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Abstract

In this paper we establish some Ceby3ev's inequalities on time scales under
suitable conditions.
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The purpose of this paper is to establish the well-knGebysev’s inequality on

time scales. To do this, we simply introduce the time scales calculus as follows:

In 1988, Hilger [/] introduced the time scales theory to unify continuous
and discrete analysis. A time scdlds a closed subset of the setof the real

numbers. We assume that any time scale has the topology that it inherits from

the standard topology dR. Since a time scale may or may not be connected,
we need the concept of jump operators.

Definition 1.1. Lett € T, whereT is a time scale. Then the two mappings
o,p: T—R
satisfying
o(t) = inf{y > t|y € T},
p(t) = sup{y < t|y € T}
are called the jump operators 6h

These jump operators classify the poifit$ of a time scalél as right-dense,
right-scattered, left-dense and left-scattered according to whethgr= ¢,
a(t) > t, p(t) =torp(t) < t, respectively, for € T.

Let ¢ be the maximum element of a time scdlelf ¢ is left-scattered, then
t is called a generate point @ Let T denote the set of all non-degenerate
points of T. Throughout this paper, we suppose that

(a) T is atime scale;
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(b) an interval means the intersection of a real interval with the given time
scale;

() R = (—o0,00).

Definition 1.2. Let T be a time scale. Then the mappifig T — R is called
rd-continuous if

(a) f is continuous at each right-dense or maximal pointpf

(b) lim f(s) = f(t~) exists for each left-dense poine T.
s—1~

Ceby3ev's Inequality on Time
Scales

Let C,4[T, R] denote the set of all rd-continuous mappings ffbro R. _ :
Cheh-Chih Yeh, Fu-Hsiang Wong,

Definition 1.3. Let f : T — R, ¢t € T'. Then we say thaf has the (delta) and Horng-Jaan Li
derivative f2(¢) € R att if for eache > 0 there exists a neighborhodd of ¢
such that for alls € U Title Page
| flo(t) — f(s) — A — sl| < elo(t) —s|. Contents
In this case, we say thdtis (delta) differentiable at. 44 >
Clearly, f2 is the usual derivative ' = R, and is the usual forward differ- < >
ence operator il = Z (the set of all integers). F—
Definition 1.4. A functionF' : T — R is an antiderivative off : T — R if —
FA(t) = f(t) for eacht € T™. In this case, we define the (Cauchy) integral of
[ by Quit
t
JRCISER R0 Page 4 0f 22
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It follows from Theorem 1.74 of Bohner and Petersch that every rd-
continuous function has an antiderivative. For further results on time scales
calculus, we refer tod, 9].

The purpose of this paper is to establish the well-kn@eysev inequality
[1, 5, 6, 8, 11] on time scales. For other related results, we refer'fa.p,

i
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We first establish soméeby§ev inequalities which generalize some results of
Audréief [1], Beesack and Raric [Z], Dunkel [4], Fujimara [, 6], Isayama §],
and Winckler [.Z]. For other related results, we refer to the book of Mitrirtovi

[10].

Theorem 2.1.Suppose that € C,.4([a, b]; [0, 00)). Letfi, fa, k1, ke € Cra([a, b]; R)
satisfy the following two conditions:

(01) f (:E)kg(:v) > 0on [a7 b]; Cebysev's Ingg;::gty on Time
(Cy) % and % are similarly ordered (or oppositely ordered), that is, for all Cheh-Chih Yeh, Fu-Hsiang Wong,
x,y 62[;, b], 2 and Horng-Jaan Li
fi(z) _ f1(?J)> (kl(x) _ kl(?/)) Title P
<f2<as> ) \ ) Ry 20 070 o
Contents
then «“ o)
1 [t filz)  fi(y) || kz)  ka(y) < 4
2.1) — AzA
@D 5 [ [ o) B b || ke ke | T Go Back
Cl
[ p(@) Fi @)k (@)D [ p(a) ) hal) Aa -
= >0 (or <0) Quit
f;p(x)fg(x)kl(:n)Ax f;P(w)f2($)k2(x)A$ Page 6 of 22
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Proof. Letz,y € [a,b]. Then it follows from (), (C2) and the identity

fiz)  fi(y)
fa(z)  fa(y)

= p()p(y) f2(2) fo(y) ko () k2 (y )(ﬁgg ﬁgz;) (’ﬁ(fﬂ) ~ kl(y)>

that 2.1) holds. m
Remark 1. Suppose thap, f,g € C,4(|a,b]; R) with p(x) > 0 on [a,b]. Let
f and g be similarly ordered (or oppositely ordered). Takifigz) = f(x),
ki(z) = g(z) and fy(z) = ko(z) = 1, (2.1) is reduced to the generalized
CebysSev inequality:

(2.2) / p()f(2)g(x

ki(x) kai(y)

p(z)p(y) ka(z) ka(y)

)Ax/ p(z)Az
b b
> (or ) [ p)f@)se [ g,

which generalizes a Winckler's result inj] if « = 0 andb = z. LetT = Z,
if a = (ay,as,...,a,) andb = (by, by, ..., b,) are similarly ordered (or oppo-
sitely ordered), and i = (p1, p2, - - ., p) IS @ NONNegative sequence, thery
is reduced to

szszazb > (or < szazsz i
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If T =R, then @.2) is reduced to

b b b b
/ pla) f(2)g(x) da / p(e)dz > (or <) / pl(2) () da / p(2)g(z) de.

Remark 2. Takingf(z) = % g(z) = z;_gg andp(x) = fo(z)gs
ity (2.2) is reduced to

b b
(2.3) / f1(2)g1(2) Az / fol2)g2(x) A
> (0 ) [ fiode [ fegde

if f2(x)go(z) > 0o0nla,b), ?g and glg are both increasing or both decreas-

ing (or one of the functlon% or gégzg is nonincreasing and the other non-
decreasing). Here, f2, g1, g2 € Cra([a, b],R) with fo(x)ga(x) # 0 0Nn|a,b).
Conversely, iffi(z) = f(z)fa(2), g1(z) = g(x)g2(2z) andp(z) = fo(z)g2(2),
then inequality 2.3) is reduced to inequality(2).

Theorem 2.2.Let f € C,4([a, b], [0,00)) be decreasing (or increasing) with

fab xp(z) f(x)Az >0 andfbp (x)f(z)Az > 0. Then

(x), inequal-

s <>f2< i) ) A
[Tap@f@de — =) [Pp@) fa)he
Proof. Clearly, for anyz, y € [a, b],
b b
/ / F(@) f)p(@)pu)(y — 2)(F(@) — Fy)AxAy > ()0,
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which implies that the desired result holds. O

Remark 3. Letf € Cy4([a, b], (0, 00)) andn be a positive integer. jf andg are
replaced by§ and /" respectively, the@ebySev's inequality?(2) is reduced to

[ vor@an [ Paes [wae [peeras
which implies
[ e ([ 5 )
> / p(z)Ax /
> ( /a bp(l“)Aw)

providedf and f™ are similarly ordered. Continuing in this way, we get

([ o) [irwrars ([ war) "

which extends a result in Dunkei]|

“A/fi

b
/ p(a)[f ()" 2 A

2

Remark 4. Letv,p € C,4([a,b], [0,00)). If f andg are similarly ordered (or
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oppositely ordered), then it follows from Remarthat

b b
/ p(t) f (r(£))g(v(8) At / p(t)At
b b
> (or <) / p(t) f (1)) At / p(t)g(v(1))At,

which is a generalization of a result given in Steir].

Remark 5. Letp, f; € C,q([a,b],R) for eachi = 1,2,...,n. Suppose that
fi, f2, ..., fn are similarly ordered ang(z) > 0 on [a, b], then it follows from
Remarkl that

([sne) ([ vonene - nwae)
= ([ ) ([ swe) ([ varpi) st i)
> ([owar) ([ swn@ar) ([ sn - nwar)
([ s ([ o)™

< ([ sean) ([ s pws)

n—2

VvV

v
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> (/ bp(sc)fl@smx) (/ bp(x)fz(x)m) ~( bp(w)fn(l‘)Aw) ,

which is a generalization of a result in Dunkel][
In particular, if fi(z) = fo(z) = -+ = fu(zx) = f(z), then

n—1 n

([swas) ([ orwar) = ([ swswar)

Theorem 2.3.1f p(x), f(x) € Cra([a,b], [0, 00)) with f(z) > 0 on|a, bl andn
is a positive integer, then

n

([ %Aaz) ([ snrwar) = ([ swar)

Proof. It follows from f(x) > 0 on [a,b] that f*(z) andﬁ are oppositely
ordered orja, b]. Hence by 2.2),
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Theorem 2.4. Let g1, 92,...,9n € Cra([a,b],R) and p, hy, ho, ..., hypy €
Cra(a, b], (0,00)) with g,,(x) > 0 on|a, b]. If

91(7)g2(x) - - gn—1(2) hn—(x)
M(@hal@) - hoa@) (@)
are similarly ordered (or oppositely ordered), then
b b r)g1\x)ga\T) -+ gpn_1\T
(2.4) / p(x)gn(x)AI/ p(hl)iqmghz?x() )hng_g(a:() )Ax

b b z)g1(x)ga(x) - g,(x
> (or <) / P(2)hnr(2) A / p;;()fy(@?i)(--)-hnjés))m'

Proof. Taking

in Theorem2.1, (2.1) is reduced to our desired resutt {). O]

The following theorem is a time scales version of Theorem 1 in Beesack and
P&aric [2].
Theorem 2.5. Let

f1, fas ooy fu € Cra([a, b],]0,00) and gy, 9o, ..., gn € Cra([a,b], (0, 00)).
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I the functionsfy, 22, ..., - are similarly ordered and for each paif—, g,

is oppositely ordered fok = 2,3, ..., n, then

(2)f3(x) - -+ fu(z)
@9 / a1
f p(@) fi(2)Az [7 p(x fbp(:v>

f p(z)gi(z)Az [} p(a
f,, be replaced byl,g—f,...,

b fol@)fo(a) - ()
[ @ e A

/ z) fi(x AazH/ gklim.

Also, sinceg{f1 andg;_, are oppositely ordered, it follows from Remadrkhat

/a p)As / o) ) e < / p)ge () / pla >gff§(;) Az

Thus

2 p(x) g Aw

Proof. Let fi, fo, ..., gf—jl in Remarks, we obtain

(2.6) ( / ’ p(a:)Ax)

n—1

T

/b p(2) fi f p(x)Ax fbp (r)Ax
o Gk 1( ) T P p(@)gra( ASE
This and 2.6) imply (2.5) holds. O]
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In this section, we generalize some results in Isayéiha [

Theorem 3.1.Let fi, fo,..., fn € Cra([a, b, (0,00)), k1, ko, ... ko €
Crd([av b]7R) andp(x) < Crd([a7 b]7 [07 OO)) If

fi(@) fao(z) - -~ fisa (@) kioi(z)
@@ k@) T f@)

are similarly ordered (or oppositely ordered) foe= 2, ..., n, then

8V [ rwnwar [ e [ pnwa:
b b
> (or g)/ p(x)k:l(x)Ax/ p(z)ka(z)Az - -
e @ [ ) @@ ),
[ pa@ar [ oo Ho B R

)

Proof. If fi(z), ki(x), fo(x) andky(x) are replaced by, (z), 1, k1 (z) and iiﬁi%
in Theorem?2.1, then we obtain

b b
/ p(2) fu(z) Az / pla) fol) A
> (or <) [ pom)ae [ ool OB A
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Thus the theorem holds for = 2.
Suppose that the theorem holds for 1, that is

b b b
(3.2) / pla) fi() A / p(e) falz) Az - / p(2) fos (2) A
b b
> (or §)/ p(x)kl(w)Ax/ p()ko(z) Az

(x
b filz) fa(z) - - far(2)
/a () kn_o(z )A:U/ p(x )kl(x)k <I>...kn_2(x)Ax

fl(l')fz(l’) T fzel(l') and Ifiq(ﬂﬂ)

ki(z)ka(2) - kioa () fi(z)
are similarly ordered (or opposﬂely ordered)fot 2,3, .
the both sides 0f3.2) byf p(z) fn(x)Az, we see that

b b b b
(3.3) / p(2) fi(x) A / p() folw) Az - - / p(&) fos (1) A / p(a) fulx) A
> (or <) /p(x)kl(x)Ax /p(a:)kg(x)Ax

 frosnse [ R A [niaas

..,n—1. Multiplying
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It follows from Theoren?.5that

o) flr) - ok b
/ pla) S / p(@)fu(0)A
(

/ bp ) f i :éf"(j;)m / bp(a:)kn_l(a:)A:U.

This and 8.3) imply

b b b Ceby3ev's Inequality on Time
| p@n@as [ pe)se)se [ i@ Scale
a a . @ , Cheh-Chih Yeh, Fu-Hsiang Wong,
d - i
> (or <) / p(@)hs () Az / p(@)ha(z)Ax et Home Jean L
b b . .
[ o @se [ple) DR 0y, Tie Page
a a ki () k() -+ - ko () Contents
By induction, we complete the proof. H pp S
Remark 6. Letk,, € C.q4([a,b],R). If fi(z), fo(z), ..., fu(z), k1 (x), ko(z), ..., < >
k,_1(x) are replaced by
Go Back
fi@) fa(@) - ful®),  ka(x)ka(x) -~ kn(2), Close
o Quit

ki(@)ka(z) - kp(z),  fi(@)ka(z) - kn(2),  ki(z)fo(@)ks(@) - - Kn(2), Page 16 of 22
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in TheorenB.1, respectively, then

(3.4) / - fulw) A
< / Pk >k2<x>~-kn<x>m)nl
> [ p A k(@0
x / D@2 fo @)k (@) -« () A
--/abp(x)kl(x)kg(x)---kn_

-kn(x) > 00nia,b).

1(2) fu(@) A

if 28 > 0fori=1,2,...,nandk (x)ky(z) - -

Remark 7. Letting f1(z) = fo(z) = -+ = fu(x) = f(z) andky(z) = ko(z) =
= ky(x) = kﬁ(x) in (3.4) with k(x) > 0 on [a, b], we obtain the Holder

inequality:

@9 [ v @ (/ bp(x)kma:)m)
>

([ ssman)

n

Ceby3ev's Inequality on Time
Scales

Cheh-Chih Yeh, Fu-Hsiang Wong,
and Horng-Jaan Li

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 17 of 22

J. Ineq. Pure and Appl. Math. 6(1) Art. 7, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:CCYeh@mail.lhu.edu.tw
mailto:
mailto:wong@tea.ntptc.edu.tw
mailto:
mailto:hjli@ckit.edu.tw
http://jipam.vu.edu.au/

Remark 8. Letp, f,g € Cya([a, ], [0,00)). Taking

fi(z) = f"(fﬁ)g(x),
f2 (37) = fs(z) = = fu(z) = g(2) and
)= =knoa(x) = f(2)g(x),

Remark 9. Takingk, (z) = kq(z) =
(3.1 is reduced to

@0 [ wnwar [sonwar [ s

> | / (@) (F(@)fola) - fule))* A

n

if fi(x) > 0onfa,b] for eachi = 1,2,...,nand
(1 =1,2,...,n) are similarly ordered.

[fl( Jfa(z) -+ ful)]

3=

Ceby3ev's Inequality on Time
Scales

Cheh-Chih Yeh, Fu-Hsiang Wong,
and Horng-Jaan Li

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 18 of 22

J. Ineq. Pure and Appl. Math. 6(1) Art. 7, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:CCYeh@mail.lhu.edu.tw
mailto:
mailto:wong@tea.ntptc.edu.tw
mailto:
mailto:hjli@ckit.edu.tw
http://jipam.vu.edu.au/

Remark 10 (see also Remark). Takingk;(z) = ka(x) = -+ = k,_1(x) = 1,

(3.1 is reduced t(flebyéev’s inequality:
b b b
@8 [ san@se [ p@p@ase [ pf s

< (/abp(l’)ﬁx> -

if fi(z)(@=1,2,...,n)are similarly ordered and;(z) >0 (i = 1,2,...,n).

Remark 11. Taking f1(x) = fo(x) = --- = fu(z) = 1, then 8.1) is reduced to

([ o)

/ p(2) Fo(@) falx) -+ () A

n

< /ab p(x)k(x)Ax /abp(x)kQ(x)A:c

b b p(r)
. / p(@)kn1(z)Ax / kl(x)kg(:v)"'knfl(x)m

if k;(x) > 0are similarly ordered for = 1,2,...,n—1. Thus, iff,(z), ..., fu(2)
are similarly ordered and;(xz) > 0on|a,b] (i =1,2,...,n), then

( ;p(x)Ax) "

p(x)
Jo FoRETAT

< | @) (@) Ae / @) o)A / @) o)A
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It follows from 3.8) and 3.9) that

(ffp(:c)Ax) m

p(x)

- <

Ax

([ o)

n—1

if fi(x),..., f.(x)are similarly ordered.
Remark 12. Letk;(z) = ka(z) = - -

[fi(2) fo() -+ fula)]7

/ p(@) f1(2) fal@) -+ folw) A

k. (z) = 1. If f;(z) is replaced by

then @.1) is reduced to

fi(x)

I

n=12,...,n,

n

no b
11 / p(z)
i=1va

if "\/fl(x)f2(9;)“'fn(x)

fi(z

Remark 13. Let fi, fo, ..

Jon—1fon; fofs, fafs, .

b b b
/ p(a) f2(2) falz) A / p(2) fo(@) fala) A - / D) fonr () fon (2) A
b b b
> / p(a) fol2) folz) Az / p() fule) fo(a) A - / p(2) fon_a(@) fan_1 (2) Az

e fi(z) .
if fit1(z) (Z

fi()

7fn7 /{31,]{72,..

VAL @), ( / "pmm)

(1=1,2,...,n) are similarly ordered.

., k,_1 be replaced byf; f, f3f4, ...
.y fon—2fon_1, respectively. Ther(1) is reduced to

=1,2,...,2n — 1) are similarly ordered.

Y
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