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A differential inequality is generalised and improved. Several other differential
inequalities are considered.
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1. Introduction

Let H(U) be the set of holomorfic functions defined on the unit dise- {z € C :
|z| < 1}.

In [2, pp. 38 Example 2.4. d] an®[pp. 192 Example 9.3.4] the authors have
proved, as an application of the developed theory, the implication:

If feHU), f(0)=1and

Re(f(2) + zf'(2) + 22f"(2)) >0, z € UthenRe f(z) > 0, z € U.

The aim of this paper is to generalise this inequality and to determine the biggest
a € R for which the implication

f(0) =1, Re(f(2)+zf (2)+22f"(2)) >0, (V)2 €U = Ref(z) >a, (V)zeU

holds true.
In this paper each many-valued function is taken with the principal value.
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2. Preliminaries

In our study we need the following definitions and lemmas:

Let X be alocally convex linear topological space. For a suldset X the closed
convex hull ofU is defined as the intersection of all closed convex sets containing
and will be denoted byo(U). If U C V' C X thenU is called an extremal subset of
V provided that whenever = tz + (1 — t)y whereu € U, z,y € V andt € (0,1)
thenz,y € U.

An extremal subset df consisting of just one point is called an extreme point of
U.

The set of the extreme points Gfwill be denoted byFU.

Lemma 2.1 ([1, pp. 45]). If J : H(U) — R is a real-valued, continuous convex
functional andF is a compact subset @{(U ), then

max{J(f): f € co(F)} =max{J(f): f € F}=max{J(f): f € E(co(F))}.

In the particular case if/ is a linear map then we also have:

min{J(f) : f € co(F)} =min{J(f) : f € F} =min{J(f) : f € E(co(F))}.

Suppose thaf, g € H(U). The functionf is subordinate tg if there exists a
functiond € H(U) such that)(0) = 0, [0(z)| < 1, z € U and f(z) = g(0(z)),
ze U

The subordination will be denoted by< g.

Observationl. Suppose thaf,g € H(U) andg is univalent. If f(0) = ¢(0) and
f(U) Cc g(U)thenf < g.
WhenF € H(U) we use the notation

s(F)={feHU): f=<F}
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Lemma 2.2 ([1, pp. 51]). Suppose that, is defined by the equality

1+ cz
1—=2

Fa(z):( )a, le| <1, ¢ —1.

If & > 1thenco(s(F,)) consists of all functions it (U) represented by

1+ cze ™\
f(z) = /0 (m) dp(t)
wherey is a positive measure df, 2] having the property:([0, 27]) = 1 and

14 cze ™

1 —ze it

Bleols()) = {

te[0,27r]}.

Observatior2. If L : H(U) — H(U) is an invertible linear map anel C H(U) is
a compact subset, thdrico(F)) = co(L(F)) and the set/(co(F)) is in one-to-one
correspondence with'L(co(F)).
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3. The Main Result

Theorem 3.1.1f f € H(U), f(0) =1;m,pe N*;a, e R, k=1,pand

(3.1) Re ”{/f(z)+alzf/(z)+~--+apzpf(p)(z) >0, zeU
then Inequalities in the
o0 Zm C’k C’m_l Complex Plane
3.2) 1+ inf Re k=0 ~“m " m+4n—k—1 P Rébert Szasz
(3-2) zeU (; P(n) vol. 8, iss. 1, art. 27, 2007
<Ref() < 1+supRe (; o) 2|, zeU S —
whereP(z) =1+ az +asx(zr — 1)+ - +apr(x —1)--- (x —p+1). Contents
Proof. The condition of the theorem can be rewritten in the form K b
1+ =2 < 4
Vf(2)+arzf'(z) + -+ apzP fO)(2) < :
U F(2) +arzf(2) pPf () < T e ot
which is equivalent to Go Back
1 m
f(z)—i—alzf’(Z)+"'+%pr(p)(2) = <1tz) ) Full Screen
Close

According to the results of LemniaZ2,
2 ] 4 it \™ journal of inequalities
ze . q
2)+aizf(z) + -+ ayz’ (p)z:/ “TEC ) du(t) = h(2), in pure and applied
fer oz GRS o \1l—ze™ ult) = h(z) mathematics
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f(z)= 1—|—an2”, zeU
n=1
then .
F)Faizf'(2) + -+ a2 fP(2) =1+ anP(n)z”.
n=1

On the other hand

4 zeT T\ - .
0 1 —ze ® du(t) =1+ Z Z CnCmin-k | 2 ; e " du(t),
k=0

n=1

with C = 0if ¢ > p. The equalitieg”) = 0 if ¢ > p imply also that:
D CnCminir = D OnCin iy
k=0 k=0

The above two developments in power series imply that:

%) oo m 27
1+ Z b, P(n)z" =1+ Z (Z C];C'g;}lkl) z”/o e " du(t)
n=0 k=0

n=1
and
b, = L (Zm: ckoml ) /27T e~™du(t).
! (n) o R [
Consequently,
o0 m 2m
=13t (ke ) o [
n=1 k=0
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B— {h e H(U) ‘h(z) _ /OQW (i—jz:zy du(t), = € U, u([0,27]) = 1} |
‘Re ( V() +azf'(z) + - +apzpf(P)(z)) >0, z € U}

then the correspondende: B — C, L(h) = f defines an invertible linear map and
according to Observationthe extreme points of the claSsare

[e'9) 1 m '
ft<Z) =1 + Z m <Z OT]iLCTTnn—&_—'rlL—k—l> Zne—znt, z € U, te [0, 27'(')
n=1 k=0

This result and Lemma. Limplies the assertion of Theoreinl. g
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4. Particular Cases

If we putp = 2,a; = as = m = 1in Theorem3.1then we get:
Corollary 4.1. If f € H(U), f(0) =1 and

(4.2) Re(f(2) + zf'(2) + 22f"(2)) >0, =z€U,
then
(e’ + 1) 2me™
(4.2) —:;Z;i:—I—— >’I{€.f(2) > o2 __1, zeU
and these results are sharp in the sense that
m(e*™ + 1)
= — d

21615) Re f(2) T an

fec

inf Re f(2) = 2mwe”

i Ref@) =1

fec

Proof. Theorem3.1implies the following inequalities:

, > 2 — 2
1+;161£Re<2n2+12><Ref(z)<1+supRe<Zn2+1z).

n=1 z€U n=1

The minimum and maximum principle for harmonic functions imply that

sup Re Z" | = sup Re et
zeg (Z 7’L2 + 1 ) tE[O,g)ﬂ'] (Z 7’L2 + 1 >

n=1 n=1
inf Re i 2 2" | = inf Re i 2 et
2€U — n?+1 te[0,27) e n? 41 ’
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By considering the integral

ezzt

I, = |
[ T

using the equalityim,, ., I, = 0 and residue theory we deduce that

dz, te€l0,2m),

> 2 . 7T(et —+ 6271'7"/) Inequalities in the
1+ Re (Z 3 6Zkt> =5 1 t e [0, 27T) Complex Plane
k=1 k t1 er—1 Robert Szasz
and so we get vol. 8, iss. 1, art. 27, 2007
2T 1 2re™
D Re(iz) > 2 Lev
em —1 em —1 Title Page
|
Contents
If we putm = 2, a; =0, as = 4, Theorem3.1limplies
44 44
Corollary 4.2. If f € H(U), f(0) =1and
< >
(4.3) Rev/f(z) +422f"(z) >0, zeU,
Page 10 of 12
then
N Go Back
— (D" -k
4.4 R >1+4 —_— eU
(4.4) e f(z) + ; (2k —1)? z Full Screen
Close
and this result is sharp.
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J
It is easy to observe that |I\ M
. . >
k.ezkt 0 6zkt 0 ezkt <*
22 2k —1) ZQk—1+;(2k—1)2 P A

/ k 1 'thdx_i_/ / k 1 lktdil?dy
0 =1 0

k=1
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1 eit 1 1
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