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1. Introduction

For two Lebesgue functionsf, g : [a, b] → R, consider the Chebyshev functional

C(f, g) :=
1

b− a

∫ b

a

f(x)g(x)dx− 1

(b− a)2

∫ b

a

f(x)dx ·
∫ b

a

g(x)dx.

In 1972, A. Lupaş [2] showed that iff, g are convex functions on the interval[a, b],
then

(1.1) C(f, g) ≥ 12

(b− a)4

∫ b

a

(
x− a + b

2

)
f(x)dx ·

∫ b

a

(
x− a + b

2

)
g(x)dx,

with equality when at least one of the functionsf, g is a linear function on[a, b]. He
proved this result using the following lemma:

Lemma 1.1. If f, g : [a, b] → R are convex functions on the interval[a, b], then

(1.2) [F (e2)− F (e)2]F (fg)− F (e2)F (f)F (g)

≥ F (ef)F (eg)− F (e)[F (f)F (eg) + F (ef)F (g)],

whereF is an isotonic positive linear functional, defined by one of the following
relations:

(1.3) F (f) :=
1

b− a

∫ b

a

f(x)dx, F (f) :=

∫ b

a
p(x)f(x)dx∫ b

a
p(x)dx

, F (f) :=
n∑

i=1

pif(xi)

(xi ∈ [a, b]; pi ≥ 0, i = 1, 2, . . . , n,
∑n

i=1 pi = 1), p : [a, b] → R is a positive,
integrable function on[a, b] ande(x) = x, x ∈ [a, b]. If f or g is a linear function,
then the equality holds in(1.2).

In this note, we provide a lower bound for the Chebyshev functional in the case
of two 3-convex (3-concave) functionsf andg.
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2. Results

Note that the inequality (1.2) can be written in the form:

(2.1)

∣∣∣∣∣∣∣
1 F (e) F (g)

F (e) F (e2) F (eg)

F (f) F (ef) F (fg)

∣∣∣∣∣∣∣ ≥ 0.

The following lemma holds.

Lemma 2.1. If f, g : [a, b] → R are 3-convex (3-concave) functions on the interval
[a, b], then

(2.2)

∣∣∣∣∣∣∣∣∣
1 F (e) F (e2) F (g)

F (e) F (e2) F (e3) F (eg)

F (e2) F (e3) F (e4) F (e2g)

F (f) F (ef) F (e2f) F (fg)

∣∣∣∣∣∣∣∣∣ ≥ 0,

whereei(x) = xi, x ∈ [a, b], i = 1, 4 andF is defined by(1.3).
If f is 3-convex (3-concave) andg is 3-concave (3-convex) then the reverse of the

inequality in(2.2) holds.
If f or g is a polynomial function of degree at most two, then the equality holds

in (2.2).

Proof. Let [x, y, z, t; f ] be the divided difference of a certain functionf . If f andg
are 3-convex (3-concave) on the interval[a, b], then we have

(2.3) [x, y, z, t; f ] · [x, y, z, t; g] ≥ 0,

for all distinct pointsx, y, z, t from [a, b].
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Whenf is 3-convex (3-concave) andg is 3-concave (3-convex) then the reverse
of the inequality in (2.3) holds.

In the following we prove (2.2) in the case when both functionsf andg are 3-
convex (3-concave). The inequality (2.3) is equivalent to

(2.4)

∣∣∣∣∣∣∣∣∣
1 1 1 1

x y z t

x2 y2 z2 t2

f(x) f(y) f(z) f(t)

∣∣∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣∣∣

1 1 1 1

x y z t

x2 y2 z2 t2

g(x) g(y) g(z) g(t)

∣∣∣∣∣∣∣∣∣ ≥ 0,

with true equality holding when at least one off andg is a polynomial function of
degree at most two.

Note that the functionF defined by (1.3) has the propertyF (1) = 1. In order to
put in evidence the variableu, we writeFu instead ofF .

Now, using the fact thatF is a linear positive functional, by applying successively
on (2.4) the functionalsFx, Fy, Fz and thenFt, we obtain the inequality (2.2). For
instance, if

A = A(x, y, z, t, f, g) :=

∣∣∣∣∣∣∣
1 1 1

y z t

y2 z2 t2

∣∣∣∣∣∣∣
2

· f(x)g(x),

then

Fx(A) =

∣∣∣∣∣∣∣
1 1 1

y z t

y2 z2 t2

∣∣∣∣∣∣∣
2

· F (fg),
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FtFzFyFx(A) = 6 ·

∣∣∣∣∣∣∣
1 F (e) F (e2)

F (e) F (e2) F (e3)

F (e2) F (e3) F (e4)

∣∣∣∣∣∣∣ · F (fg)

and if

B = B(x, y, z, t, f, g) :=

∣∣∣∣∣∣∣
1 1 1

y z t

y2 z2 t2

∣∣∣∣∣∣∣ ·
∣∣∣∣∣∣∣

1 1 1

x z t

x2 z2 t2

∣∣∣∣∣∣∣ · f(x)g(y),

then

Fx(B) =

∣∣∣∣∣∣∣
1 1 1

y z t

y2 z2 t2

∣∣∣∣∣∣∣ · g(y) ·

∣∣∣∣∣∣∣
F (f) 1 1

F (ef) z t

F (e2f) z2 t2

∣∣∣∣∣∣∣ ,

FtFzFyFx(B) = 2 ·

∣∣∣∣∣∣∣
1 F (e) F (g)

F (e) F (e2) F (eg)

F (e2) F (e3) F (e2g)

∣∣∣∣∣∣∣ · F (e2f)

+ 2 ·

∣∣∣∣∣∣∣
1 F (g) F (e2)

F (e) F (eg) F (e3)

F (e2) F (e2g) F (e4)

∣∣∣∣∣∣∣ · F (ef)

+ 2 ·

∣∣∣∣∣∣∣
F (g) F (e) F (e2)

F (eg) F (e2) F (e3)

F (e2g) F (e3) F (e4)

∣∣∣∣∣∣∣ · F (f).
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Theorem 2.2. If f, g are 3-convex (3-concave) functions on the interval[a, b], then

(2.5) C(f, g) ≥ 180

(b− a)6

∫ b

a

q(x)f(x)dx ·
∫ b

a

q(x)g(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
f(x)dx ·

∫ b

a

(
x− a + b

2

)
g(x)dx,

where

q(x) =

(
x− a + b

2
− b− a

2
√

3

)(
x− a + b

2
+

b− a

2
√

3

)
.

If f is 3-convex (3-concave) andg is 3-concave (3-convex) then the reverse of the
inequality in(2.5) holds.

The equality in(2.5) holds when at least one off or g is a polynomial function of
degree at most two on[a, b].

Proof. We choose

(2.6) F (f) =
1

b− a

∫ b

a

f(x)dx.

Then

F (e) =
a + b

2
, F (e2) =

a2 + ab + b2

3
,(2.7)

F (e3) =
a3 + a2b + ab2 + b3

4
, F (e4) =

a4 + a3b + a2b2 + ab3 + b4

5
.
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Note that the inequality (2.2) can be written as∣∣∣∣∣∣∣
1 F (e) F (e2)

F (e) F (e2) F (e3)

F (e2) F (e3) F (e4)

∣∣∣∣∣∣∣ · F (fg)−
∣∣∣∣ 1 F (e)

F (e) F (e2)

∣∣∣∣ · F (e2f)F (e2g)(2.8)

−
∣∣∣∣ 1 F (e2)

F (e2) F (e4)

∣∣∣∣ · F (ef)F (eg)−
∣∣∣∣ F (e2) F (e3)

F (e3) F (e4)

∣∣∣∣ · F (f)F (g)

+

∣∣∣∣ 1 F (e)

F (e2) F (e3)

∣∣∣∣ · [F (e2f)F (eg) + F (ef)F (e2g)]

−
∣∣∣∣ F (e) F (e2)

F (e2) F (e3)

∣∣∣∣ · [F (e2f)F (g) + F (f)F (e2g)]

+

∣∣∣∣ F (e) F (e2)

F (e3) F (e4)

∣∣∣∣ · [F (ef)F (g) + F (f)F (eg)] ≥ 0.

By calculation, we find∣∣∣∣∣∣∣
1 F (e) F (e2)

F (e) F (e2) F (e3)

F (e2) F (e3) F (e4)

∣∣∣∣∣∣∣ =
(b− a)6

2160
,(2.9)

∣∣∣∣ 1 F (e2)

F (e2) F (e4)

∣∣∣∣ =
(b− a)2(4a2 + 7ab + 4b2)

45
,(2.10)

∣∣∣∣ F (e2) F (e3)

F (e3) F (e4)

∣∣∣∣ =
(b− a)2(a4 + 4a3b + 10a2b2 + 4ab3 + b4)

240
,(2.11)
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∣∣∣∣ 1 F (e)

F (e2) F (e3)

∣∣∣∣ =
(b− a)2(a + b)

12
,(2.12)

∣∣∣∣ F (e) F (e2)

F (e2) F (e3)

∣∣∣∣ =
(b− a)2(a2 + 4ab + b2)

72
,(2.13)

∣∣∣∣ F (e) F (e2)

F (e3) F (e4)

∣∣∣∣ =
(b− a)2(a3 + 4a2b + 4ab2 + b3)

60
.(2.14)

The relations (2.7) – (2.14) give us

(b− a)5

2160

∫ b

a

f(x)g(x)dx(2.15)

− a4 + 4a3b + 10a2b2 + 4ab3 + b4

240

∫ b

a

f(x)dx

∫ b

a

g(x)dx

≥ 1

12

∫ b

a

x2f(x)dx

∫ b

a

x2g(x)dx

+
4a2 + 7ab + 4b2

45

∫ b

a

xf(x)dx

∫ b

a

xg(x)dx

− a + b

12

[∫ b

a

x2f(x)dx

∫ b

a

xg(x)dx +

∫ b

a

xf(x)dx

∫ b

a

x2g(x)dx

]
+

a2 + 4ab + b2

72

[∫ b

a

x2f(x)dx

∫ b

a

g(x)dx

+

∫ b

a

f(x)dx

∫ b

a

x2g(x)dx

]
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− a3 + 4a2b + 4ab2 + b3

60

[∫ b

a

xf(x)dx

∫ b

a

g(x)dx

+

∫ b

a

f(x)dx

∫ b

a

xg(x)dx

]
,

or

C(f, g)(2.16)

≥ 180

(b− a)6

{∫ b

a

x2f(x)dx

∫ b

a

x2g(x)dx

+
4(4a2 + 7ab + 4b2)

15

∫ b

a

xf(x)dx

∫ b

a

xg(x)dx

+
2a4 + 10a3b + 21a2b2 + 10ab3 + 2b4

540
·
∫ b

a

f(x)dx

∫ b

a

g(x)dx

− a + b

12

[∫ b

a

x2f(x)dx

∫ b

a

xg(x)dx +

∫ b

a

xf(x)dx

∫ b

a

x2g(x)dx

]
+

a2 + 4ab + b2

72

[∫ b

a

x2f(x)dx

∫ b

a

g(x)dx

+

∫ b

a

f(x)dx

∫ b

a

x2g(x)dx

]
− a3 + 4a2b + 4ab2 + b3

60

[∫ b

a

xf(x)dx

∫ b

a

g(x)dx

+

∫ b

a

f(x)dx

∫ b

a

xg(x)dx

]}
.
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The last inequality can be written as

C(f, g)(2.17)

≥ 180

(b− a)6

∫ b

a

(
x− a + b

2

)2

f(x)dx ·
∫ b

a

(
x− a + b

2

)2

g(x)dx

− 15

(b− a)4
·

[∫ b

a

(
x− a + b

2

)2

f(x)dx ·
∫ b

a

g(x)dx+

+

∫ b

a

f(x)dx ·
∫ b

a

(
x− a + b

2

)2

g(x)dx

]

+
5

4(b− a)2

∫ b

a

f(x)dx ·
∫ b

a

g(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
f(x)dx ·

∫ b

a

(
x− a + b

2

)
g(x)dx,

which is equivalent to (2.5).

Corollary 2.3. Letf andg be as in Theorem2.2and assume that

(2.18) f(x) = −f(a + b− x)

or

(2.19) g(x) = −g(a + b− x)

for all x from [a, b]. Then Lupaş’ inequality holds.

Proof. Note that the function denoted byq in Theorem2.2 is symmetric aboutx =
a+b
2

, namely
q(x) = q(a + b− x),
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for all x from [a, b].
Assume that (2.18) is satisfied. Then we have∫ b

a

q(x)f(x)dx =
1

2

∫ b

a

q(x)[f(x)− f(a + b− x)]dx(2.20)

=
1

2

∫ b

a

q(x)f(x)dx− 1

2

∫ b

a

q(a + b− x)f(a + b− x)dx

=
1

2

∫ b

a

q(x)f(x)dx− 1

2

∫ b

a

q(t)f(t)dt = 0.

From (2.5) and (2.20), we deduce (1.1).

Note that the condition (2.3) is important. The same results are valid if we sup-
pose that this (or its reverse) is satisfied. Thus, we obtain a more general result:

Theorem 2.4. If the functionsf andg are integrable on the interval[a, b] and satisfy
(2.3) (or its reverse), then we have(2.5) (or its reverse).

The equality in(2.5) holds when at least one off or g is a polynomial function of
degree at most two on[a, b].

Corollary 2.5. If the functionf is integrable on[a, b], then we have

(2.21) (b− a)

∫ b

a

f 2(x)dx−
(∫ b

a

f(x)dx

)2

≥ 12

(b− a)2

(∫ b

a

(
x− a + b

2

)
f(x)dx

)2

+
180

(b− a)4

(∫ b

a

q(x)f(x)dx

)2

,

whereq(x) is defined in Theorem2.2.
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Proof. Consideringg(x) = f(x) in (2.5), we find the inequality (2.21).

Remark1. The inequality (2.21) is better than the well-known inequality

(2.22) (b− a)

∫ b

a

f 2(x)dx ≥
(∫ b

a

f(x)dx

)2

,

valid for all integrable functionsf on [a, b].

Corollary 2.6. If the functionsf, g satisfy the following conditions:

(i) f, g are 3-convex (3-concave) functions on[a, b];

(ii) f, g are differentiable functions on[a, b],

then we have

(2.23)
∫ b

a

f ′(x)g′(x)dx ≥ [f(b)− f(a)][g(b)− g(a)]

b− a

+
12

b− a

(
1

b− a

∫ b

a

f(x)dx− f(a) + f(b)

2

)
×
(

1

b− a

∫ b

a

g(x)dx− g(a) + g(b)

2

)
.

Proof. In (1.1), we use the fact that iff, g are 3-convex functions on[a, b], thenf ′, g′

are convex functions on[a, b]. We have

1

b− a

∫ b

a

f ′(x)g′(x)dx− 1

(b− a)2

∫ b

a

f ′(x)dx ·
∫ b

a

g′(x)dx

≥ 12

(b− a)4

∫ b

a

(
x− a + b

2

)
f ′(x)dx ·

∫ b

a

(
x− a + b

2

)
g′(x)dx,
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which is equivalent to (2.23).

Remark2. If, in addition,f andg are convex (concave) on[a, b], then the inequality
(2.23) is better than the inequality

(2.24)
∫ b

a

f ′(x) · g′(x)dx ≥ [f(b)− f(a)][g(b)− g(a)]

b− a
,

which is valid for all convex (concave) functionsf, g on [a, b].

Remark3. Lemma2.1can be generalized forn-convex functions, obtaining a result
similar to (2.2), from where the inequality

(2.25)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b− a b2−a2

2
. . . bn−an

n

∫ b

a
g(x)dx

b2−a2

2
b3−a3

3
. . . bn+1−an+1

n+1

∫ b

a
xg(x)dx

. . . . . . . . . . . . . . .

bn−an

n
bn+1−an+1

n+1
. . . b2n−1−a2n−1

2n−1

∫ b

a
xn−1g(x)dx∫ b

a
f(x)dx

∫ b

a
xf(x)dx . . .

∫ b

a
xn−1f(x)dx

∫ b

a
f(x)g(x)dx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
≥ 0,

holds for all integer numbersn ≥ 3.

Some similar results related to the Chebyshev functional are given in [1] – [6].
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3. An Application

Let f, g be two 3-time differentiable functions defined on a nonempty interval[a, b].
Denote

m1 = inf
x∈[a,b]

f (3)(x), M1 = sup
x∈[a,b]

f (3)(x),

m2 = inf
x∈[a,b]

g(3)(x), M2 = sup
x∈[a,b]

g(3)(x).

Considering the functionsF1, G1, F2, G2 : [a, b] → R, defined by

F1(x) =
m1x

3

6
− f(x), G1(x) =

m2x
3

6
− g(x),

F2(x) =
M1x

3

6
− f(x), G2(x) =

M2x
3

6
− g(x),

we note that these are 3-differentiable on[a, b] and F
(3)
1 (x) ≤ 0, G

(3)
1 (x) ≤ 0,

F
(3)
2 (x) ≥ 0, G

(3)
2 (x) ≥ 0 for all x ∈ [a, b]. ThereforeF1, G1 are 3-concave on[a, b]

andF2, G2 are 3-convex on[a, b].
Applying Theorem2.2we shall prove the following result:

Theorem 3.1. Let f, g be two 3-differentiable functions on the nonempty interval
[a, b]. Then, we have

(3.1)

∣∣∣∣L(f, g)− 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)h(x)dx

+
(m1 + M1)(m2 + M2)

403200
· (b− a)6

∣∣∣∣
≤ (M1 −m1)(M2 −m2)

403200
· (b− a)6,
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where

(3.2) L(f, g) = C(f, g)

− 12

(b− a)4

∫ b

a

(
x− a + b

2

)
f(x)dx ·

∫ b

a

(
x− a + b

2

)
g(x)dx

− 180

(b− a)6

∫ b

a

q(x)f(x)dx ·
∫ b

a

q(x)g(x)dx,

h(x) =
m1 + M1

2
· g(x) +

m2 + M2

2
· f(x),(3.3)

r(x) =

(
x− a + b

2
− (b− a)

√
15

10

)(
x− a + b

2
+

(b− a)
√

15

10

)
.(3.4)

Proof. Applying Theorem2.2, we have

(3.5) C(F1, G1) ≥
180

(b− a)6

∫ b

a

q(x)F1(x)dx ·
∫ b

a

q(x)G1(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
F1(x)dx ·

∫ b

a

(
x− a + b

2

)
G1(x)dx,

(3.6) C(F2, G2) ≥
180

(b− a)6

∫ b

a

q(x)F2(x)dx ·
∫ b

a

q(x)G2(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
F2(x)dx ·

∫ b

a

(
x− a + b

2

)
G2(x)dx,
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(3.7) C(F1, G2) ≤
180

(b− a)6

∫ b

a

q(x)F1(x)dx ·
∫ b

a

q(x)G2(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
F1(x)dx ·

∫ b

a

(
x− a + b

2

)
G2(x)dx,

(3.8) C(F2, G1) ≤
180

(b− a)6

∫ b

a

q(x)F2(x)dx ·
∫ b

a

q(x)G1(x)dx

+
12

(b− a)4

∫ b

a

(
x− a + b

2

)
F2(x)dx ·

∫ b

a

(
x− a + b

2

)
G1(x)dx,

whereq(x) is defined in Theorem2.2.
By calculation, we find

(3.9) C(F1, G1)=C(f, g)+
m1m2

4032
(b− a)2(9a4+20a3b+26a2b2+20ab3+9b4)

− 1

6(b− a)

∫ b

a

x3[m1g(x) + m2f(x)]dx

+
a3 + a2b + ab2 + b3

24(b− a)

∫ b

a

[m1g(x) + m2f(x)]dx,

(3.10)
12

(b− a)4

∫ b

a

(
x− a + b

2

)
F1(x)dx ·

∫ b

a

(
x− a + b

2

)
G1(x)dx

=
12

(b− a)4

∫ b

a

(
x− a + b

2

)
f(x)dx ·

∫ b

a

(
x− a + b

2

)
g(x)dx

+
m1m2

4800
(b− a)2(3a2 + 4ab + 3b2)2
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− 3a2 + 4ab + 3b2

20(b− a)

∫ b

a

(
x− a + b

2

)
[m1g(x) + m2f(x)]dx,

(3.11)
180

(b− a)6

∫ b

a

q(x)F1(x)dx ·
∫ b

a

q(x)G1(x)dx

=
180

(b− a)6

∫ b

a

q(x)f(x)dx ·
∫ b

a

q(x)g(x)dx +
m1m2

2880
(b− a)4(a + b)2

− a + b

4(b− a)
·
∫ b

a

q(x)[m1g(x) + m2f(x)]dx.

From (3.5) and (3.9) – (3.11), we obtain

(3.12) L(f, g) +
m1m2

100800
(b− a)6

≥ 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)[m1g(x) + m2f(x)]dx.

In a similar way we can prove that the inequality (3.6) is equivalent to

(3.13) L(f, g) +
M1M2

100800
(b− a)6

≥ 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)[M1g(x) + M2f(x)]dx,

the inequality (3.7) is equivalent to

(3.14) L(f, g) +
m1M2

100800
(b− a)6
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≤ 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)[m1g(x) + M2f(x)]dx,

and the inequality (3.8) is equivalent to

(3.15) L(f, g) +
M1m2

100800
(b− a)6

≤ 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)[M1g(x) + m2f(x)]dx.

From (3.12) and (3.13) we deduce

(3.16) L(f, g)− 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)h(x)dx

≥ −m1m2 + M1M2

201600
(b− a)6.

From (3.14) and (3.15) we find

(3.17) L(f, g)− 1

6(b− a)

∫ b

a

(
x− a + b

2

)
r(x)h(x)dx

≤ −m1M2 + M1m2

201600
(b− a)6.

The inequalities (3.16) and (3.17) prove (3.1).

Corollary 3.2. If f, g are 3-time differentiable on[a, b] and symmetric aboutx =
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a+b
2

, then we have

(3.18)

∣∣∣∣L(f, g) +
(m1 + M1)(m2 + M2)

403200
(b− a)6

∣∣∣∣
≤ (M1 −m1)(M2 −m2)

403200
(b− a)6.

Proof. Note that the functionsh andr defined on[a, b] by (3.3) and (3.4) are sym-
metric aboutx = a+b

2
. Hence, their producth · r is symmetric aboutx = a+b

2
and

(3.19)
∫ b

a

(
x− a + b

2

)
r(x)h(x)dx = 0.

From (3.1) and (3.19), we obtain (3.18).
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[5] J.E. PĚCARIĆ, F. PROSCHANAND Y.I. TONG, Convex Functions, Partial Or-
derings, and Statistical Applications, Academic Press, San Diego, 1992.
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