necessary.
Lemma 2.1 ([, 5, 22]). Forz > 0,

1 1
(2.2) Inzr—— <¢(z) <lnz - —,
T 2x
1 1
Ing— — — (z) > = 4 —.
Y(z) >Inx 5 952 P(x) > —+ 5,2

Lemma 2.2. For z > 0,
1
(2.2) 20 (z) + 2" (x) < ot
Remarkd. The complete monotonicity of the functi@n’ (z) -+ (z) was obtained

in [27].

Proof. It is a well known fact that

oo 1 [ee)
2. - l/
k=1 k=1
From this, it follows that

1 =~ k 1
20 () + 2" () — = =2 o — =
x kz (k + x)3

T

k
2
< Z kE=1+z)k+z)(k+14+2) =
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hE

[ k B k 1
k—1+a2)k+2) (k+a)k+14+z)] =z
1 1

(k—1+z)k+2) =

RS U W B
k—14+2 k+x x

Thus the proof of Lemma.2is completedy

Lemma 2.3 ([12). Let(a,b) C (0,00) and f : (a,b) — (0, 00) be a differentiable
function. Thenf is a geometrically convex function if and only if the funct%“)i)
is nondecreasing.

ES
Il
_

NE

i
I

NE

i
I

Lemma 2.4 ([12]). Let (a,b) C (0,00) and f : (a,b) — (0,00) be a differen-
tiable function. Thenf is a geometrically convex function if and only% >

yf )/ f ()
(g) holds for anyz,y € (a,b).
Lemma 2.5 (B, 9)). LetS, =, ,+andC, =5, —In(n+1) —~forn €N,
wherey = 0.5772156 . . . is Euler-Mascheroni’s constant. Then

1
2<Cn<

(2:4) 24(n+1)

24n2’
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3. Proofs of Theorems and Corollaries

Now we are in a position to prove our main results.

Proof of Theoreni..1. Easy calculation yields

(3.1) Inf(z)=InT'(z) —zlnhz+a and =¢(x) —Inz.

, /
Let F(z) = [96]{(5)”)} . Then

F(z) =9(x) + 2z (r) —Inz — 1, and  F'(z) =2¢'(x) + 2" (z) — i

By virtue of Lemma2.2, it follows that /’(z) < 0, thusF' is decreasing in: > 0.
By LemmaZ.1, we deduce that

1 1 1 1
F(z) = "(z) =Inz—1>lnz— — —4+—-lhzr—-1=——.
() =¢Y(x) + 2 (x) —Inx >Inz x+x<x+2:p2) nw 5

Hencelim, .., F'(x) > 0. This implies thatF'(z) > 0 and, by Lemma&2.3, the
function f is geometrically convex. The proof is completqd.

Proof of Theoreni.2. Combining Theorem.1, Lemma2.4and 3.1) leads to

z ylb(y)—Iny] 4
T (2) W) g
x® Y yY yY

Inequality (L.4) is established

() () Tl
= = \z T :
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Proof of Corollary1.3. A combination of 8.1) with LemmaZ2.1reveals the decreas-
ing monotonicity off in (0,00). Considering the geometric convexity and the de-
creasing monotonicity of and the arithmetic-geometric mean inequality, we have

F(252) < stvmm) < Vi e < L0/,

2
Hence,f is convex and logarithmic convex {0, co). i

Proof of Corollary1.4. A property of mean value®] and direct argument gives
1 Inx-—1 1

(3.2) —<u<—, lnx—lny>1—y,
x r—y Y T

—1+Inz+ % > (y) +yllny — w@»]i

Hence,
(33) 14zt ) by — )RR

T—y -y
(y—2)+(z—y)lnz+y(nz—Iny) > (z —y)¢(y) + y[lny —¥(y)|(Inz — Iny),

(y—2)+zhnr —yhy+yY(y) —nyl(lnz —Iny) >

ylv(y)—Iny] x
z Tt ey
Yy eryy

(z —y)v(y),
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Similarly,

1 1
(3.4) -1 —an—i—y; = LL’[IDI—l/J(I)]; + (),
Inx —1Iny Inzx —Iny
—1l+he+y——— <z[lnz —Y(z)|— + Y(z),
T —y r—y : :
Geometric Convexity of
: o
(y—2)+ (z—y)mz+y(nz —Iny) < zllnz —(@))(Inz —Iny) + (z - y)o(z), G
(y . .Z') 4 rlnr — ylny 4 m[iﬂ(l’) - lnx](lnx —In y) < ($ o y)¢($), Xiao-Ming Zhang, Tie-Quan Xu and
Ling-Bo Situ
z[th(z)—Inz] z .
(E) eYr _ e(u’v—y)lﬁ(l‘) . vol. 8, iss. 1, art. 17, 2007
Yy ety
Combination of .3) and (3.4) leads to {.5). Ve (FEge
By (2.1), itis easy to see that Contents
2\ Yiny=v@l . 21 . 2\ V=@l oy o <44 »»
1< (- -, eVt < | - .
y y yv! Y eryY 4 >
Similarly, Page 10 of 19
ey T (%’) z[Inz—1)(x)] . l’xi% - Go Back
- e’ 7.
eryy \y yy—% Full Screen
By virtue of (1.4), inequality (L.6) follows. x Close

B L .
Proof of Corollary1.5. Lety = z + 5 in inequality (L.4). Then journal of inequalities
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< ez x” <
G

& %)<w+;>[m<x+;>—w<w+;>]

(x4 )2\ @

From inequality £.2), we obtain

I'(z+1)

<

xl (x)

F(x—l—

1
€2

1

2

r+1

- )mw)—lnm]

1
T+ 5

)

(o+3)

Jex x*t2

1
T+35

x+% 1 %

e (L) e

(x+ 1) 21 I'(z+3)

I'(x+1)

I'(z+3)

The proof of inequality {.7) is completed.
Substituting

Vex (1+i)x<

2

F(x+n+1) (x+n)L (z+n)

(e +3)™

F(m+n+%) B (x+n—l)F(x+n—l) B

2 2

into (1.7) shows that inequalityl(8) is valid. n

L'(z+1) [l (z+k)

l"l‘% z[lnz—1)(z)]
. .

_F(:L'—i—%)HZ:l(x%—k—%)
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Proof of Corollary1.6. Forn = 1,2, inequality (L.9) can be verified readily.

Forn > 3, in view of formulasI'(n 4+ 1) = nl, T(n+1) = @2 /7 and

inequality (L.7), we have

Pint1) _ Y el 2l _ o T
e — emrn —
I(n+ 1) 2n ’ (2n — )N 2n ’
and
@n—1I 1 1\" =
3.6 > 1+ — :
(3.6) (2n)N! Vvern * 2n

Further, takingr = n in inequality 3.5) reveals

e%nn+l

(=
1
()"
o] § 1 1 (n+3)[In(n+3)—v(nt+3)-1
)” > \emn + %

(2n — )N
2"n!
@2n -1

Employing formulas

(3.7) Yz +1) = ¥l

T > \Jemn (
r v (3

%)<n+;><m<n+;>w<n+;>>

| ><n+;>[m<n+;>—w<n+;>—1]

2n
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yields

2l L) O ey e
> ./ _
(2n—1)N — e ( N 2n)
L\ () () =0 (3) - Ay =3 1]
= VETN <1 + %) Geometric Convexity of
a Function Involving
(3.8) 1 (nJr%)[ln(n+%)+21n2+77222:1Tilfl] Gamma Function
) = \/emn (1 + _) Xiao-Ming Zhang, Tie-Quan Xu and
2n Ling-Bo Situ
( 1 ) (n+%) [ln(n+%)+2ln 247 —23 0" 2+, %71] vol. 8, iss. 1, art. 17, 2007
=+emn (1+ —
2n
< 1 (n+3)[2In(2n+1)—2Co,—21n(2n+3 ) +Cr—1] Title Page
=+emn [ 1+ —)
m Contents
H _ 1 H x H 44 44
Lettingz = 1. inIn(1 + z) > = for z > 0, we obtain
: < >
(3.9) In(1+ L > 2 Page 13 of 19
. n .
14 4n 8n+3
. . . Go Back
In view of Lemma2.5and inequalities3.8) and 3.9), we have
q
Full Screen
1 4 1 1
2" 1\ 9|55~ e+ e ) Close
(3.10) 2" s ern (14 —
(2n — D! 2n
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1 4 1 1 1 mathematics
3.11 - — 1 >-n+— issn: 1Hu3-
(3.11) (" * 2) lSn 3 a8 24(n 4 1)2 ] "t o+ 16 Lis=sTsE
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with n > 3. By virtue of (3.6), (3.10 and 3.11), Corollary1.6is proved.g
Proof of Corollary1.7. Lettingz = n + % andy = n + 1 in inequality (L.4) yields

2n+ )N
(2n+2)I°

1 1
(3.12) = (1 +

(n+1) [ (n+1)=In(n+1)+1]+5
em(n + 2n + 2)

<

By using inequality £.1), »(n + 1) = >"p_, + —~ and%(gzig)"“ < 1forn €N,
we have

30,
(2n + 1! (2n + 2) ’ o~ 5(Sn—1-7)

(2n)! 2n+ 3
3.n
= (2n +2) (2n DI (2n 123 * e~z
2n+2)!1 \2n+3
—(n nin n In(n+1)— nl
> 2vyn+1 [(2n+3 (n+DIn(nt1) |y on+ 3\ Ay
NZ3 2n +2 ve \2n+2
_ VAT 42 ety _ 2 2042 a2
vr V2n+3 VTV 2n+3 VT

The proof of Corollaryl.7is completeds
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