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In this paper, an integral inequality and an application of it, that imply the Cheby-
shev functional for two 3-convex (3-concave) functions, are given.
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1. Introduction
For two Lebesgue functiong g : [a, b] — R, consider the Chebyshev functional

b—ap /ab f(x)dx - /abg(as)d:z:.

In 1972, A. Lupas?] showed that iff, g are convex functions on the interval b,

then
Ay Clfo) > Go | b (a: - ‘2”)) flas- | b (x - ‘2”’) g(a)dr,

with equality when at least one of the functiofig is a linear function ora, b]. He
proved this result using the following lemma:

C(f,g

Lemma 1.1.1If f, ¢ : [a,b] — R are convex functions on the intenjal b], then
(1.2) [F(e*) = F(e)’]F(fg) — F(e*)F(f)F(g)
> F(ef)F(eg) — F(e)[F(f)F(eg) + F(ef)F(g)];

where I is an isotonic positive linear functional, defined by one of the following
relations:

_r@f@de LSS
@3 F) = [ s £ = o F=oni)
(z; € [a,bl;p; > 0,0 =1,2,...,n, >0 p; = 1), p [a b — R is a positive,

integrable function orja, b] and e(z) =z, 7 € [a,b)]. ff or g is a linear function,
then the equality holds ifiL.2).
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2. Results

Note that the inequalityl(2) can be written in the form:

1 F(e)  Fl(g)
(2.1) F(e) 2

The following lemma holds.

Lemma 2.1.If f, g : [a,b] — R are 3-convex (3-concave) functions on the interval
[a, b], then

I Fle) F(@) Flg)

Fle) F(&) F() Fleg)
(2:2) F(&) F(e) F(eh) Fletg) |2

F(f) Flef) F(ef) F(fg)

wheree!(z) = 2*,z € [a,b],i = 1,4 and F' is defined by(1.3).

If fis 3-convex (3-concave) ands 3-concave (3-convex) then the reverse of the
inequality in(2.2) holds.

If f or gis a polynomial function of degree at most two, then the equality holds
in (2.2).

Proof. Let [z, vy, 2, t; f] be the divided difference of a certain functignIf f andg
are 3-convex (3-concave) on the interalb], then we have

(2.3) [z,y,2,t; f] - [2,y,2,t; 9] >0,

for all distinct pointsz, y, z, t from [a, b].
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When f is 3-convex (3-concave) andis 3-concave (3-convex) then the reverse
of the inequality in £.3) holds.

In the following we prove Z.2) in the case when both functiorfsand g are 3-
convex (3-concave). The inequality.f) is equivalent to

1 1 1 1 1 1 1 1
T Y z t T Y z t
(2.4) 22 y? 52 2 g2 Y2 52 12 >0,

flx) fly) f(z) f(t) g(x) gly) g(z) g(t)

with true equality holding when at least one oandg is a polynomial function of
degree at most two.

Note that the functior¥’ defined by (.3) has the property’(1) = 1. In order to
put in evidence the variable we write F,, instead ofF".

Now, using the fact thak' is a linear positive functional, by applying successively
on (2.4) the functionalsF,, F,, F, and thenF;, we obtain the inequality’(?). For
instance, if

1 1 1
A=Alx,y, 2t f9) =y 2z t | -flx)gx),
y2 22 t2
then
11 1)
FA)=|y =z t | -F(fg),
y2 22 t2
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F,F.F,F,(A)=6-| F(e

and if
1
B =DB(z,y,2,t,f,9) =y
Yy

then

—_
—_

F(g)  F(
F(eg) F(
F(e*g) F(

e?) F(e’) |- F(fg)
e’) F(et)
1 1
z ozt |- f(z)g(y),
x? 22 2
F(H 1
Flef) = t |,
F(e2f) 22 ¢
F(e*f)

Integral Inequality for
3-Convex Functions

Vlad Ciobotariu-Boer

vol. 9, iss. 4, art. 98, 2008

Title Page
Contents
44 44
< >
Page 6 of 21
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:vlad_ciobotariu@yahoo.com
http://jipam.vu.edu.au

Theorem 2.2.1f f, g are 3-convex (3-concave) functions on the intefuab], then

b b
@5) Clf.0) > Gogrs | @) f@de- [ aalgta)ds

23 f (-2
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The equality in2.5) holds when at least one ¢for g is a polynomial function of S
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Proof. We choose
< >
1 b
(2.6) F(f)= b—a / f(z)dz. Page 7 of 21
Then Go Back
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Note that the inequality(2) can be written as

1 F(e) F(e?) . F(e)
@) | P F) FE) | PG| oo | RenFe
F(e*) F(e*) F(e)
| by pn | FenFe - | pls s | FOR@
| pe) pon | @D + PlenP(eg)
| b p | FE@DF@) + FUIFE)
e e | PenF@) + PR 20
By calculation, we find
1 F(e) F(e?) (b a)f
(2.9) Fle) F(e*) F(e%) = 5760
F(e?) F(e?) F(et
1 F(?) | (b—a)*(4a? + Tab+ 4?)
(2.10) F(e?) F(e*) | 45 ’
F(e*) F(e?) | (b—a)*(a* + 4a®b + 10a?b? + 4ab® + b*)
(2.11) F(e*) F(e*) | 240 ’
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1 FE) | (-aath)
(2.12) F(e?) F(e®) | 12 ’
F(e) F(e*) |  (b—a)*(a®+4ab+b?)
(2.13) F(e?) F(e®) | 72 ’
Fe) F(e®) |  (b—a)*(a®+ 4a®b+ 4ab® + b°)
(2.14) F(e®) F(e*) | 60 '

The relations.7) — (2.14) give us

(2.15) 2;6‘5 / flz

a* + 4a3b + 10a2b? + 4ab® + b* [P b
- 50 / f(a:)da:/ g(x)dx

> 5 [ e [
N 4a® + Zf;b + 4b? /abxf(x)dx /ab zg(z)dx
- al—;b {/ab 2? f(x)dx /ab zg(z)dr + /ab zf(z)dx /ab ZBQg(gj)dx]

2 21 b b
+ M+b+b [/ x2f(x)dx/ g(x)dx

+ abf(a:')d:c /jﬁg(az)dm}
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_a3+4a2b+4ab2+b3 [/ £ f(2)d /bg(x)dx

/f dx/axg()d]

or
Integral Inequality for
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4(4a® 4 Tab + 40*) [° b
- ( 15 ) / l’f(:L’)d:L’/ :cg(x)da: Title Page
2a* + 10a>b + 21a*b* 4+ 10ab® + 264 b Contents
+ f )dx g(x
540 «“« N8
b b
—&1—; {/ QSQf(ZL‘)d:E/ ()dx+/ dx/wg ] < >
a’® + 4ab + b? b ) b Page 10 of 21
+ — [/a x f(x)dx/a g(x)dx o Bk
b b
+ f(:v)d:v/ $29($)d$1 Full Screen
a a Cl
a® + 4a?b + 4ab® + b3 o (2)de b (2)d ose
. o g\r)ar journal of inequalities
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The last inequality can be written as

(217) C(f,9)

o 5 e (25
-3 15@4. [/b (x— a;b)2f(x)dx-/abg(:c)dx+

St /f o [ gty
(bia) /a (‘” a;b)f(ﬁ)dx'/abcﬂ—a;—b)g(:ﬂ)dm

which is equivalent to4.5). O
Corollary 2.3. Let f andg be as in Theorerfi.2 and assume that

(2.18) flz)=—=fla+b—2x)

or

(2.19) g(x) = —g(a+b—x)

for all « from[a, b]. Then Lupag’ inequality holds.

Proof. Note that the function denoted lgyin Theorem?.2is symmetric about =
b ‘namely

q(z) = qa+b—x),
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for all z from [a, b].
Assume thatZ.19 is satisfied. Then we have

b b
(2.20) / 4(@) f(x)dr = © / A(@)[f () — fla+b—)dz

2

I I
= 5/ q(SC)f(SC)d;C - 5/ q(a +b— x)f(a +b— l’)d&? Integral Inequality for

a a 3-Convex Functions

1 ’ 1 ’ Vlad Ciobotariu-Boer
=5 [ al@)f(z)dz— [ q(t)f({t)dt =0.

2/, 2/, vol. 9, iss. 4, art. 98, 2008

From .5 and .20, we deducel.1). O]

Note that the conditionZ(3) is important. The same results are valid if we sup- Title Page
pose that this (or its reverse) is satisfied. Thus, we obtain a more general result: Contents
Theorem 2.4.If the functionsf andg are integrable on the intervak, b] and satisfy <« >
(2.9 (or its reverse), then we hayé.5) (or its reverse). p N

The equality in(2.5) holds when at least one ¢for ¢ is a polynomial function of
degree at most two o, b|. Page 12 of 21
Corollary 2.5. If the functionf is integrable ora, b], then we have Go Back

Full Screen
2
(2.21) ( —a/f da:—(/f dx) Close
2 2
a+b 180 ’ journal of inequalities
> - -
(b — a) (/a (x 2 ) ﬂx)dx) * (b—a)t (/a Q(x)f(x)dx) ’ in pure and applied
mathematics
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Proof. Consideringy(xz) = f(z) in (2.5), we find the inequality4.21). O
Remarkl. The inequality £.27) is better than the well-known inequality

(2.22) (b—a) /ab P(a)da > (/abf(x)dx>2,

valid for all integrable functiong on [a, b].

Corollary 2.6. If the functionsf, g satisfy the following conditions:
(i) f, g are 3-convex (3-concave) functions [anb|;
(i) f,g are differentiable functions ofa, b],

then we have

x (bia/abg(ﬂﬁ)dx_w).

Proof. In (1.1), we use the fact that if, g are 3-convex functions da, b], thenf’, ¢’
are convex functions ofa, b]. We have

— / F@)g @) = = / Flayde: /abg/(‘”)dx

z%/ (x-a;b) f’(x)daz-/: (x-a;b)gwx,
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which is equivalent to4.23). ]

Remarlk2. If, in addition, f andg are convex (concave) da, b], then the inequality
(2.23 is better than the inequality

(2.24) / o) e > IO = S@)]lg(0) — g(a)]

b—a ’

which is valid for all convex (concave) functiotfsg on [a, b].

Remark3. Lemma2.1can be generalized fer-convex functions, obtaining a result
similar to (2.2), from where the inequality

b—a # T fabg(x)dx
2_ g2 —a n+l_  n+l b
L e PR J, xg()da
(2.25) | ... >0,
n_gn n+1_an+1 2n71_a2n71 b n—
bn ’ 1 Ll n—1 fx !
fab f(x)dx f; rf(z)dr ... f 2" f(x)dx f f(x

holds for all integer numbers > 3.
Some similar results related to the Chebyshev functional are givei+#1p].
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3. An Application

Let f, g be two 3-time differentiable functions defined on a nonempty inteéwva].
Denote

Considering the function®;, Gy, F5, G : [a,b] — R, defined by

Fi(e) = 5=~ f(@). Gi(a) = 5= —g(a)
Fyla) = To — f(2), Galw) = 2 — (o),

we note that these are 3-differentiable pnb] and F¥(z) < 0, G () < 0,
Fi¥(z) > 0,G¥(x) > 0forall z € [a,b]. ThereforeF,, G, are 3-concave ofu, b]
andFy, G, are 3-convex offu, b].

Applying Theoren®.2we shall prove the following result:

Theorem 3.1. Let f, g be two 3-differentiable functions on the nonempty interval
la, b]. Then, we have

31) |L(f.g) - 6(b—1_a) /ab (m _a ; b) r(2)h(z)dz

(my + My)(ma + My)
403200

+ - (b—a)°

(My —my)(My — msy)
- 403200

) (b - a)67
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where

(3.2) L(f.g9)=C(f,9)

(b—a)°
@3) by ="M )+ TR (e,
B a+b (b—a)i5 a+b  (b—a)V15
(3.4) r(x)-(m— 5 10 ) (:L‘— 5 + 10 )
Proof. Applying Theoren?.2, we have
b b
@5) C(R.G) > s [ )R [ oe)Gr(a)ds
b a b a
+ ﬁ/ﬂ <x - ;b) Fy(x)dx /a (:r; - ;b) G1(z)dz,
b b
@8) C(FG) > s [ a)Paade- [ gta)Gata)is
b
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(3.7) C(F1,G9) S 180 G/bq /bq(x)Gg(x)dm

180 f° ’
(38) C(F,Gh) < m/ 4(2) Fo()dz / 1(2)Gr (2)da

2 [ 23 e -2

whereq(z) is defined in Theoreri.2.
By calculation, we find

mi1meo
4032
1

_ M/a 2?[mag(x) + maf(z)|dx

a’® + a?b + ab® + b*

24(b — a) /a [mig(z) + maf(z)]dz

(3.10) ﬁ/b (z—“;b> Fl(:x)dx-/ab (m—“;b) () da
) e [

b— dab + 3b
+ 4800( a)®(3a” + 4ab + 3b%)

(3.9) C(F1,G1)=C(f,g9)+

(b — a)?*(9a* +20a*b+26ab*+20ab® +9b*)
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_ 3a® + 4ab + 30° /b L atb
20(b — a) a

b b
31 18(;6/ o /q(x)Gl(a:)d.iE

’ ’ mims 4 2
18 6/ q(z /aq(x)g(x)dw oegg (0~ @) (a+1b)

a+b

b
"I . / q(x)[mig(x) + mof(z)|dx

From (3.5 and 3.9 — (3.11), we obtain

mims

. 6
1008000~

(3.12) L(f,g9)+

> i [ (o= 5 r@magto) + e

In a similar way we can prove that the inequalityd) is equivalent to

M, M, ;
100000 ~

(8.13) L(f,9)+

+7) lmaglo) + maf (o)l
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1 b a+b
<sima | (o= 550 ) r@lmgte) + Maf )l
and the inequalityd.8) is equivalent to

M1 mo 6
Toos00? ~

< s [ (7= 55 rinate) + mas e

From (3.12 and 3.13 we deduce

(8.15) L(f,9) +

(3.16) L(f.q) — 6(bl_a> /ab <x— a;b) r(2)h(z)dz

_ mime + M1M2
- 201600

(b—a)®.

From (3.14) and .15 we find

1 b a+b
(3.17) L(f,g9) — 60— a) /a (x - ) r(z)h(x)dx
_m1M2 + M1m2
- 201600
The inequalities{.16) and 3.17) prove (3.1). O

(b—a)®.

Corollary 3.2. If f, g are 3-time differentiable ofu, b] and symmetric about =
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a1t then we have

(m1 +M1)(m2+M2) 6
b —
403200 (b-a)
< (Ml — ml)(Mg — mg)
- 403200

Proof. Note that the functioné andr defined onla, b] by (3.3) and (3.4) are sym-
metric aboutr = “T“’ Hence, their produdt - r is symmetric about = “T“’ and

3.18)  |L(f,9) +

(b—a)S.

(3.19) /ab (;1: _ ; b) r(2)h(z)dz = 0.

From (3.1) and 3.19, we obtain 8.19). O
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