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ABSTRACT. We use a generalization of the Schwarz inequality to give a short proof of new
Turan-type inequalities for polygamma and Riemann zeta functions.
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1. INTRODUCTION

P. Turan([8] proved that the Legendre polynomiBlgz) satisfy the determinantal inequality

Pu(z)  Poja(z)
Pryi(x)  Poyo(z)
wheren = 0,1,2,... and equality occurs only it = +1. This classical result has been
extended in several directions: ultraspherical polynomials, Laguerre and Hermite polynomials,
Bessel functions of the first kind, modified Bessel functions, etc. In view of the interest in

inequalities of the typq (1.1), Karlin and Szegdé named determinants such jagyfah)ans
The proof given by Turan is based on the recurrence reldtion [7, p. 81],

{ (n+1)Pyi(z) = 2n+ D)aP,(z) —nPy1(z), n=1,2,...

(1.1)

‘go, —1<z<1

2
(1 ) P_l(ZL’) = O, P()(J]) = 1.

and on the differential relation[7, p. 83],
(1.3) (1 —2%) P(z) = nPy_1(z) — naPy().
ISSN (electronic): 1443-5756

(© 2006 Victoria University. All rights reserved.
198-05


http://jipam.vu.edu.au/
mailto:laforgia@mat.uniroma3.it
mailto:natalini@mat.uniroma3.it
http://www.ams.org/msc/

2 A. LAFORGIA AND P. NATALINI

L. Lorch [6] established Turan-type inequalities for the positive zeypsk = 1,2, ... of
the general Bessel function

C,(x) = J,(x) cosa — Y, (x)sin a, 0<a<m,

whereJ,(x) andY, (z) denote the Bessel functions of the first and the second kind respectively.
Finally, the corresponding results for the positive zefpsy > 0, k£ = 1,2,... of the deriv-
ative C,(z) = - C,(x) and for the zeros of ultraspherical, Laguerre and Hermite polynomials
have been established in [S]] [3] and [2], respectively.
The aim of this paper is to prove new Turan-type inequalities for the polygamma and Riemann
zeta functions. The approach used in the present paper is different from that used in the above
mentioned papers and based, prevalently, on Sturm theory. Here our main tool is the following

generalization of the Schwarz inequality

(1.4 [ souora. [Caotsora= | [ oo

where f andg are two nonnegative functions of a real variable andndn belonging to a set
S of real numbers, such that the integralg[in(1.4) exist.

2

2. THE RESULTS

Theorem 2.1.For n = 1,2,... we denote by, (z) = ¢™(z) the polygamma functions
defined as the-th derivative of psi function

_ (z)
with the usual notation for the gamma function. Then

where™ ™ is an integer.

Proof. The polygamma functions have the following integral representation

2.2) Yul) = (1) /0 .

— e "dt, x>0, n=1,2,...
We choose the integers andn both even or odd, in such a way that + »n)/2 is an integer.
By ) with g(t) = <, f(t) =t and a =0, b = +o0, we get

—xt o] —xt o] —xt 2
(2.3) / ¢t / € _mar > / € _Far|
0 1 - eit O 1 - eit 0 1 - eit
that is
(2.4) U (1) P () > Vin (), m,n=1,3,5,... orm,n=2,4,6,....
2
The proof is complete. !

Remark 2.2. Whenm = n + 2 we find
¢n(x) @Z)n—&-l (ZL’)
2.5 > ;
(@5) Un41(2) — Ynta(2)
Theorem 2.3.We denote by(s) the Riemann zeta function. Then
Cs) o Cls+1)
C(s+1) — ((s+2)

n=12,..., x>0.

(2.6) (s+1) Vs > 1.
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Proof. Fors > 1 the Riemann zeta function satisfies the integral relation

(2.7) C(s) = ﬁ/o ;—:1dt, s> 1.

By ) with g(t) = -5, f(t) =t anda =0, b = +oo, we get
00 ts—l 00 ts+1 0o ys 2
. . > .
2 [ [T [ [
Further, using[(2]7) this inequality becomes
(2.9) C(s)D(s)C(s +2)(s +2) > C3(s + DI (s + 1)
or, by the functional relatiof (z + 1) = zT'(z),

(2.10) (s+ 1)C(s)¢(s+2) > sCP(s+1)
which is equivalent to the conclusion of Theorem 2.3. O

Concluding remark. Many other Turan-type inequalities can be obtained for the functions
which admit integral representations of the type [2.2). For example starting from the integral
representation for the exponential integral functidihp. 228, 5.1.4]

En(m):/ e "t dt, n=0,1,..., x>0,
1

and using inequality] (1]4) we find
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