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In this paper, we establish the following: Let, a2, . . ., a., be non negative real
numbers, then for atk > 0, we have
1 o ) oo n
W Z azllaéa,,.a%n2<a1+a2:l +am> .
m—1 i1+io+-Fim=n

The casen = 2 gives the Haber inequality. We apply the result to find lower
bounds for the sum of reciprocals of multinomial coefficients and for symmetric
functions.

Special thanks to A. Chabour, S. Y. Raffed, and R. Souam for useful discussions.

The proof given in the remark is due to A. Chabour.
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1. Introduction

In 1978, S. Haberd] proved the following inequality: Let andb be non negative
real numbers, then for every> 0, we have

(1.1)

+b\"
n n—1 n—1 n > a )
n+1(a +a" b+ +ab +b)_< > >

Another formulation of 1.1) is
f(z,y) > f(3,3) forall non negative numbers y satisfyingz +y = 1,

where

a-+b a+b

In 1983 B], A. Mc.D. Mercer, using an analogous technique, gave an extension
of Haber’s inequality for convex sequences.
Let (ur)<i<, D€ @ convex sequence, then the following inequality holds

1 < " /n
e WEM IS

k=0

(1.2)

In 1994 [1], using also the same tools, H. Alzer and JC&& obtained a more
general result than the relation.2).

In 2004 [B], A. Mc.D. Mercer extended the result using an equivalent inequality
of (1.1) as a polynomial inc = ¢, and deduced relations satisfyiqg2), see [].

Let P (z) = Y7, apz” satisfy P (z) = (z — 1) Q () , where the coefficients
of @ (z) are real and non negative. Ther),, ., iS a convex sequence, we have
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(1.3) > aguy, > 0.
k=0

Our proposal is to establish an extension of the relation) to n real numbers.
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2. Main Result

In this section, we give an extension of the inequality given by the relation for
several variables.

Theorem 2.1 (Generalized Haber inequality).Letaq, ao, . . ., a,, be non negative
real numbers, then for alt > 0, one has
1 .y ; ay +ag+ -+ am\"
(21) W | Z a11a22..-a’r;b” Z ( m ) .
m—1 t1+2+FHim=n

For another formulation of2.1), let us consider the following homogeneous
polynomial of degree

fm (1,29, ... ) = Z arak . pim
i1+i2+Fim=n
wherexy, 2, ..., x,, are non negative real numbers satisfying the constrgint
To+---+x, =1 Bysettingforali =1,...,m;z; = rrET— the inequality
given by(2.1) becomes
1 1 1
(22) f’m(ajthv)xm)Zf’m (E’E”E)

Proof. Let (y1, 2, - .., ymn) be the values for whiclf,,, is minimal. It is well known
that the gradient of,,, at(yi, v, - . ., ym) IS parallel to that of the constraint which is

(1,1,...,1), one then deduces
Ofm _ Ofm
oz, (1, . Tm) . = D, (1, ., ) K
Ta=Ya T3=YpB
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forall a, 5,1 < a # 8 < m, which is equivalent to

m m )
IT = [ vie™uy = >0 s | T 25 | wicws ™
o

i1+ +zm—n i1t Fim=n =1
jFa,B j#a,B
i.e.
m
ij a—1 -1 ,. . .
Z H ] y; yﬁ (tays — igYa) = 0,
11t +im J=1
jFa,B
which one can write as
n m
o 1 -1 ,. . i o
Do > veTlys (iays — iava) > | I =7]] =0
r=0 |iq+ig=r i1+ Fim=n—r j=1

igFia & ipFig j#o,B

This last expression is a polynomial of several variables. .., z;,..., z,,
(7 # a, 8) which is null if all coefficients are zero. Then fgg = a andys = b, one
obtains for every: = 0,...,n

> a W (ib — ja) = 0.
i+j=r

By developing the sum and gathering the terms of the same power, one obtains

—_

r—

(2i+1—7r)a't" " =0,

I
o
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By gathering successively the extreme terms of the sum, we have

)
Z (r _9i 1) (ar—%—l . b'r—2i—1) a2p? —

1=0

which is equivalent to

V;l r—21—2

(a— ) Z r—2 —1)a" ¥y 2 = 0,

=0 k=0

The double summation is positive, then one deduces that

a=b<= y, =13

The symmetric groug,,, acts naturally by permutations oVRr|x1, zs, . . . , ,,]
and leaves invariant,, (z1, xo, . .., x,,) andz; + x5 + -+ - + z,, = 1. Finally, one
concludes that .

NW=Yo="""=Yn=—.
m
]

Remarkl. We can prove the above inequality using:

1. induction overn exploiting Haber’s inequality and the well known relation

11,225+, m 215225+ -5 tm—1 tm
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2. the sectional method for the function

fm (1,29, ... 2) = inlx?m;’f

with the constraint; + 2o + -+ - + z,, = 1;

Letay, ag, ..., a, andby,b,, ..., b, be real numbers such that, a; = 0 and
>, bi=1,b; > 0, and consider the curve

O (1) =Y (art+b1)" (agt +by)? -+ (@t + by)™ .

lil=n

We prove thath = (by,bs,...,b,) is a local minima forf,, if and only if
bi=by=-=b,(=21).

m
Indeed, one has

()~ @ (0)= > bbb (%+%+.,_+12am)t+...

li|=n

m—1 bl bm

-~ (n+m_1> (bl_‘_bm)("fn":l) (ilﬁ+...+imam)t+...

If by =by="---=by, (=L)thend (t) —®(0) = ct>+---, ¢>0,...
If not, we can choose;, as, . . . , a,, such thaty _, ‘;— #0,...
N.B. The possible nullity of som&’s is not a problem.

3. the Popoviciu’s Theorem given i
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3. Applications

In this section we apply the previous result to find lower bounds for the sum of
reciprocals of multinomial coefficient and for two symmetric functions.

1. Sum of reciprocals of multinomial coefficient.

Theorem 3.1. The following inequality holds

Multinomial Inequality of Haber

n+m—1 Hacéne Belbachir
1 ( m—1 ) .
Z > . vol. 9, iss. 4, art. 104, 2008
(. " ) — m!-m»
i1tig+tipm=n \l1,.;tm
Proof. It suffices to integrate each side of the inequality given by the relation Title Page
(2.2) Contents
101 1 44 44
fm(th%"')xm—l,l_xl_"'_xm—l) me (E7E77E)
over the simplex < >
m—1 Page 9 of 12
D:{xi,izl,...,m—lzxiZO,Zwigl}. S Bk
i=1
Full Screen

The left hand side gives under the sum the Dirichlet function (or the generalized
beta function) and is equal to the reciprocal of a multinomial coefficient. For Close
the right hand side we are led to compute the volume of the simplesich
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Theorem 3.2. Letxq, zo, . ..
Rlxy, 29, ., T

, T, be independent variables. Then, one has in

n+m 1

§ : k1, .k2
I’l x2 ...

ZH

As corollary of this theorem and Theoreirl, one obtains the following lower
bound.

J#1 (w’ L )

Corollary 3.3. Using the hypothesis of the above theorem, one has

i gl >(x1—|—x2+---+mm>n(n—l—m—1)

— 1w —x5) — m m—1 )

. The third application is about the symmetric polynomials. We need the follow-
ing result:

Theorem 3.4 (R, Cor. 5] and [4, Th. 1]). Letzy,zo,. ..
unitary commutative ringd with

S, = Z

1<) <ta <<t <m

, T, be elements of

Tiy Tiy =+ * Tiy s forl <k <m.

Then, for each positive integer one has

L ky+- 4k n—ki——km k1
Sttt =3 (B ) s

where the summations are taken over all m-tuglasks, . . .
k; > 0 satisfying the relationg; + ks + --- + &,
andk’l + 2ko + - -

, k) Of integers
= n for the left hand side
+ mk,, = n for the right hand side.
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This theorem and Theorefl, give:

Corollary 3.5. Using the hypothesis of the last theorem, one has

1 kit +km k= —km ok o S1\"
(n—l—m;l) Z ( kla o 7km ) (_1) 511 S > <E) .
where the summation is being taken over all m-tuplgsks,, . . . , k,,,) of inte-

gersk; > 0 satisfying the relatiork; + 2k, + - - - + mk,,, = n.
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