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ABSTRACT. In the article, some inequalities of power-exponential functions are obtained. An
answer to an open problem proposed by Feng Qi and Lokenath Debnath in the paper [F. Qi and
L. Debnath,Inequalities of power-exponential functions, J. Inequal. Pure Appl. Math.1 (2000),
no. 2, Art. 15.http://jipam.vu.edu.au/article.php?sid=109 ] is given.
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1. I NTRODUCTION

In the paper [6], the following inequalities for power-exponential functions were proved
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where0 < x < y < 1 or 1 < x < y. At the end of the paper, F. Qi and L. Debnath proposed
the following problem.

Problem 1.1. Adopting the following notations:

(1.2) f1(x, y) = x,

(1.3) fk+1(x, y) = xfk(y,x),

(1.4) Fk(x, y) =
fk(y, x)

fk(x, y)
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for 0 < x < y < 1 or 1 < x < y, andk ≥ 1, prove or disprove the following inequalities:

(1.5) F2k−1(x, y) > F2k(x, y),

(1.6) F2k+4(x, y) > F2k+1(x, y).

That is,

(1.7) F2(x, y) < F1(x, y) < F4(x, y) < F3(x, y) < F6(x, y) < · · · .

There is a rich literature on inequalities for power-exponential functions, see [1, 2, 3, 4, 5, 6].
It is well-known that, if0 < x < y < e, then

(1.8) xy < yx.

If e < x < y, then the inequality (1.8) is reversed. If0 < x < e, then

(1.9) (e + x)e−x > (e− x)e+x.

For details about these inequalities, please refer to [1, p. 82] and [4, p. 365]. In what follows we
will continue to use the notations (1.2), (1.3) and (1.4).

2. M AIN RESULTS

Theorem 2.1.Let e < x < y. Then the following inequalities hold:

(2.1) f2n(y, x) < f2n(x, y) < f2n+1(x, y) < f2n+1(y, x) < f2n+2(y, x).

Remark 1. The inequalities (2.1) can be rewritten as follows

yx < xy < xyx

< yxy

< yxyx

< xyxy

< xyxyx

< yxyxy

< · · · .

Proof. We prove (2.1) by mathematical induction. It is evident thatfn(x, y) < fn+1(x, y),
fn(y, x) < fn+1(y, x). The inequalityf2(y, x) = yx < xy = f2(x, y), is known and it implies
xyx

< yxy
which is f3(x, y) < f3(y, x). Suppose that (2.1) holds forn ≤ k. To prove (2.1)

for n = k + 1, it is sufficient to show thatf2k+2(y, x) < f2k+2(x, y). In fact, if f2k+2(y, x) <
f2k+2(x, y), then

f2k+3(x, y) = xf2k+2(y,x) < yf2k+2(x,y) = f2k+3(y, x).

The inequalityf2k+2(y, x) < f2k+2(x, y) is equivalent to

(2.2) f2k(x, y) ln y − f2k(y, x) ln x > ln ln y − ln ln x.

We prove

(2.3) f2k(x, y) ln y − f2k(y, x) ln x > ln y − ln x,

which gives (2.2), because
ln y − ln x > ln ln y − ln ln x.

The inequality (2.3) can be rewritten as

(f2k(x, y)− 1) ln y > (f2k(y, x)− 1) ln x

or as
ln y

ln x
>

∫ f2k−1(x,y)

0
ytdt ln y∫ f2k−1(y,x)

0
xtdt ln x

,

which is equivalent to

(2.4)
∫ f2k−1(y,x)

0

xtdt−
∫ f2k−1(x,y)

0

ytdt > 0.

J. Inequal. Pure and Appl. Math., 9(3) (2008), Art. 75, 5 pp. http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


ON AN OPEN PROBLEM 3

Denote by

H(x, y) =

∫ f2k−1(y,x)

0

xtdt−
∫ f2k−1(x,y)

0

ytdt.

The direct computation yields

∂H(x, y)

∂y
= f2k(x, y)

∂f2k−1(y, x)

∂y
− f2k(y, x)

∂f2k−1(x, y)

∂y
−

∫ f2k−1(x,y)

0

tyt−1dt.

Using mathematical induction, we obtain

(2.5)
∂f2k−1(y, x)

∂y
= f2k−1(y, x)f2k−2(x, y) · · · f2(x, y) lnk−1 x lnk−1 y

+
k−1∑
j=1

f2k−1(y, x)f2k−2(x, y) · · · f2k−2j(x, y)
1

y
lnj−1 x lnj−1 y, for k > 1.

(2.6)
∂f2k−1(x, y)

∂y
= f2k−1(x, y)f2k−2(y, x) · · · f2(y, x)

x

y
lnk−1 x lnk−2 y

+
k−2∑
j=1

f2k−1(x, y)f2k−2(y, x) · · · f2k−2j−1(x, y)
1

y
lnj x lnj−1 y, for k > 1.

Using (2.5) and (2.6) we get

∂H(x, y)

∂y
= f2k(x, y) · · · f2(x, y) lnk−1 x lnk−1 y

+
k−1∑
j=1

f2k(x, y) · · · f2k−2j(x, y)
1

y
lnj−1 x lnj−1 y

− f2k(y, x) · · · f2(y, x)
x

y
lnk−1 x lnk−2 y

−
k−2∑
j=1

f2k(y, x) · · · f2k−2j−1(x, y)
1

y
lnj x lnj−1 y −

∫ f2k−1(x,y)

0

tyt−1dt

= h1(x, y) + h2(x, y) + h3(x, y),

where

h1(x, y) =

(
f2k(x, y) · · · f2(x, y) ln y − f2k(y, x) · · · f2(y, x)

x

y

)
lnk−1 x lnk−2 y,

h2(x, y) =
1

y

k−2∑
j=1

(f2k(x, y) · · · f2k−2j−2(x, y) ln y − f2k(y, x) · · · f2k−2j−1(x, y)) lnj x lnj−1 y,

h3(x, y) = f2k(x, y)f2k−1(y, x)f2k−2(x, y)
1

y
−

∫ f2k−1(x,y)

0

tyt−1dt.
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Since (2.1) holds forn = 1, . . . , k and ln y − x
y

> 0, ln y > 1, we obtain thath1(x, y) > 0,

h2(x, y) > 0. Next, we get

h3(x, y) = f2k(x, y)f2k−1(y, x)f2k−2(x, y)
1

y

− f2k(y, x)f2k−1(x, y)
1

y ln y
+ f2k(y, x)

1

y ln2 y
− 1

y ln2 y
> 0

following the same arguments. So we have∂H(x,y)
∂y

> 0. This implies that (2.4) holds because
H(x, x) = 0. The proof is complete. �

Theorem 2.2.Let e < x < y. The inequalitiesF2n+2(x, y) < F2n−1(x, y) hold.

Proof. Putf0(x, y) = f0(y, x) = 1 andf−1(x, y) = f−1(y, x) = 0. The inequality

F2n+2(x, y) < F2n−1(x, y)

is equivalent to
f2n+2(y, x)f2n−1(x, y) < f2n−1(y, x)f2n+2(x, y),

which can be rewritten as

f2n−2(x, y) ln y + f2n+1(y, x) ln x > f2n+1(x, y) ln y + f2n−2(y, x) ln x.

Rewriting the above inequality we have

f2n+1(y, x)− f2n−2(y, x)

f2n+1(x, y)− f2n−2(x, y)
>

ln y

ln x
,

which is equivalent to

(2.7)
∫ f2n(x,y)

f2n−3(x,y)

ytdt−
∫ f2n(y,x)

f2n−3(y,x)

xtdt > 0.

The inequality (2.7) holds because

x < y, f2n−1(x, y) < f2n−1(y, x), f2n(y, x) < f2n(x, y).

�

Theorem 2.3.Let e < x < y. The following inequalities hold:

(2.8) F2n(x, y) < F2n−1(x, y).

The proof of Theorem 2.3 is similar to the proof of Theorem 2.2 therefore, we omit it.
The answer to the open problem proposed by Feng Qi and Lokenath Debnath [6] is: for

e < x < y the inequalitiesF2k−1(x, y) > F2k(x, y), k = 1, 2, ... hold and the inequalities
F2k+4(x, y) > F2k+1(x, y), k = 0, 1, ... are reversed.
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