journal of inequalities in pure and V’
applied mathematics NEN

i 3
.

http://jipam.vu.edu.au
issn: 1443-5756

Volume 10 (2009), Issue 2, Article 49, 5 pp. © 2009 Victoria University. All rights reserved.

A DISCRETE VERSION OF AN OPEN PROBLEM AND SEVERAL ANSWERS

YU MIAO AND FENG QI

COLLEGE OFMATHEMATICS AND INFORMATION SCIENCE
HENAN NORMAL UNIVERSITY
XINXIANG CITY, HENAN PROVINCE
453007, GIINA

yumiao/28@yahoo.com.cn

RESEARCHINSTITUTE OF MATHEMATICAL INEQUALITY THEORY
HENAN POLYTECHNIC UNIVERSITY
Jiaozuo CiTy, HENAN PROVINCE
454010, GIINA

gifeng618@gmail.com

Received 10 July, 2008; accepted 29 May, 2009
Communicated by S.S. Dragomir

ABSTRACT. In this article, a discrete version of an open problem in [Q. A. Ng6, D. D. Thang,
T. T. Dat, and D. A. TuanNotes on an integral inequalityd. Inequal. Pure Appl. Math7
(2006), no. 4, Art. 120; Available online |attp://jipam.vu.edu.au/article.php?

sid=737 | is posed and several answers are provided.
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1. INTRODUCTION

In [4], some integral inequalities were obtained and the following open problem was posed.

Open Problem 1. Let f be a continuous function df, 1] satisfying the following condition

(1.1) /xlf(t) dt > /xltdt

for z € [0, 1]. Under what conditions does the inequality

(1.2) / 1 forP(t)de > / 1 7 fo(t) dt

0 0
hold for o and 5?
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In [1], some affirmative answers to Open Prob[gm 1 and the reversed inequdlity| of (1.2) were
given.

In [3], an abstract version of Open Probl¢in 1 was posed, respective answers to these two
open problems were presented, and the results in [1] were extended.

Now we would like to further pose the following discrete version of the open problems in
[1),13] as follows.

Open Problem 2. For n € N, let {zy,2z5,...,2,} and {y1, v, ..., y,} be two positive se-
quences satisfying, > xo > --- > x,,y1 > 32 > -+ >y, and

(1.3) ZJCZ < Zyi
i=1 i=1

for 1 < m < n. Under what conditions does the inequality

(1.4) anx?y? < iyf‘*ﬁ
=1 i=1

hold for« and 37?

In the next sections, we shall establish several answers to Open Pigblem 2.

2. LEMMAS

In order to establish several answers to Open Proplem 2, the following lemmas are necessary.

Lemma2.1.Forn € N, let{xy,xo, ..., 2n, xor1} @nd{y1, 2, ..., y,} be two real sequences.
Then

(2.1) Z TiYi = Tptl Z Yi + Z Z yj(fﬂz‘ — Tip1).
i=1 i=1

i=1 j=1
Proof. Identity (2.1) follows from standard straightforward arguments. O

Lemma 2.2([2, p. 17]) Leta andb be positive numbers with+ b = 1. Then
(2.2) ax + by > z%°
is valid for positive numbers andy.

Lemma 2.3. For n € N, let {zy,zs,...,2,} and {y;,vs,...,y,} be two positive sequences
satisfyingry > zo > -+ > xp, 11 > y2 > -+ >y, and inequality(X.3). Then

(2.3) doar< >y
i=1 i=1

holds forae > 1 and1 < m < n.
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Proof. Let z,,., be a positive number such that,; < z,. From Lemm4d Z2]1 and using in-
equality [1.B), it is easy to see that, for= 2 and1 < m < n,

Z TiYi = Tm4+1 Z Yi + Z Z yj $Z+1

21]1

>xm+1§ :L'z'}_E E :E] :L‘z—i—l
i=1 j=1
m
=
i=1

which implies that

(2.4) iyi222ixiyi—i%22i$?~
i—1 =1 =1 i—1

Suppose that inequality (2.3) holds for some integer 2. Since{z;,zs,...,z,} and
{vy1,v2,...,yn} are two positive sequences, then

(v — i) (y; — ;) > 0

which leads to

(2.5) Z it > Z yiwi + Z Yil Z it

for 1 < m < n. Further, by virtue of Lemmfa 2.1, it follows that

Zy xz_xm-l-lzyz +ZZ?JJ ‘_xz—&—l

11]1

(26) Z$m+1z$ +ZZ$ $z+1
i=1 j=1
= Y atl

A similar argument also yields

(2.7) i yirg > i ag
=1 i=1

Substituting[(2.6) and (2.7) intp (2.5) gives inequality (2.3)dor 1.

By induction, this means that inequalify (R.3) holds forcak N.

Let [o] denote the integral part of a real numiet> 1. By inequality [Z.2) in Lemma 2|2,
we have

(28) Uyla + o — [Oé] % > y[a] [a]
Q (8%

T — K3

J. Inequal. Pure and Appl. Mathl0(2) (2009), Art. 49, 5 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 Y. MIAO AND F. QI

Summing on both sides of (2.8) and utilizing Lemmal 2.1, the conclusion obtained above for
a € Nyields

[ ] S a S a—|a _[ ] o
FOESWACREEES O
_g;mﬁlzylawzzy[a](l ol _ HM) O‘_&[O‘]fo

=1

=1 j=1

m m
=B
i=1 =1
_ s
(0%
=1
Since% # 0, the required result is proved. O

3. SEVERAL ANSWERS TO OPEN PROBLEM [Z

Now we establish several answers to Open Problem 2.

Theorem 3.1.Forn € N, let{zy,xs,...,2,} and{y1, 2, ...,y,} be two positive sequences
suchthatry > xo > -+ >z, 11 > y2 > -+ >y, and inequality(1.3)is satisfied. Then

(3.1) Z zfy; < Z T

holds fora > 1 andj > 0.

Proof. By Holder's inequality and Lemnja 2.3,

St < [t | S|

i=1 i=1

anxa+ﬁ = = +8
< (Z— S

[ lyz 1=1
< Z ya-l—ﬁ
This completes the proof of Theor.l. O
Theorem 3.2.Let{xy;, xay, ..., Tni} @NA{Y1 4, Y20, - Ynu} fOrn e Nk >0andl <[ <k
be positive sequences such that > x5, > -+ > 2,7, Y17 > Y2u > -+ > Yy, and
(3.2) > xy <> gy, 1<m<n, 1<I<k
=1 =1
Then

n

k
(3.3) szlyf; < Znyal+ﬁz
1 =1

i= i=1 [=1
foroy >1andg, > 0,1 <[ <k.
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Proof. As in the proof of Lemma@ 2|3, let, ., ; be positive numbers such that,,; < z,,; for
1 <I<k By Lemm@ and Theor.l, it is shown that

Z fo“fyfé = Hxn+1 lyn+1 I szal’iy?]li
i=1 I=1
T Z Zxo";yf’; (H xa;yzﬁé - Ha: +1, lyz+1 z)

i=1 j=1

< H xn-ﬁ-l lyn+1 l Z yakJﬁgk
k—1
+ Z Z yf;’i+ﬁk (H %yzﬁé H xz—i—l lyz—H z>

i=1 j=1 =1

_ Z yakJrﬁk H maz zﬁé <. < Z Hyaﬂrﬂl.

=1 =1

The proof of Theorer 3] 2 is completed. O

Theorem 3.3.For n € N, let{zy, xo,...,2,} and{y1, o, ...,y,} be two positive sequences
with the properties thaty > 2o > -+ > zp, 10 > y2 > -+ > y, and inequality(1.3) is
satisfied. Then

(3.4) Zyal DY il
=1
ifOézOél21,6>Oand5+a:61+061.

Proof. Let z,,, be a positive number such that,; < z,. By Lemmg 2.1 and Theorem 3.1,
we have

Zy?x _xn-i—lzyz +Zzy] Ty — H—l)
=1

=1 j=1

2 n+1zyfé1 i a1+zzya1 g i_x?+1)

=1 j=1

:Zyal a—aa+f _ Zyal B

which completes the proof of Theor.3. O
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