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ABSTRACT. In this paper we prove some inequalities between expressions of the following

form:
Z ail + e + aik

e Etcn @t T an = (@i et ay)
wherea, - - - , a,, are positive numbers aridn € N, k < n.
Using the results if]1] which show théf) - ”T*’“ give a lower bound for the expressions above,
we norm them and obtain the cha#{1), A(2), ..., A(n — 1), A(n), whose terms are defined
as

ai; +-ta;
21y <o <insn a1+---+ai,—(a7~,1+'f~+a7~,k)
A(k) = T .

We prove then some inequalities between the terms of this chain.

Particular cases of the results obtained in this paper represent refinements of some classical
inequalities due to NesHif[7], Peixofo [8] and to MitrinoyB].

The results in this work are also closely related to the inequalities between complemental ex-
pressions obtained iAl[1].
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1. INTRODUCTION AND NOTATIONS

Let n andk be natural numbers, such that> 2 andl < k < n.

Denote byZ = {{i1,...,ix}| 1 <iy < -+ <ix < n}, (the subsets ofl, ..., n} which have
k elements in an increasing order). We also consider

SI:ah_l_"'_l_aik) 12{7/17"'77/]6}7
S=a+- -+ ay.
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Denote by
(1.1) E(k) :ZS_SI.

S
IeT I

Our goal is to obtain certain inequalities for expressions which invélye). For different
values ofn and cardinals of the sdtone obtains some classical results. For proofs of these
examples and further applications, see [6] or [1].

Fork = 1 andn = 3 we obtain the result of Nesbitl[7] (see e.g. [3], [4]),

a a a 3
(1.2) L 4= 453 >
ax t+as asz+a; a;+a 2

For k = 1, we obtain the result of Peixoto![8] (see eld. [6]),

(1.3)

ay i 4 Qp, > n
S —a S—a, n-—1
For arbitrary naturals, & provided thatl < k£ < n — 1, we get the result of Mitrino [5] (see
e.g. [6]),
ay +ay+ -+ ap  ay+az+ -+ Qgp +”'+an+a1+"'+ak—1 > nk

1+ -+ ap g2+ -+ an +a ag+--+a,1  n—k
These results are examples of cyclic inequalities.

An extension of these results to the symmetric form is given by

k n
(1.5) E(k) > p— (k)

For different proofs off1.5)) one can seé [1, Theorem 2] and [2].
The above inequality suggests considering the expressignswhich are defined as:

(1.4)

S=S;

(1.6) A(k> = nE(k;)_k = ZJEI nfé .
This is in fact a normalization of (k).

We would like to find some inequalities in the chain of expressiéfls, A(2), ..., A(n —
1), A(n).

In [1, Theorem 1] it is proved that for these expressions the inequality
(1.7) A(k) > A(n — k)
holds for a naturak < [7].

A natural question to ask is: For which valuesiof {1,...,n — 1} does the inequality
(1.8) Alk) > A(k+1)
hold?

In this paper we prove thdt §) holds forl < k < [4] — 1.

Since the inequality.3) may be formulated ad(n — 1) > A(n) = 1, another value of:
for which holds isk = n — 1.

A further step in our research is made by us{bg)) to find some more inequalities between
the left and right side of the chaiM (k) },_1;. We obtain results of the kind

(1.9) A(k) > A(n — 1)

forl1 <k <I<[5].
At the conclusion of our paper we present some ideas which may lead to new results.
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2. MAIN RESULTS
In this section we present the inequalities that we discussed in the introduction.

Theorem 2.1.Letn andk be natural numbers, such that> 2 and1 < k¢ < [g] — 1.
Denote byZ = {{i1,...,ix}|1 <iy <--- < i < n}.Denotethen by = {{i, ..., ix 1}|1
<y < --- <ik+1 Sn}
Considering the positive numbers, . . . , a,,, the next inequality holds:

S—=S S—=S
ZIGI S]I > ZJEJ S,]J

(Z) ) HT_k - (kil) ’ nik(f:?).

This also may be written ad(k) > A(k + 1).

A result that gives some more information over thefor which inequality(1.8)) holds is the
following:

Theorem 2.2. Letn be a natural number such that > 2. Then inequality(1.8) holds for
k=n—1.

Combining the inequalities given inl/[1] and Theorem 2.1 we obtain the following result:

Theorem 2.3.Letn andk, [ be natural numbers, such that> 2and1 < k <[ < [g]. Then
the following inequality

A(k) > A(n—1)
holds.

3. PROOFS

In this section we give the proofs of the results mentioned above. The proofs do not require
complicated notions. The main idea is to write a sunkef 1 terms as a symmetric sum of
some sums containingterms.

Proof of Theorer 2]1We begin with the proof of the inequality
(3.1) A(k) > Ak + 1),

for the case when < k < [7] — 1. The idea is to decompose sums of "bigger" sets into
symmetric sums of "smaller" sets.
We write

S — 5t > i1 &g
3.2 E(k) = — ) 2
(3.2) (k) 2}51 > S
IeT ez
andnotethag{j € {1,....,n}|j &I} =n—k > k.
We Writezjﬂ a; as a symmetric sum containing all possible sumis ditinct terms, which
do not contain indices ih. Each such sum df terms appears once.

Example. In the caser = 5, k = 2 we have:

a) +az) +(ay +asz) + (as +a
A U2 EAUS SO R URTO]

In the general case we write, for example, the sum of therfirstk terms:

(3.3) ar+--+a k—(al+m+ak)+m+(a"_%“+m+a”_k)
_ Lty = _
«
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Clearly in the right member, appears for( ”;f;l

see that we may write

nkl)

times, soa = ( ). It is now easy to

S
34 S a, = S
j&I ( k—1 )
whereJ = {ji,...,Jx}, WithI N J = 0.
We write (3.4 as
S
JeT ( k—1 )
JNI=0
We obtain
1T ( k—1 JEI
that is,

o :(”’“ZSJZSI

k=1 ) Jez Icz
InJ=0

We choose then an appropriate notation for our further study and rewrite the above expression

as. ]
b= b S Y &
1 heT ez 2
I1NIx=0

In the same way as before, we obtain:

E(k+1)= 1 > Sh > Si

k heT ey 772
JiNJa=0

As in the previous case, one has to take into account that a necessary condition for the expression
of the sum to be the same, is to have 2(k + 1) > 0, so the assumptions we have made about
k are essential.

By the use of the the above results, inequafity)) becomes:

(3.6) Doner 32, T Sy Znea S 25T 5
(- 8D T ) e )
Using classical formulas for the binomial coefficients we obtain
n—k (n—k—-1\ (n—k
T( k—1 >_( k >
n—(k+1) m—k-2\ (n—-k-1
k+1 ( k )‘( k+1 )

, Simple computation shows m; is equivalent to:

(k+1)2
(n—2k)(n—(2k+1))

(37) S5, Y _>a POETED DI

LEeT I,eT J1eT JoeJ T2
ILNIx=0 JiNJa=0

Lettinga =

In order to prove]3.7)), it is useful to write the sum of;’s, in terms of sums of;'s.
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To this end, we remark first that

(39 DED ST DD S

Jieg Jo€T heg PR per
JiNJ2=0 J1NJ2=0

This is clearly just changing the order of summation.
Consider a fixed sef, in 7. We obtain that (just count the number of terms):

() (k41

(3.9) > S, = (5 55).
J1eTJ
JiNJ2=0
Following the idea that led t(B.5)), we obtain:
ZI IlJEI 0 Sfl
1NJ2=
k—1

Putting togethe(3.9)) and(3.10|) we get that:

n—2k—1
(3.11) e D D
J1eJ I eZ
JiNJ2=0 LiNJ2=0

Using again the changing of the order in summation one obtains:

(3.12) S > %: > SLZSH.

LeT JoedT Jeg “2 ner
I1NJa=0 I1NJo=0

With the notations we have just established, we are ready now to begin the proof of the trans-
formed inequality(3.7)), which now can be written as:

(3.13) sy gze s 3

LEeT Il el JoeTJ
I1NIx=0 I1NJ2=0

Consider a fixed; € Z and prove that the following inequality holds:

1 (k+ 1) 1
(3.14) D 5 = k(n —2k) 2. Sy
Ler S Jecg P2
I1NIs=0 I1NJa=0
We write
S, = S(J>]1) Tt S(J>]k+1)
J — )
k
where
J= (- grr); S( i) =85 —a;; i=1k+1.
This leads to
1 k k 1 1
3.15 — = , : < . ST ———
(3.15) Sy S(g) + -+ S Jkrr) — (b +1)2 (S(Jajl) S(J,Jk+1))

(we have used the inequality, + --- + z,) - (;; + - + ;) > n?, for positive numbers
T1yenn, Xy.).

We just have to prove now that by summing the inequalities ff@rib]), we get(3.14).
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This is just an easy counting problem. It is enough to prove that the following identity

1 1 1 1
(3.16) DN N o ( ! )
I,eT SIQ (n_2k> JjeJg S<J7J1) S(J7]k+1)
nLNI=0 LNJ=0
holds.

Taking a fixedl; € Z in the left side of(3.16)) this term will appear in the right side if and
only if I; is contained inJ. But becausd N1; = 0, I, I, havek fixed elements an/| = k+1
, it follows that.J \ I, consists of one of the remainirig — 2k) elements of the set\ (/; U I5).
(the reunion/; U I;) has exactl2k elements, since the two sets are disjoint).

This shows tha holds and ends the proof @f.8) for k& < [%] — 1. The proof is

2
complete. O

Proof of Theorerf 2]2This is nothing else than the inequalifiy3)) which is due to Peixoto. O

Proof of Theorer 2]3A direct proof of this result may not be a very pleasant task, but by
applying the results we have obtained, it is straight forward. First we apply ineq(iaBjyfor
(I — k) times and obtain

(3.17) Alk) > Ak +1) > - > A()).

We may then apply the inequalifif.7) which gives

(3.18) A(l) > A(n —1).

Comfbining inequalities[3.17) and we finally obtain that(1.9) holds, which ends the
proof. 0

4. FURTHER RESULTS
In the case when is odd the following extension holds:

Theorem 4.1. Letn be a natural number such that > 2 and consider the positive numbers
ai,...,a,. The following inequality holds:

= A(ED) 243 +1).

Proof. Since in this case we hayé] = n — ([2] + 1), we may just apply(1.7) in the case
whenk = [2] . We are done. O

The method we have used may give the possibility of extending the results given in Theorem
[2.3 up to the following inequality:

Theorem 4.2. Letn andk, [ be natural numbers, such that> 2 and1 < k,7 < [3]. Then the
following inequality

A(k) > A(n —1)
holds.

This result emphasizes that in the chain of expressiis, ..., A(n) any term in the left
side is greater than or equal to any member in the right side. The left and right side are taken
by consideringA([5]) as themiddleelement.

Even with this improvement, by using our method one cannot obtain any inequality between
the elements in the right side, other than the one wheten — 1.
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