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Abstract

In this paper we establish some Čebyšev’s inequalities on time scales under
suitable conditions.
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1. Introduction
The purpose of this paper is to establish the well-knownČebyšev’s inequality on
time scales. To do this, we simply introduce the time scales calculus as follows:

In 1988, Hilger [7] introduced the time scales theory to unify continuous
and discrete analysis. A time scaleT is a closed subset of the setR of the real
numbers. We assume that any time scale has the topology that it inherits from
the standard topology onR. Since a time scale may or may not be connected,
we need the concept of jump operators.

Definition 1.1. Let t ∈ T, whereT is a time scale. Then the two mappings

σ, ρ : T → R

satisfying

σ(t) = inf{γ > t|γ ∈ T},
ρ(t) = sup{γ < t|γ ∈ T}

are called the jump operators onT.

These jump operators classify the points{t} of a time scaleT as right-dense,
right-scattered, left-dense and left-scattered according to whetherσ(t) = t,
σ(t) > t, ρ(t) = t or ρ(t) < t, respectively, fort ∈ T.

Let t be the maximum element of a time scaleT. If t is left-scattered, then
t is called a generate point ofT. Let Tk denote the set of all non-degenerate
points ofT. Throughout this paper, we suppose that

(a) T is a time scale;
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(b) an interval means the intersection of a real interval with the given time
scale;

(c) R = (−∞,∞).

Definition 1.2. Let T be a time scale. Then the mappingf : T → R is called
rd-continuous if

(a) f is continuous at each right-dense or maximal point ofT;

(b) lim
s→t−

f(s) = f(t−) exists for each left-dense pointt ∈ T.

Let Crd[T, R] denote the set of all rd-continuous mappings fromT to R.

Definition 1.3. Let f : T → R, t ∈ Tk. Then we say thatf has the (delta)
derivativef∆(t) ∈ R at t if for eachε > 0 there exists a neighborhoodU of t
such that for alls ∈ U∣∣f(σ(t))− f(s)− f∆(t)[σ(t)− s]

∣∣ ≤ ε |σ(t)− s| .

In this case, we say thatf is (delta) differentiable att.

Clearly,f∆ is the usual derivative ifT = R, and is the usual forward differ-
ence operator ifT = Z (the set of all integers).

Definition 1.4. A functionF : T → R is an antiderivative off : T → R if
F∆(t) = f(t) for eacht ∈ Tk. In this case, we define the (Cauchy) integral of
f by ∫ t

s

f(γ) ∆γ = F (t)− F (s)

for all s, t ∈ T.
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It follows from Theorem 1.74 of Bohner and Peterson [3] that every rd-
continuous function has an antiderivative. For further results on time scales
calculus, we refer to [3, 9].

The purpose of this paper is to establish the well-knownČebyšev inequality
[1, 5, 6, 8, 11] on time scales. For other related results, we refer to [4, 10, 12,
13].
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2. Main Results
We first establish soměCebyšev inequalities which generalize some results of
Audréief [1], Beesack and Pečaríc [2], Dunkel [4], Fujimara [5, 6], Isayama [8],
and Winckler [13]. For other related results, we refer to the book of Mitrinovič
[10].

Theorem 2.1.Suppose thatp ∈ Crd([a, b]; [0,∞)). Letf1, f2, k1, k2 ∈ Crd([a, b]; R)
satisfy the following two conditions:

(C1) f2(x)k2(x) > 0 on [a, b];

(C2)
f1(x)
f2(x)

and k1(x)
k2(x)

are similarly ordered (or oppositely ordered), that is, for all
x, y ∈ [a, b],(

f1(x)

f2(x)
− f1(y)

f2(y)

) (
k1(x)

k2(x)
− k1(y)

k2(y)

)
≥ 0 (or ≤ 0),

then

(2.1)
1

2!

∫ b

a

∫ b

a

p(x)p(y)

∣∣∣∣∣ f1(x) f1(y)

f2(x) f2(y)

∣∣∣∣∣
∣∣∣∣∣ k1(x) k1(y)

k2(x) k2(y)

∣∣∣∣∣ ∆x∆y

=

∣∣∣∣∣∣
∫ b

a
p(x)f1(x)k1(x)∆x

∫ b

a
p(x)f1(x)k2(x)∆x∫ b

a
p(x)f2(x)k1(x)∆x

∫ b

a
p(x)f2(x)k2(x)∆x

∣∣∣∣∣∣ ≥ 0 (or ≤ 0)
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Proof. Let x, y ∈ [a, b]. Then it follows from (C1), (C2) and the identity

p(x)p(y)

∣∣∣∣∣ f1(x) f1(y)

f2(x) f2(y)

∣∣∣∣∣
∣∣∣∣∣ k1(x) k1(y)

k2(x) k2(y)

∣∣∣∣∣
= p(x)p(y)f2(x)f2(y)k2(x)k2(y)

(
f1(x)

f2(x)
− f1(y)

f2(y)

) (
k1(x)

k2(x)
− k1(y)

k2(y)

)
that (2.1) holds.

Remark 1. Suppose thatp, f, g ∈ Crd([a, b]; R) with p(x) ≥ 0 on [a, b]. Let
f and g be similarly ordered (or oppositely ordered). Takingf1(x) = f(x),
k1(x) = g(x) and f2(x) = k2(x) = 1, (2.1) is reduced to the generalized
Čebyšev inequality:

(2.2)
∫ b

a

p(x)f(x)g(x)∆x

∫ b

a

p(x)∆x

≥ (or ≤)

∫ b

a

p(x)f(x)∆x

∫ b

a

p(x)g(x)∆x,

which generalizes a Winckler’s result in [13] if a = 0 and b = x. Let T = Z,
if a = (a1, a2, . . . , an) andb = (b1, b2, . . . , bn) are similarly ordered (or oppo-
sitely ordered), and ifp = (p1, p2, . . . , pn) is a nonnegative sequence, then (2.2)
is reduced to

n∑
i=1

pi

n∑
i=1

piaibi ≥ (or ≤)
n∑

i=1

piai

n∑
i=1

pibi.
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If T = R, then (2.2) is reduced to∫ b

a

p(x)f(x)g(x) dx

∫ b

a

p(x) dx ≥ (or ≤)

∫ b

a

p(x)f(x) dx

∫ b

a

p(x)g(x) dx.

Remark 2. Takingf(x) = f1(x)
f2(x)

, g(x) = g1(x)
g2(x)

andp(x) = f2(x)g2(x), inequal-
ity (2.2) is reduced to

(2.3)
∫ b

a

f1(x)g1(x)∆x

∫ b

a

f2(x)g2(x)∆x

≥ (or ≤)

∫ b

a

f1(x)g2∆x

∫ b

a

f2(x)g1∆x,

if f2(x)g2(x) ≥ 0 on [a, b], f1(x)
f2(x)

and g1(x)
g2(x)

are both increasing or both decreas-

ing (or one of the functionsf1(x)
f2(x)

or g1(x)
g2(x)

is nonincreasing and the other non-
decreasing). Heref1, f2, g1, g2 ∈ Crd([a, b], R) with f2(x)g2(x) 6= 0 on [a, b].
Conversely, iff1(x) = f(x)f2(x), g1(x) = g(x)g2(x) andp(x) = f2(x)g2(x),
then inequality (2.3) is reduced to inequality (2.2).

Theorem 2.2. Let f ∈ Crd([a, b], [0,∞)) be decreasing (or increasing) with∫ b

a
xp(x)f(x)∆x > 0 and

∫ b

a
p(x)f(x)∆x > 0. Then∫ b

a
xp(x)f 2(x)∆x∫ b

a
xp(x)f(x)∆x

≤ (≥)

∫ b

a
p(x)f 2(x)∆x∫ b

a
p(x)f(x)∆x

.

Proof. Clearly, for anyx, y ∈ [a, b],∫ b

a

∫ b

a

f(x)f(y)p(x)p(y)(y − x)(f(x)− f(y)∆x∆y ≥ (≤)0,

http://jipam.vu.edu.au/
mailto:
mailto:CCYeh@mail.lhu.edu.tw
mailto:
mailto:wong@tea.ntptc.edu.tw
mailto:
mailto:hjli@ckit.edu.tw
http://jipam.vu.edu.au/
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which implies that the desired result holds.

Remark 3. Letf ∈ Crd([a, b], (0,∞)) andn be a positive integer. Ifp andg are
replaced byp

f
andfn respectively, theňCebyšev’s inequality (2.2) is reduced to∫ b

a

p(x)fn(x)∆x

∫ b

a

p(x)

f(x)
∆x ≥

∫ b

a

p(x)∆x

∫ b

a

p(x)[f(x)]n−1∆x,

which implies∫ b

a

p(x)fn(x)∆x

(∫ b

a

p(x)

f(x)
∆x

)2

≥
∫ b

a

p(x)∆x

∫ b

a

p(x)[f(x)]n−1∆x

∫ b

a

p(x)

f(x)
∆x

≥
(∫ b

a

p(x)∆x

)2 ∫ b

a

p(x)[f(x)]n−2∆x.

providedf andfn are similarly ordered. Continuing in this way, we get(∫ b

a

p(x)

f(x)
∆x

)n ∫ b

a

p(x)[f(x)]n∆x ≥
(∫ b

a

p(x)∆x

)n+1

,

which extends a result in Dunkel [4].

Remark 4. Let ν, p ∈ Crd([a, b], [0,∞)). If f andg are similarly ordered (or
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oppositely ordered), then it follows from Remark1 that∫ b

a

p(t)f(ν(t))g(ν(t))∆t

∫ b

a

p(t)∆t

≥ (or ≤)

∫ b

a

p(t)f(ν(t))∆t

∫ b

a

p(t)g(ν(t))∆t,

which is a generalization of a result given in Stein [12].

Remark 5. Let p, fi ∈ Crd([a, b], R) for eachi = 1, 2, . . . , n. Suppose that
f1, f2, . . . , fn are similarly ordered andp(x) ≥ 0 on [a, b], then it follows from
Remark1 that(∫ b

a

p(x)∆x

)n−1 (∫ b

a

p(x)f1(x)f2(x) · · · fn(x)∆x

)
=

(∫ b

a

p(x)∆x

)n−2 (∫ b

a

p(x)∆x

) (∫ b

a

p(x)f1(x)f2(x) · · · fn(x)∆x

)
≥

(∫ b

a

p(x)∆x

)n−2 (∫ b

a

p(x)f1(x)∆x

) (∫ b

a

p(x)f2(x) · · · fn(x)∆x

)
≥

(∫ b

a

p(x)f1(x)∆x

) (∫ b

a

p(x)∆x

)n−3

×
(∫ b

a

p(x)f2(x)∆x

) (∫ b

a

p(x)f3(x) · · · fn(x)∆x

)
≥ · · ·
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≥
(∫ b

a

p(x)f1(x)∆x

) (∫ b

a

p(x)f2(x)∆x

)
· · ·

(∫ b

a

p(x)fn(x)∆x

)
,

which is a generalization of a result in Dunkel [4].

In particular, iff1(x) = f2(x) = · · · = fn(x) = f(x), then(∫ b

a

p(x)∆x

)n−1 (∫ b

a

p(x)fn(x)∆x

)
≥

(∫ b

a

p(x)f(x)∆x

)n

.

Theorem 2.3. If p(x), f(x) ∈ Crd([a, b], [0,∞)) with f(x) > 0 on [a, b] andn
is a positive integer, then(∫ b

a

p(x)

f(x)
∆x

)n (∫ b

a

p(x)fn(x)∆x

)
≥

(∫ b

a

p(x)∆x

)n

.

Proof. It follows from f(x) > 0 on [a, b] that fn(x) and 1
f(x)

are oppositely
ordered on[a, b]. Hence by (2.2),∫ b

a

p(x)fn(x)∆x

(∫ b

a

p(x)

f(x)
∆x

)n

≥
∫ b

a

p(x)∆x

(∫ b

a

p(x)

f(x)
∆x

)n−1 ∫ b

a

p(x)fn−1(x)∆x

≥
(∫ b

a

p(x)∆x

)2 (∫ b

a

p(x)

f(x)
∆x

)n−2 ∫ b

a

p(x)fn−2(x)∆x

≥ · · · ≥
(∫ b

a

p(x)∆x

)n

.
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Theorem 2.4. Let g1, g2, . . . , gn ∈ Crd([a, b],<) and p, h1, h2, . . . , hn−1 ∈
Crd([a, b], (0,∞)) with gn(x) > 0 on [a, b]. If

g1(x)g2(x) · · · gn−1(x)

h1(x)h2(x) · · ·hn−1(x)
and

hn−1(x)

gn(x)

are similarly ordered (or oppositely ordered), then

(2.4)
∫ b

a

p(x)gn(x)∆x

∫ b

a

p(x)g1(x)g2(x) · · · gn−1(x)

h1(x)h2(x) · · ·hn−2(x)
∆x

≥ (or ≤)

∫ b

a

p(x)hn−1(x)∆x

∫ b

a

p(x)g1(x)g2(x) · · · gn(x)

h1(x)h2(x) · · ·hn−1(x)
∆x.

Proof. Taking

f1(x) =
g1(x)g2(x) · · · gn−1(x)

h1(x)h2(x) · · ·hn−1(x)
, k1(x) = hn−1(x),

f2(x) = 1 and k2(x) = gn(x)

in Theorem2.1, (2.1) is reduced to our desired result (2.4).

The following theorem is a time scales version of Theorem 1 in Beesack and
Pěcaríc [2].

Theorem 2.5.Let

f1, f2, . . . , fn ∈ Crd([a, b], [0,∞) and g1, g2, . . . , gn ∈ Crd([a, b], (0,∞)).
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If the functionsf1,
f2

g1
, . . . , fn

gn−1
are similarly ordered and for each pairfk

gk−1
, gk−1

is oppositely ordered fork = 2, 3, . . . , n, then

(2.5)
∫ b

a

p(x)f1(x)
f2(x)f3(x) · · · fn(x)

g1(x)g2(x) · · · gn−1(x)

∆x

≥
∫ b

a
p(x)f1(x)∆x

∫ b

a
p(x)f2(x)∆x · · ·

∫ b

a
p(x)fn(x)∆x∫ b

a
p(x)g1(x)∆x

∫ b

a
p(x)g2(x)∆x · · ·

∫ b

a
p(x)gn−1(x)∆x

.

Proof. Let f1, f2, . . . , fn be replaced byf1,
f2

g1
, . . . , fn

gn−1
in Remark5, we obtain

(2.6)

(∫ b

a

p(x)∆x

)n−1 ∫ b

a

p(x)f1(x)
f2(x)f3(x) · · · fn(x)

g1(x)g2(x) · · · gn−1(x)
∆x

≥
∫ b

a

p(x)f1(x)∆x
n∏

k=2

∫ b

a

p(x)
fk(x)

gk−1(x)
∆x.

Also, since fk

gk−1
andgk−1 are oppositely ordered, it follows from Remark1 that∫ b

a

p(x)∆x

∫ b

a

p(x)fk(x)∆x ≤
∫ b

a

p(x)gk−1(x)∆x

∫ b

a

p(x)
fk(x)

gk−1(x)
∆x.

Thus ∫ b

a

p(x)fk(x)

gk−1(x)
∆x ≥

∫ b

a
p(x)∆x

∫ b

a
p(x)fk(x)∆x∫ b

a
p(x)gk−1(x)∆x

.

This and (2.6) imply (2.5) holds.
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3. More Results
In this section, we generalize some results in Isayama [8].

Theorem 3.1.Letf1, f2, . . . , fn ∈ Crd([a, b], (0,∞)), k1, k2, . . . , kn−1 ∈
Crd([a, b], R) andp(x) ∈ Crd([a, b], [0,∞)). If

f1(x)f2(x) · · · fi−1(x)

k1(x)k2(x) · · · ki−1(x)
and

ki−1(x)

fi(x)

are similarly ordered (or oppositely ordered) fori = 2, . . . , n, then

(3.1)
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn(x)∆x

≥ (or ≤)

∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)k2(x)∆x · · ·

· · ·
∫ b

a

p(x)kn−1(x)∆x

∫ b

a

p(x)
f1(x)f2(x) · · · fn(x)

k1(x)k2(x) · · · kn−1(x)
∆x.

Proof. If f1(x), k1(x), f2(x) andk2(x) are replaced byf1(x), 1, k1(x) and f2(x)
k1(x)

in Theorem2.1, then we obtain∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x

≥ (or ≤)

∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)
f1(x)f2(x)

k1(x)
∆x.
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Thus the theorem holds forn = 2.
Suppose that the theorem holds forn− 1, that is

(3.2)
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn−1(x)∆x

≥ (or ≤)

∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)k2(x)∆x

· · ·
∫ b

a

p(x)kn−2(x)∆x

∫ b

a

p(x)
f1(x)f2(x) · · · fn−1(x)

k1(x)k2(x) · · · kn−2(x)
∆x

if
f1(x)f2(x) · · · fi−1(x)

k1(x)k2(x) · · · ki−1(x)
and

ki−1(x)

fi(x)

are similarly ordered (or oppositely ordered) fori = 2, 3, . . . , n−1. Multiplying
the both sides of (3.2) by

∫ b

a
p(x)fn(x)∆x, we see that

(3.3)
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn−1(x)∆x

∫ b

a

p(x)fn(x)∆x

≥ (or≤)

∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)k2(x)∆x

· · ·
∫ b

a

p(x)kn−2(x)∆x

∫ b

a

p(x)
f1(x)f2(x) · · · fn−1(x)

k1(x)k2(x) · · · kn−2(x)
∆x

∫ b

a

p(x)fn(x)∆x.
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It follows from Theorem2.5that∫ b

a

p(x)
f1(x)f2(x) · · · fn−1(x)

k1(x)k2(x) · · · kn−2(x)
∆x

∫ b

a

p(x)fn(x)∆x

≥ (or ≤)

∫ b

a

p(x)
f1(x)f2(x) · · · fn(x)

k1(x)k2(x) · · · kn−1(x)
∆x

∫ b

a

p(x)kn−1(x)∆x.

This and (3.3) imply∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn(x)∆x

≥ (or ≤)

∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)k2(x)∆x

· · ·
∫ b

a

p(x)kn−1(x)∆x

∫ b

a

p(x)
f1(x)f2(x) · · · fn(x)

k1(x)k2(x) · · · kn−1(x)
∆x.

By induction, we complete the proof.

Remark 6. Letkn ∈ Crd([a, b], R). If f1(x), f2(x), . . . , fn(x), k1(x), k2(x), . . . ,
kn−1(x) are replaced by

f1(x)f2(x) · · · fn(x), k1(x)k2(x) · · · kn(x),

. . . ,

k1(x)k2(x) · · · kn(x), f1(x)k2(x) · · · kn(x), k1(x)f2(x)k3(x) · · · kn(x),

. . . ,

k1(x)k2(x) · · · kn−2(x)fn−1(x)kn(x)
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in Theorem3.1, respectively, then

(3.4)
∫ b

a

p(x)f1(x)f2(x) · · · fn(x)∆x

×
(∫ b

a

p(x)k1(x)k2(x) · · · kn(x)∆x

)n−1

≥
∫ b

a

p(x)f1(x)k2(x) · · · kn(x)∆x

×
∫ b

a

p(x)k1(x)f2(x)k3(x) · · · kn(x)∆x

· · ·
∫ b

a

p(x)k1(x)k2(x) · · · kn−1(x)fn(x)∆x

if fi(x)
ki(x)

> 0 for i = 1, 2, . . . , n andk1(x)k2(x) · · · kn(x) > 0 on [a, b].

Remark 7. Lettingf1(x) = f2(x) = · · · = fn(x) = f(x) andk1(x) = k2(x) =

· · · = kn(x) = k
1

n−1 (x) in (3.4) with k(x) > 0 on [a, b], we obtain the Hölder
inequality:

(3.5)
∫ b

a

p(x)fn(x)∆x

(∫ b

a

p(x)k
n

n−1 (x)∆x

)n−1

≥
(∫ b

a

p(x)f(x)k(x)∆x

)n

.
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Remark 8. Letp, f, g ∈ Crd([a, b], [0,∞)). Taking

f1(x) = fn(x)g(x),

f2(x) = f3(x) = · · · = fn(x) = g(x) and

k1(x) = k2(x) = · · · = kn−1(x) = f(x)g(x),

(3.1) is reduced to Jensen’s inequality:

(3.6)
∫ b

a

p(x)fn(x)g(x)∆x

(∫ b

a

p(x)g(x)∆x

)n−1

≥
(∫ b

a

p(x)f(x)g(x)∆x

)n

.

Remark 9. Takingk1(x) = k2(x) = · · · = kn−1(x) = (f1(x)f2(x) · · · fn(x))
1
n ,

(3.1) is reduced to

(3.7)
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn(x)∆x

≥
[∫ b

a

p(x) (f1(x)f2(x) · · · fn(x))
1
n ∆x

]n

if fi(x) > 0 on [a, b] for eachi = 1, 2, . . . , n and 1
fi(x)

[f1(x)f2(x) · · · fn(x)]
1
n

(i = 1, 2, . . . , n) are similarly ordered.
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Remark 10 (see also Remark5). Takingk1(x) = k2(x) = · · · = kn−1(x) = 1,
(3.1) is reduced toČebyšev’s inequality:

(3.8)
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn(x)∆x

≤
(∫ b

a

p(x)∆x

)n−1 ∫ b

a

p(x)f1(x)f2(x) · · · fn(x)∆x

if fi(x) (i = 1, 2, . . . , n) are similarly ordered andfi(x) ≥ 0 (i = 1, 2, . . . , n).

Remark 11. Takingf1(x) = f2(x) = · · · = fn(x) = 1, then (3.1) is reduced to(∫ b

a

p(x)∆x

)n

≤
∫ b

a

p(x)k1(x)∆x

∫ b

a

p(x)k2(x)∆x

· · ·
∫ b

a

p(x)kn−1(x)∆x

∫ b

a

p(x)

k1(x)k2(x) · · · kn−1(x)
∆x

if ki(x) > 0 are similarly ordered fori = 1, 2, . . . , n−1. Thus, iff1(x), . . . , fn(x)
are similarly ordered andfi(x) > 0 on [a, b] (i = 1, 2, . . . , n), then

(3.9)

(∫ b

a
p(x)∆x

)n+1

∫ b

a
p(x)

f1(x)f2(x)···fn(x)
∆x

≤
∫ b

a

p(x)f1(x)∆x

∫ b

a

p(x)f2(x)∆x · · ·
∫ b

a

p(x)fn(x)∆x.
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It follows from (3.8) and (3.9) that(∫ b

a
p(x)∆x

)n+1

∫ b

a
p(x)

f1(x)f2(x)···fn(x)
∆x

≤
(∫ b

a

p(x)∆x

)n−1 ∫ b

a

p(x)f1(x)f2(x) · · · fn(x)∆x

if f1(x), . . . , fn(x) are similarly ordered.

Remark 12. Letk1(x) = k2(x) = · · · = kn(x) = 1. If fi(x) is replaced by

[f1(x)f2(x) · · · fn(x)]
1
n

fi(x)
, n = 1, 2, . . . , n,

then (3.1) is reduced to
n∏

i=1

∫ b

a

p(x)
n
√

f1(x)f2(x) · · · fn(x)

fi(x)
∆x ≤

(∫ b

a

p(x)∆x

)n

if
n
√

f1(x)f2(x)···fn(x)

fi(x)
(i = 1, 2, . . . , n) are similarly ordered.

Remark 13. Let f1, f2, . . . , fn; k1, k2, . . . , kn−1 be replaced byf1f2, f3f4, . . . ,
f2n−1f2n; f2f3, f4f5, . . . , f2n−2f2n−1, respectively. Then (3.1) is reduced to∫ b

a

p(x)f1(x)f2(x)∆x

∫ b

a

p(x)f3(x)f4(x)∆x · · ·
∫ b

a

p(x)f2n−1(x)f2n(x)∆x

≥
∫ b

a

p(x)f2(x)f3(x)∆x

∫ b

a

p(x)f4(x)f5(x)∆x · · ·
∫ b

a

p(x)f2n−2(x)f2n−1(x)∆x

if fi(x)
fi+1(x)

(i = 1, 2, . . . , 2n− 1) are similarly ordered.
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