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ABSTRACT. In the article, some inequalities of power-exponential functions are obtained. An
answer to an open problem proposed by Feng Qi and Lokenath Debnath in the paper [F. Qi and
L. Debnath Inequalities of power-exponential functiods Inequal. Pure Appl. Math. (2000),

no. 2, Art. 15 http://jipam.vu.edu.au/article.php?sid=109 | is given.
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1. INTRODUCTION

In the paperi[6], the following inequalities for power-exponential functions were proved

xY xz €T Yy
(1.2) vy 9.9 <Q>y>y—

T T I’x’

xy x  ay’
where0) < x <y < 1lorl <z < y.Atthe end of the paper, F. Qi and L. Debnath proposed
the following problem.

Problem 1.1. Adopting the following notations:

(12) fl(‘r7y>:x7
(1.3) Jiaa(w,y) = 20,
T _ fk(yvx)
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for0<zx<y<lorl<z<y,andk > 1, prove or disprove the following inequalities:

(15) FQk—l(x7 y) > FQk:(xa y)7

(1.6) Fopra(m,y) > Foppa (2, y).

That is,

(17) F2<x7y) < F1<37,y) < F4(.T,y) < F3('r7y) < Fﬁ('ray) <

There is arich literature on inequalities for power-exponential functions|, se€ [1,/12/3] 4, 5, 6].
It is well-known that, if0 < 2 < y < ¢, then

(1.8) ¥ < y”.
If e < 2 <y, then the inequality (I]8) is reversed Olk z < e, then
(1.9) (e+ )" > (e —x)“".

For details about these inequalities, please referto [1, p. 82] and [4, p. 365]. In what follows we

will continue to use the notationis (1.2), (IL.3) ahd1.4).

2. MAIN RESULTS
Theorem 2.1.Lete < x < y. Then the following inequalities hold:

(21) f?n(yax) < f2n(x7y> < f2n+1(x7y) < f2n+1(y7x) < f2n+2(y7$)'
Remark 1. The inequalitieg(2]1) can be rewritten as follows

x Y

x T zY zY
Yt <a¥ <yt <y <2 o<a¥ o<y” <.

Proof. We prove [(2.]l) by mathematical induction. It is evident tiiatz,y) < fo11(z,y),
fuly, ) < foi1(y, z). The inequalityfs(y, z) = y* < z¥ = fa(x,y), is known and it implies

z¥" < y* which is f3(z,y) < fi(y,z). Suppose thaf (2 1) holds fer < k. To prove [2.1)
forn = k + 1, it is sufficient to show thafo, 1 o(y, ) < forro(z,y). Infact, if forio(y, z) <

f2k+2 (JZ, y), then

f2k+3($,y) — pfowte(yz) yf2k+2($:y) — f2k+3(?/, :I:‘)
The inequalityfor.2(y, ) < forso(z,y) IS equivalent to

(2.2) for(z,y) Iny — for(y,z)Inz > Inlny — Inln x.
We prove
(2.3) for(z,y) Iny — for(y,2) Inx > Iny — Inz,

which gives|[(2.R), because
Iny —Inz >Inlny —Inlnx.

The inequality[(2.3) can be rewritten as

(for(z,y) = )Iny > (for(y, ) — 1) Inz

or as

lny Of2k—1(ffvy) ytdt lny

Inz fofzkfl(yvl") 2tdtlnz ’

which is equivalent to

far—1(y,x) for—1(z,y)
(2.4) / otdt — / ytdt > 0.
0 0
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Denote by

fak—1(y,x) fak—1(z,y)
H(x,y) :/ mtdt—/ y'dt.
0 0

The direct computation yields

ank—l(y7x) af2k—1<x7y) . /f2k1(x7y) tytfldt
0

) o) LI g gy 2P

Jdy

Using mathematical induction, we obtain

O for_1(y, x _ _
(2.5) f%a—ly@) = for-1(y, @) for—2(z,y) - - fal,y) ! 21" 1?/
k—1 1 ‘
+ Zfzk—l(y@)ka—Q(%y) : "f2k:—2j($,y)§lﬂ]_lﬂﬁlnj_ly, for k>1.
7=1
0 for—1(x, T g _
(2.6) f%a—jy) = f2k—1<x7y)f2k—2(y>$)"'f2(yax)§lnk 'z In” 2?4
k—2 1 ‘
+ Zfzk—l(%y)ka—Q(y,m) : "f2k:—2j—1(x7y)§lnj zln’ "y, for k> 1.
7=1
Using (2.5) and[(2]6) we get
OH (x, _ _
P (o) flo ) oy
k—1 1 '
+ Zf?k(xay) : "f2k—2j($,y)glnjfl$lnrly
j=1
— far(y, ) -+ foly, w)g "2y
k—2 1 . - Jar—1(z,y) )
= oy x) - formzjoa (@, y)=nd zlnd Tty —/ ty'dt
= Y 0
= hl(zay) + hz(f,y) + h’3($ay)>
where

hi(z,y) = (f%(x, y) - fo(z,y) Iny — for(y,z) - foly, x)g) In" "2 In* 2y,

N

-2
(for(x,y) - forojo(z,y) Iy — for(y, @) -+ for—oj1(2,y)) I/ 2In’ 'y,
1

h2($’y) =

< | =

<.
Il

1 for—1(z,y) 1
Pale ) = for(o.) arca (0. a0 - / byt
0
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Since ) holds for = 1,...,kandlny — £ > 0, Iny > 1, we obtain that,(z,y) > 0,
hao(z,y) > 0. Next, we get

hao(@,y) = Forle9) fors (9, @) Fona(, y%

>0

1 1 1
_ , _ JY)—— + ) -
ka(y l’)f% 1($ y)ylny f2k<y x)y]n2y yany

following the same arguments. So we hﬁv’i’é;’—y) > 0. This implies that) holds because
H(x,z) = 0. The proof is complete. O
Theorem 2.2.Lete < x < y. The inequalitied,, . »(x, y) < Fy,_1(z,y) hold.

Proof. Put fo(z,y) = fo(y,x) = 1andf_i(x,y) = f_1(y,z) = 0. The inequality

Fonyo(z,y) < Fona(7,y)
is equivalent to
font2(y, @) fon1(2,y) < fon1(y, @) fonsa(z,y),
which can be rewritten as
Jon—2(x,y) Iny + foni1(y,2) Nz > forii(z,y) Iny + fruo(y,z) Inz.
Rewriting the above inequality we have

f2n+1(y>$) - f2n—2(y>x) > lny

foni1(x,y) — fono(z,y) = Inz’

which is equivalent to

Jan(z,y) fan(y,z)
(2.7) / y'dt — / z'dt > 0.
[ ) T

an—3(z,y 2n—3(Y,T)

The inequality[(2.J7) holds because
T < Y, f2n—1(xay) < f?n—l(ywr)a f2n(y7$) < f2n(x7y)

Theorem 2.3.Lete < = < y. The following inequalities hold:
(28) FQn($7y) < F2n71<x7y)'

The proof of Theorerp 23 is similar to the proof of Theoifen)j 2.2 therefore, we omit it.

The answer to the open problem proposed by Feng Qi and Lokenath Debnath [6] is: for
e < x < y the inequalitiesty,_1(x,y) > For(x,y), £ = 1,2,... hold and the inequalities
Fopra(z,y) > Fopa(z,y), k=0,1,... are reversed.
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