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In this article, a discrete version of an open problem in [Q. A. Ngé, D. D.
Thang, T. T. Dat, and D. A. Tuaotes on an integral inequalityl. Inequal.

Pure Appl.

swers are provided.
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1. Introduction

In [4], some integral inequalities were obtained and the following open problem was
posed.

Open Problem 1. Let f be a continuous function di, 1] satisfying the following
condition

(1.1) /mlf(t) dt > /mltdt

for z € [0, 1]. Under what conditions does the inequality

(1.2) /01 forP(t) dt > /01 9 fo(t) dt

hold for o and 5?

In [1], some affirmative answers to Open Problérand the reversed inequality
of (1.2) were given.

In [3], an abstract version of Open Problénwvas posed, respective answers to
these two open problems were presented, and the resulipviefe extended.

Now we would like to further pose the following discrete version of the open
problems in 1, 3] as follows.

Open Problem 2.Forn € N, let{zy, x5, ..., x,} and{y;, vs, . . ., y, } be two posi-
tive sequences satisfying > xo > -+ > x,,,y1 > 32 > -+ > ¥y, and

(1.3) Z T < Z Yi
i=1 i=1
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for 1 < m < n. Under what conditions does the inequality

(1.4) Zn: iyl < zn: T
=1 =1

hold for«a and 5?

In the next sections, we shall establish several answers to Open Prablem Open Problem
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2. Lemmas

In order to establish several answers to Open Probiletie following lemmas are
necessary.

Lemma2.1.Forn € N, let{xy,xs,..., 2y, Tpy1} @nd{ys, vz, ..., y,} be two real
sequences. Then

(21) Z TilY; = Tn41 Z Y; + Z Z y] CBz-‘rl

i=1 j=1
Proof. Identity (2.1) follows from standard straightforward arguments. O]
Lemma 2.2 (2, p. 17]). Leta andb be positive numbers withh+ b = 1. Then
(2.2) az + by >z’
is valid for positive numbers andy.

Lemma 2.3.For n € N, let {zy,z5,...,2,} and{yi, v, ..., y,} be two positive
sequences satisfying > x5 > -+ > x,,,y1 > y2 > - -+ >y, and inequality(1.3).
Then

(2:3) doar<y u
=1 =1

holds foraa > 1 and1 < m < n.

Proof. Let z,,,, be a positive number such that,; < z,. From Lemma2.1 and
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using inequality {.9), it is easy to see that, fer = 2 and1 < m < n,

szyz —xm-i-lzyz_"ZZyJ

- xz—i—l
=1 j=1

> Tm+1 E i + E E :Ej - CUz—&—l
1=1 j5=1

=1
which implies that

(2.4)

m m m "
Sz - 2>y ol
=1 i=1 i1 i1

Suppose thatinequality (3) holds for some integer > 2. Since{x, x, . .

and{y1,vs, - .., yn} are two positive sequences, then

(i — o) (ys —2:) > 0
which leads to

(2.5)

ZyaJrl > Zyl T + Zy’ Zxaﬂ

for 1 < m < n. Further, by virtue of Lemma.1, it follows that

Zyz mz_wm—&-lzyz +ZZ% — Tiy1)

=1 j=1

(2.6)

ST}
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m

1

>9Em+1§ x$ —i—E E 2 (T — Tig) E ot
i—1

=1 j=1

A similar argument also yields

@7 g = Yoart
i=1 i=1

Substituting £.6) and @.7) into (2.5) gives inequality £.3) for o + 1.

By induction, this means that inequality.€) holds for alla € N.

Let [o] denote the integral part of a real numher> 1. By inequality ¢.2) in
Lemma2.2, we have

T — (3 3

2.8) e B )
« «

Summing on both sides of (8) and utilizing Lemma2.1, the conclusion obtained
above fora € N yields

Since% # 0, the required result is proved. O
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3. Several Answers to Open Problen?

Now we establish several answers to Open Prokiiem

Theorem 3.1.Forn € N, let {xy, s, ..., z,} and{yi, ya, ..., y,} be two positive
sequencessuchthat > zo > --- > z,,y1 >y > -+ > y,, and inequality(1.3)
is satisfied. Then

(3.1) Zxayf < ZW

holds fora > 1 and > 0.

Proof. By Holder’s inequality and Lemma. 3,

st < [Sen ][]

=1 =1
> i1 xaw L a+p atf
= (W Z S Z Yi
This completes the proof of Theoreinl. O
Theorem 3.2.Let{z1;, 22, ..., Tns} @NA{y11, Y2y, ..., yns} forn € N,k > 0and

1 <1 < k be positive sequences such that > xo; > -+ > 2, Y17 > Yo >
© > Yny and

(3.2) > e <Y gy, 1<m<n, 1<I<k
=1 =1
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Then

n k n

k
(3.3) Z H x%yﬁ < Z H yzzlﬁrﬁz

i=1 [=1 =1 [=1

foray > 1andg, > 0,1 <1 <k.

Proof. As in the proof of Lemma.3, letx,,,; be positive numbers such that,; ; <

x,, for1 <1 < k. By LemmaZ2.1and Theorens.1, it is shown that

n

n k k—1
a, B (%) B oy, Bk
E :H‘Ti,lyi,l = Hxn+1,lyn+1,l L 1Yk
=1

i—1 1=1 i1
noi k-1 k-1
o Pr o, By oy B
+ 2 : § :xj,kyj,k Hxi,lyi,l - H Tiv1,Yi41,
i1 j=1 =1 =1

k—1 n
g B ap+Pr
< Hxn—l-l,lyn—i-l,l E yzk
=1 =1

noi k-1 k-1
ag+0Bk a, B aq B
+ E , E :yj,k Hxi,lyi,l Tiv10Yit1,
=1 =1

i=1 j=1
n k—1 n k
_ ap+Bk ar, B a1+
=Yy M el < < Yii -
1=1 =1 =1 [=1

The proof of Theoren®.2is completed.

Theorem 3.3.Forn € N, let {xy, s, ..., z,} and{yi, v, ..., y,} be two positive
sequences with the properties that> x5 > --- > x,,, 47 > yo > --- > y,, and
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inequality(1.9) is satisfied. Then

(3.4) Zyal M< iyﬁxﬁ
=1

fa>a;>1,8>0andf + a = 3 + a;.

Proof. Let z,,.; be a positive number such that,; < z,. By LemmaZ2.1 and
Theorem3.1, we have

Zy?x _anrlZyz +Zzyj - H—l)
i=1

=1 j5=1

= n+1zy?1 i a1+zzya1 i al _xzﬁ+1)

=1 j=1

:Zyal a—o1+f Zya1 B

which completes the proof of Theores. ]

Open Problem
Yu Miao and Feng Qi
vol. 10, iss. 2, art. 49, 2009

Title Page
Contents
44 44
< >
Page 10 of 11
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

References

[1] L. BOUGOFFA, Note on an open problem, Inequal. Pure Appl. Math8(2)
(2007), Art. 58. [ONLINE:http://jipam.vu.edu.au/article.php?
sid=871 ].

[2] G.H. HARDY, J.E. LITTLEWOODAND G. POLYA, Inequalities 2nd edition,
Cambridge University Press, Cambridge, 1952.

[3] Y. MIAO AND F. QI, Another answer to an open problesubmitted.

[4] Q.A. NGO, D.D. THANG, T.T. DATAND D.A. TUAN, Notes on an inte-
gral inequality,J. Inequal. Pure Appl. Math7(4) (2006), Art. 120. [ONLINE:
http://jipam.vu.edu.au/article.php?sid=737 ].

Open Problem
Yu Miao and Feng Qi
vol. 10, iss. 2, art. 49, 2009

Title Page
Contents
44 44
< >
Page 11 of 11
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au
http://jipam.vu.edu.au/article.php?sid=871
http://jipam.vu.edu.au/article.php?sid=871
http://jipam.vu.edu.au/article.php?sid=737

	Introduction
	Lemmas
	Several Answers to Open Problem 2

