Journal of Inequalities in Pure and
Applied Mathematics

NEW SUBCLASSES OF MEROMORPHIC p—VALENT FUNCTIONS

volume 6, issue 3, article 68,

B.A. FRASIN AND G. MURUGUSUNDARAMOORTHY 2005.
Department of Mathematics Received 20 October, 2004;
Al al-Bayt University accepted 02 June, 2005.
R.O. Box: 130095 Communicated by: A. Sofo

Mafraq, Jordan.
EMail: bafrasin@yahoo.com

Vellore Institute of Technology, Deemed University,
Vellore, TN-632 014 India.

EMail: gmsmoorthy@yahoo.com Abstract
Contents
44
4
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

202-04


Please quote this number (202-04) in correspondence regarding this paper with the Editorial Office.

mailto:anthony.sofo@vu.edu.au
http://jipam.vu.edu.au/
mailto:bafrasin@yahoo.com
mailto:gmsmoorthy@yahoo.com
http://www.vu.edu.au/

Abstract

In this paper, we introduce two subclasses (;(«) and Aj(«) of meromorphic
p-valent functions in the punctured disk D = {z : 0 < |z| < 1}. Coefficient
inequalities, distortion theorems, the radii of starlikeness and convexity, closure
theorems and Hadamard product ( or convolution) of functions belonging to
these classes are obtained.
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Let ¥, denote the class of functions of the form:
1 e
(1.1) J@) =5+ ™ (pEN),
n=1

which are analytic ang-valent in the punctured unit disR = {2z : 0 < |z| <
1}. Afunction f € ¥, is said to be in the cla$3,(«) of meromorphig-valently
starlike functions of ordet in D if and only if

_2f'(2)
/()

Furthermore, a functiofi € 3, is said to be in the class,(«) of meromorphic
p-valently convex functions of order in D if and only if

_ 2"
f'(2)

The classe®,(a), A, () and various other subclassesyfhave been stud-
ied rather extensively by Aowt.al. [1] —[3], Joshi and Srivastavéd], Kulkarni
et. al. [5], Mogra [6], Owaet. al. [7], Srivastava and Owa], Uralegaddi and
Somantha{], and Yang [ ].

In the next section we derive sufficient conditions for) to be in the classes
Q,(a) andA,(«), which are obtained by using coefficient inequalities.

(1.2) Re{ }>a (z€D; 0<a<p; peN).

(1.3) Re{—l }>a (zeD; 0<a<p; peN).
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Theorem 2.1.Leto,(p,k,a) = (p+n+k—1)+|p+n+2a—k—1]. If
f(z) € ¥, satisfies

(21) Zan(pa k’,Oé) ’CLP+7L*1| < 2(p - Oé)

n=1
for somen (0 < a < p) and somé: (k > p), thenf(z) € Q,(«a).

Proof. Suppose that2( 1) holds true fora (0 < a < p) andk (k > p). For
f(z) € ¥,, it suffices to show that

F'(2)
7o Tk

) 1 (20— k)

<1 (z € D).

We note that

2f'(2)
o Tk

28 4 (20 — k)
k—p+> " (p+n+k—1ay,_122!
20—k —p+Y 2~ (p+n+2a—k—1)ap,_122t!
k—p+3iptntk—1)|apn ] |Z|2p+n_1
Ttk =203 ptn+2a—k—1|ap, ||z
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k—p+>" (p+n+k—1)|apin1]
ptk—2a=3 " Ip+n+20—k—1]|apn1|

The last expression is bounded above by 1 if

k—p+ Y _(ptntk—1)|appn| < p+h—20=) " [p+n+ 20—k — 1|[apr,1]|

n=1 n=1

which is equivalent to our conditior2 (1) of the theorem.

Example 2.1. The functionf(z) given by

o

(2.2) flz) = % +) pyes f(ll;;bgg) o) Ft (peN)

belongs to the clas|,(«).

Sincef(z) € Q,(a) ifand only if z f'(z) € A,(«), we can prove:

Theorem 2.2.1f f(z) € ¥, satisfies

oo

(2.3) Z(p +n—1o,(p, k, @) |apin_]| < 2(p — a)

n=1
for somen(0 < o < p) and somek(k > p), thenf(z) € Ay («).
Example 2.2. The functionf(z) given by

[ee)

1 Alp — a) pin—1
(2.4) f(z) = wp +Zn(n+ (p+n—1)o,(p, /f,Oé)Z

n=1

belongs to the clasa,(«).

O]
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In view of Theoren?.1and Theoren?.2, we now define the subclasses:
() € Qp(a) andAs(a) C Ap(a),

which consist of functiong'(z) € ¥, satisfying the conditions2(1) and @.3),
respectively.

Lettingp = 1,1 < k < n + 2a, where0 < a < 1in Theorem2.1 and
Theorem2.2, we have the following corollaries:

Corollary 2.3. If f(z) € ¥, satisfies

o0

Z(n+a)|an|<1—a

n=1

thenf(z) € Q;(a) = ¥*(a) the class of meromorphically starlike functions of
ordera in D.

Corollary 2.4. If f(z) € ¥, satisfies

o0
Zn (n+a)la,] <1—«
n=1

thenf(z) € Ai(a) = ¥i(«) the class of meromorphically convex functions of
ordera in D.
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A distortion property for functions in the clas(«) is contained in

Theorem 3.1. If the functionf(z) defined by 1.1) is in the class2’(«a), then

for 0 < |z| = r < 1,we have

1 2(p — a)

3.1 — P <
Gh 5 p+k+m+2a—Mr‘Jﬂ@|
- 2(]) — Q{) rP

P p+k+p+22a—Fkl

and
Pl p k4 [p + 2a — K
< [f'(2)|
p 2p(p — o) p—1

<
— rptl +p+k+|p+20¢—k’\r
The bounds in3.1) and 3.2) are attained for the functiong(z) given by

1 2(p— @)
3.3 = — p N; z € D).
33)  f(2) Py s o A (p€EN; z€D)

Proof. Sincef € Q2(«a), from the inequality 2.1), we have

(e 9]

2(p — @)
3.4 > " apina] < .
(34) el S T 20—

n=1
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Thus, for0 < |z| = r < 1, and making use of3(4) we have

(3.5) FE < =]+ laprnl [z
n=1

1
2P

1 oo
< > +sz|ap+n_1|
n=1

1 2(p —
1. (p—0a)
P p+k+|p+ 20—k

and
]- = n—1
(3.6) F& = || - Zl (@] |27
1 ) >
2 P Z | 1]
n=1

P p+k+p+22a—kl

We also observe that

(3.7)

p+k+p+2a— k| «—
—

n=1

p+n—1)|apn-1| <2(p—a)
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which readily yields the following distortion inequalities:

P - e
@8 NS e+ 2 Bt = Dy 7
n=1
D - e’}
S o + 1Z(p+n — D fapsnl
n=1
o P 2p(p — o) o1
et pr k4 |p+ 20— k|
and
p - n—
(3.9) 1f'(2)| = P > (p+n—1) apn |27
n=1
p p—l =
> LS 40— 1) apen ]
n=1
. P plp—a)
ot p+k+p+ 20—k
This completes the proof of Theoresril O

Similarly, for functionf(z) € A;(«), and making use oA 3), we can prove

Theorem 3.2.1f the functionf(z) defined by 1.1) is in the class\’(«a), then
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for 0 < |z] =r < 1, we have

(3.10) - — 2p— o) P

<
™ plp+k+|p+ 20— k|]r < £l
< i + 2<p B Oé) 7,,p’
P plp+k+|p+ 20—kl
and
p 2(]9_ a) -1
3.11 — P
3.11) o pt kit |p+ 20—k
<[f(2)]
p 2(p_ Oé) p—1

et p+ k4 p+ 20—k

The bounds in3.10 and 3.11) are attained for the functiong(z) given by

1 2(p — @)
(3.12) Q(Z)—;+p[p+k—1+lp+2a—k‘|]

2P (peN; zeD).
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The radii of starlikeness and convexity for the cla€3g@y) is given by

Theorem 4.1.If the functionf (z) be defined byl( 1) is in the clas$2;(«), then
f(z) is meromorphicallyp-valently starlike of ordes (0 < § < p) in |z| < 7,
where

=1 <p_ 5)0n<p7k705) ﬁ
(4.1) rl—i%fl{2(3p+n+1—5)(p_a)} (p € N).

Furthermore,f(z) is meromorphically-valently convex of orde¥(0 < § < p)
in |z| < 7y, where

_ p(p — 9)on(p, k, ) e
4.2) ro= ’}LI;E {2[(p-{-n — 1)[3p+n — 1= (5](]?— Oz)} (p S N).

The results4.1) and @.2) are sharp for the functiorf(z) given by

(4.3) fo) = 24 2= ) s

o on(p ko) (peN; zeD).
Proof. It suffices to prove that
2f'(2) '
4.4 S+ p| <p—4,
@4 )
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for |z| < r;. We have

zf’ ’ ‘Z (2p4+n—1)ayp_12Pt!

e F s G127
@ n— 1) apenal
T L= a2

Hence ¢.5) holds true if

(4.5)

New Subclasses of

(4.6) > (2p+n—1)|apin| [ e Emcione
" 0o B.A. Frasin and
< (p . 5) <1 . Z |a/p+n—1| |Z|2p+n_1> ’ G. Murugusundaramoorthy
n=1
or Title Page
“3p+n—1-—9¢ Iptn—1 Contents
4.7) Apin_1]| 2] <1,
; o 1wl «“« NS
with the aid of @.1), (4.7) is true if 4 >
_1— Go Back
(48) 3p +n 1 0 | |2p+n—1 S Un(p> k,CY) (’I’L Z 1)
(p—9) 2(p — ) Close
Solving @.8) for |z|, we obtain Quit
L Page 12 of 24
— 6 n , k’ 2p+n—1
4.9 |z < (p = 9)on(p,k; ) (n>1).
2Bp+n+1-9)(p— )
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In precisely the same manner, we can find the radius of convexity asserted by
(4.2), by requiring that

2f"(2)
(4.10) +p+1 <p—39,
f'(z)
in view of (2.1). This completes the proof of Theoretri. O
Similarly, we can get the radii of starlikeness and convexity for functions in
the C|&S§\;(a). New Subclasses of
i . Lo Meromorphic p—Valent
Theorem 4.2.If the functionf(z) be defined byl( 1) is in the class\;(«), then Functions
f(z) is meromorphicallyp-valently starlike of ordes (0 < § < p) in |z| < 73, N
where G. Murugusundaramoorthy
=)+ n—ou(p,k,a) | T

4.11 = inf . -

. . Contents
Furthermore,f(z) is meromorphically-valently convex of ordet(0 < ¢ < p)
in |z| < ry, where << >

(0= 8)p+n—Doy(pka) |5 12
. p\p— p n— Oon\P, R, 2l
4.12 = inf N).
@12 n = o ) et =
The results4.11) and @.12) are sharp for the functiog(z) given by Close
Quit
1 2(p —

(4.13) g(z)=—+ (p—a) P AR (peN; zeD). Page 13 of 24

zP (p_l—n_ 1)O_n(p7k7a)
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Let the functionsf;(z) be defined, foy € {1,2,...,m} by

- _
(5.1) fi(2) = 5+ Yty (D).
n=1

Now, we shall prove the following results for the closure of functions in the
classes) (o) andAy(a).

Theorem 5.1. Let the functiong;(z), j € {1,2,...,m}, defined by%.1) be in
the class);(«). Then the functio(z) € 25 () where

(52) h(Z) = Xm:bj fj(Z), bj >0 and Zm:bj = 1)

Jj=1

Proof. From (5.2), we can writeh(z) as

1 oo
(5.3) M) = 5+ D pens
n=1
where
(54) Cptn—1 = Z bjap+n—1,j7 .] € {17 27 s )m}'

J=1

New Subclasses of
Meromorphic p—Valent
Functions

B.A. Frasin and
G. Murugusundaramoorthy

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 14 of 24

J. Ineq. Pure and Appl. Math. 6(3) Art. 68, 2005

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:bafrasin@yahoo.com
mailto:
mailto:
mailto:gmsmoorthy@yahoo.com
http://jipam.vu.edu.au/

Since f;(z) € Q(a), (j € {1,2,...,

S [an Pk, a} (Zb G 1]|)

n=1

m}), from (2.1) , we have

which shows that(z) € (). This completes the proof of Theoreiil. [

Using the same technique as in the proof of Theoteinwe have

Theorem 5.2. Let the functiong;(z), j € {1,2,...,m}, defined by%.1) be in
the classA;;(«). Then the function(z) € A («), whereh(z) defined by §.2).

Theorem 5.3. Let

(5.5) fo1(2) = Z—lp (€ D)
and
(56) fp+n—1(z) = i + 2(]7 — Oé) Zp—i—n—l7

2P o,(p, k, @)

wheren € Ny = NU {0}; z € D. Thenf(z) € Q;(«) if and only if it can be
expressed in the form

(5.7) F2) =" Nppntforn(2)
n=0
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where),.,_1 >0, (n € Ng)and)_ > /A

p+n—1 — 1.

Proof. From (.5, (5.6) and £.7), it is easily seen that

(5.8)

Since

o0

D

n=1

it follows from Theoren®.1that the functionf(z) given by 6.6) is in the class

().

Z) = Z )‘p+n71fn+p*1(z)

n=0

1
==+

zP

anp,k:a 2(p — )
2(p —a) on(p,k,a)

2(p — )
on(p, k, o

p+n 1 —

-

1Zernfl.

Z/\p+n 1 — =1- /\p—l S ]-7

Conversely, let us suppose thdt) € (). Since

setting

and

|@pn—

)\p—l—n—l -

2(p — a) o
on(p, k, @)
2(p . OZ) |a’p+n—1| ) (n Z 1)

)\p—l =1- Z /\p+n—1,
n=1
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it follows that

f(z) = Z )‘p+n—1fp+n—1(z)-

n=0

This completes the proof of the theorem. O

Similarly, we can prove the same result for the claggy).

Theorem 5.4. Let

1 New Subclasses of
(5.9) gp,l(z) = — (Z € 'D) Meromorphic p—Valent
ZP Functions
and B.A. Frasin and
G. Murugusundaramoorthy
1 2(p— «
(5.10) Gpin-1(2) = w7t (p+n —(pl)a () k a)zp+"—1
p n\P, ) Title Page
wheren € Ny andz € D. Theng(z) € A;(«) if and only if it can be expressed Contents
in the form
<44 >»
- < >
(5.11) 9(2) = > Npen-1pin-1(2)
n=0 Go Back
where\,.,—1 >0, (n € Ng)and) "> jA\pn1 = 1. Close
Next, we state a theorem which exhibits the fact that the cld3sgs and ot
A («) are closed under convex linear combinations. The proof is fairly straight- Page 17 of 24

forward so we omit it.
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Theorem 5.5. Suppose thaf(z) andg(z) are in the clas$2*(a) (orin A% (a)).
Then the functior(z) defined by

(5.12) Bz) = tf(z) + (1—Dg(z),  (0<t<1)

is also in the clas$2*(a) (orin Aj(a)).
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For functions
" B _
(6.1) fiz) =+ Y a1 (1=1,2)
n=1

belonging to the class,,, we denote by f; * f>)(z) the Hadamard product (or
convolution) of the functiong; (z) and f»(z), that is,

o

1
(6.2) (frx f2)(2) = P + Z Upin110psn1227 "7

n=1
Finally, we prove the following.

Theorem 6.1. Let each of the functiong (=) (j = 1,2) defined by§.1) be in
the clas€2*(«). Then(f; x f2)(2) € Q2*(n), where

p(p+k+p+20—k[]*—4(p —a)?)
dp—a)+p+k+|p+ 20—k
k> p; p,neN).

(6.3) %(/{:—i—l—p—n)gnz
(

The result is sharp.
Proof. For f;(z) € *(a) (5 =1,2), we need to find the largestsuch that

— (P, K,
(6.4) > H |p 1] |@pin—12] < 1.

n=1
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From @2.1), we have

(6.5) > % apenoa] <1
and
(6.6) Z" p’k @) 7 lapenal < 1
n=1
Therefore, by the Cauchy-Schwarz inequality, we have
6.7) 205((5&\/'%% 11 |apnra] < 1.
n=1

Thus it is sufficient to show that
(6.8) on(p, k. n)

2(p—m)

TR fapesallpencral, (021)

that is, that

(p —n)on(p, k, @)
69 loprarallapnal < 0007

From 6.7), we have

kg D

2(p — )

_ - < on(p, k,a)
\/’aern 171| ’ap+n 1’2‘ - Un(p’k’a)
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Consequently, we need only to prove that

2(p — )
on(p k, ) =

(p B U)Un(pa k? Oé)

(6.10) (p — a@)on(p, k,n)’

(n>1).

Letn > 1 (k+1—p—n), wherek > p andp,n € N. It follows from (6.10
that

plon(p, k,a)]* —4(p — a)*(p+n—1)

(6.11) n< A(p — )2 + [ou(p, k, )2

= U(n).
Since¥ (k) is an increasing function of (n > 1), lettingn = 1 in (6.11), we
obtain

p(lp+Fk+|p+20—k[>—4(p — a)?)
dp—a)P+p+k+p+2a—k? "’

6.12)  p<(1)=

which proves the main assertion of Theorérh
Finally, by taking the functions

613 )= oSt (1)

we can see the result is sharp. O

Similarly, and as the above proof, we can prove the following.
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Theorem 6.2. Let each of the functiong;(z) (j = 1,2) defined by§.1) be in
the classA;(«). Then(fy * f2)(z) € A;(€), where

p(plp+Fk+|p+2a—E|> —4(p — )?)
4p—a)2+pp+k+p+2a—FK|]?2
(k> p; p,n eN).

(6.14) %(/{:—l—l—p—n)gfz

The result is sharp for the functions
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