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Abstract

We establish a 3G-theorem for the Green functions G, of (=A)™ (m > 1) on
R} = {z = (x1,...,2,) €R" 12, > 0}, n > 2m - 1, with Navier boundary
conditions Alu \(_{ =0,0<j<m-1

We exploit these results to define a certain Kato class of functions that we
characterize by means of the Gauss semigroup on R”.
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In [2], for n > 3 and [3], for n = 2, the authors have established interest-
ing estimates foiG(z,y), the Green function of the Laplace operator corre-
sponding to zero Dirichlet boundary conditions in the half sgate= {z =
(x1,...,2,) € R" x, > 0}. In particular, they have proved the following form
of the3G-Theorem:

Theorem 1.1. There exists a constant > 0 such that for eaclr, y, z € R,
G(z,2)G(z,y)
G(z,y)
They then introduced a class of functiolis ,,(R"} ) as follows:

(1.1)

<0 |26+ 260

n

Definition 1.1. A Borel measurable functianin R belongs to the clas&’, ,,(R"} )
if ¢ satisfies the following condition

Yn
i sup | (2. 9) lay)] dy = 0.
(lz—yl<r)

r—0 IER" ﬁR” Tn

They have studied the properties of functions belonging to this class.

In particular, in P], the authors have showed the following characterization:

zeR"

(1.2) qe Ki,(R} )(z)hm <sup /n/ (s, z,y)|qly )|dsdy> =0,

wherep(s, z,y) is the density of the Gauss semigroupRih.
Note that similar characterizations have been already establishéll (sde
also [7] and [2]) for the classical Kato clask’,(R") defined as follows:
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Definition 1.2. A Borel measurable functiopin R”! (n > 3) belongs to the
Kato classk, (R?) if ¢ satisfies the following condition

' 1
lim | sup / ——=s14W)ldy | = 0.
a—0 zeR?Y R”QB (z,a) |$ - y|

For properties of functions if,,(R"} ) we refer to [1], [5], [], [10] and [11]).
Throughout this paper, we denote &Y, ,,(z, y) the Green'’s function of the

operatoru — (—A)™u onR’: with Navier boundary conditiond’« |8Rn =0, _
Estimates for the Green
0<j<m-—1form>1andn > max(?) 2m — 1) function and Characterization of
The outline of the paper is as follows. In Sectigwe give explicitly the ex- Garen Aoy
pression of,, ,(z,y) and we prove some inequalities 61, ,,(x, y) including Space
a3G-Theorem of the formX(.1). In Section3, we introduce a class of functions imedlBachar
Ko n(R%) defined as follows:
Definition 1.3. A Borel measurable functionin R’; belongs to the clask’, , (R"}) Title Page
if ¢ satisfies
Contents
(1.3) lim | sup / In man(2,9) |q(y)|dy | = 0. <4< >
r—0 wERi (|1’ y\<7)ﬁR" T 4 }
We then study properties of functions belonging to this class. In particular,
we prove the following characterization for> 2m: Go Back
Close
(1.4) g€ Knn(RY)
Quit
& hm (sup / / In sm p(s,z,y) |q(y)|dsdy> =0, Page 4 of 33
z€eR”? n
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which extends1.2).
In order to simplify our statements, we define some convenient notations.
Notations:

e B(R"}) denotes the set of Borel measurable function®’in

e s At =min(s,t)ands VvVt = max(s,t) for s,t € R.

e Let f andg be two nonnegative functions on a sget
We sayf < g if there exists a constant> 0, such that

Estimates for the Green

function and Characterization of
f(ZL‘) S cg(x) forallz € S. a Certain Kato Class by the
Gauss Semigroup in the Half

We sayf ~ g if Space
f=gandg < f.

Imed Bachar
o Letx,y € R}. Puty = (y1,...,¥n—1, —¥n). Then we have
_9 9 12 9 Title Page
v =Y = |z —y[" +4zny, and [z — Y[* > (20 +ya)”,
o ] Contents
which implies that
) ) <4< 44
(L5) =7 ~ |z — o + 2oy « |
(1.6) Ty Vy, <lz—7|.
Go Back
The following properties will be used several times. Close
(i) Fors,t > 0, we have Quit
(1.7) SAE~ st ' Page 5 of 33
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(i) Let A, > 0and0 < v < 1, then we have

(1.8) 11—t ~1—t" forte|0,1].

(1.9 log(1 4+ At) ~ log(1 + ut), fort > 0.

(1.10) log (14+t*) ~ (1At")log(2+1t), fort > 0.
(1.11) log(1+t) <t7, fort > 0.

(iii) Leta > 0, then we have
Estimates for the Green

. function and Characterization of
(1.12) 1 —e*~min(1,a). a Certain Kato Class by the
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In the sequel for > 0, x andy € R’;, we denote by

_ 1 @ =yl o — g/
o[ £5) o 5)

_ 1 o — yf* Tnln

" () O <_ i ) (1 TP (‘ i >> ’

the density of the Gauss semigroup®th. Then the Green'’s function af with
the Dirichlet condition ordR’} is given by

(2.1) Glan) = [ stz

LetG,, (2, y) be the Green's function of the operaior— (—A)™u onR”
with Navier boundary conditiond/« |, = 0,0 < j <m — 1.
ThenG,, ,, satisfies form > 2,

n
8R+

Gmm(m,y):/ / G(x,21)G(z1,29) - G(zm-1,y)dz1 . . . dzpm_1.
¥ ¥

Moreover, using the Fubini theoren2, {) and the Chapman-Kolmogorov iden-
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tity we have
Grmn(T,9)

/ / (x,21)G(21, 22)dz1)G (22, 23) - - - G(2m—1,Y)dz2 . . . Az

:/ - / (/ / p(ti+to, 2, 22)dt1dt2> G(22,23)  G(2m-1,y)dza . . . A2
¥ T Vo Jo

:/ / p(ty+ta+ -+ b, x,y)dty . .. diyy,.
0 0

A simple computation shows that for each> 1 andz, y € R’}

1 e
— m/{) s (s, z,y)ds.

Next, we purpose to give an explicit expressionddy .

Letd > 0 andz, y € R such thatr # y. Puta = "”—;y‘ andb = '“;m. Then
we have

(2.2) Gmn(z,7y)

é 00
(23) / Smilp(‘g?xa y)dS = Qmn (’{E - y’2m_n/ 7"(”722m)71€7rd7'
0

x—y|?
15

o
— |z—g" " rZ e gy
| ;/\2

= B / €U e — g,
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wherea,,, , andg,, ,, are some positive constants.
Hence, using this fact an@ @) it follows that

0

lim s (s, 2, y)ds = (m—1)Gpn(z,y) < 0o for z # y <= 2m—n < 2.

§—00 0

Moreover, we deduce fron2(3) by lettingd — oo, the following explicit ex-
pression of,,, ,,.

Proposition 2.1. For eachz, y € R, we have

1 1 H
amﬂl <‘x_y|n72m - ‘x_g|n72m> 9 If n > 2m7

Gmn(®,Y) = 4 by log (1 n |4_—5|> , if n = 2m,

wherea,,, ,,, b, andc,, , are some positive constants.

Corollary 2.2. For eachz, y € R, we have

(i) Forn > 2m,

nJgn 1 nJgn
Grn(2,y) ~ niizg@ 7 ™ n—2om (1 A ol 2) '
|z —y lz =y |z —y [z — |
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(i) Forn =2m,

|z -yl |z -yl

(i) Forn =2m — 1,

TnlYn 1 TnlYn %
Gm,n(xay) Y ~ (mnyn)2 (1 A M) .

|z =7 |z =y

Proof. The proof follows immediately from Propositichl and the statements

(1.89), (1.5 and (.7) for n. > 2m orn = 2m — 1 and using further}(.9) — (1.10

for n = 2m. O

Corollary 2.3. For eachz,y € R we have

L if n > 2m,

o=y

& m,n(x; y) = 1+ Gmm(ﬂj‘, y) if n = Qm,

n

Tn A Yn if n=2m—1.

Remark 1. For eachz,y € R, we have
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Indeed, from Corollary2.3, we have

Yn 1
va"<x’ y) j n—2m
n |z —y|
Interchanging the role of andy, we get
Yn 1
Gm,n(xa y) == n—2m’
In |z —yl

which implies the result.

The next lemma is crucial in this work.

Lemma 2.4 (see]). Letx,y € R’.. Then we have the following properties:

1. If 2y, < |z — y|? then

vy < Dy

2. If |z — y|? < 2.y, then

3-v5\ _ (345
2 Tp = Yn > 9 Tp-.
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Corollary 2.5. For eachz, y € R}, we have

TnlYn
n—2m+2"’

(2.4) Gm,n<x7y) =
|z —yl

)n_2m+2 j Gm7n($7 y)’

Tn N\ Yn
|fE . y|n+1—2m'

TnYn
(] + 1)n=2m*2(Jy[ + 1

(2.6) Gmn(z,y) 2

(2.5)

Proof. The assertions2(4) and @.5) follow from Corollary2.2 and the fact that
[z —yl < Jz=g| < (=] + Dyl + 1)

and

t
— <log(l+t) <t
1+t_og(+)_,

fort > 0.
To prove @.6) we claim that

T
|n+172m'

(2.7) Gmn(z,y) =
|z —y

Indeed, we have the following cases:

Case 1.If n > 2m orn = 2m — 1, the inequality 2.7) follows from Corollary
2.2, (1.6) and the fact thatr — 7| > |z — y|.

Case 2.1f n = 2m, then we have the following subcases:
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1. If |2 — y|? < 2.y, then by Lemma.4, we getr,, ~ y,,.
Using this fact, Propositio2.1, (1.9) and (L.11) we deduce that

cr?

Gmn(z,y) ~ log (1 + —”2) , (wherec > 0),
|z =y
Ty,

=< .
|z —y|

2. If 2,9, < |z — y|?, then Lemm&.4gives thatx, V y,) =< |z — y|.

Hence from 2.4), we deduce that

TnYn Tp
Gmn(z,y) 2 < .
P L Py

This proves 2.7). Interchange the role of andy, we obtain 2.6).

Proposition 2.6. a) For eacht > 0, and allz, y € R"}, we have
t
/ Sm—lp(ij,y)ds = Gmn(T,9).
0
b) Lett > 0 andz, y € R’}. Then

t
Gon(,y) =< / (s, 7, y)ds,
0

provided

i) n>2mand|x — y < 2Vt or
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i) n=2mand|z —7| <2Vt or
i) n=2m—1and|z —7y| <2Vt

Proof. Lett > 0 andz, y € R’}. Thena) follows immediately from2.2).
To proveb) we distinguish three cases.

i) Forn > 2m, using (L.12 and the fact that foti, b € (0, 00) we have
(LAab) > (1 Aa)(1AD),

then there exist§’ > 0 such that forz — y| < 2/,

t f | —yl* Tny
m—1 ndn
/0 s (s, x,y)ds > O/o T exp P (1 A T> ds

C nJdn o =
> e (1 A 2) r2 =M™ (1 A dr)dr
[z —yl |z —y|" /) Sz
C n >,
Z w (1 VAN ’ Tny ’2) Tiilimeirdr
x—y x—y 1
C TnYn
Z n—2m (1 N 2)
|z —yl lz—y

Hence the result follows from Corolla.2.
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ii) Forn = 2m, by (2.3), there exist€' > 0 such that folz — 7| < 2v/t

t IIZE‘Q —r =2
/ s p(s, xz,y)ds = amjn/ , iy » > C'log |2 y|2 )
0 % T ‘x — y‘

Hence the result follows from Propositi@nl.

iii) Letn = 2m — 1, ¢ > 0 andz, y € R? such thatz — | < 2V/1.

Puta = 2=l andb = 221 Then using 2.3), we obtain

t o) 0
I:= / s (s, z,y)ds = 20 n V't <a/ re e dr — b/ r?e_rdr) :
0 a? b2

Now since fora > 0, we have

oo —a2 oo
/ reedr =2 ( —/ r?le_rdr> ,
a2 « o2

we deduce that

I= 4am7n\/¥ {(6“2 71’2) + b/ r e "dr — a/ r;erdr]
b a

2 2

oo b2
= 4Vt [(b — a)/ rze"dr + / r%e’r(r% - a)dr] :
b2 a

2

Hence

[e.9]

I > 4ayn V(b — a)/ rze"dr.

b2
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That is

[e.9]

I>20,(lz =7 —|z— y|)/ , rze " dr

|7
4t

> 20l — 7| — |z — y])/ rze"dr.
1

The result follows from Propositiod. 1. O]

Next we purpose to prove théat,, ,, satisfies {.1).
3G-Theorem. For z,y, z € R}, we have

Gm,n<x7 Z)Gm’”(z’ y> < Z_nGm,n(x, Z) + Z_nGm,n<y7 Z)

Gmn(T,y) _-{xn Yn

Proof. To prove the inequality, we denote By, y) := % and we claim
that A is a quasi-metric, that is for eaahy, » € R7,

(2.8) A(z,y) < Az, z) + Ay, 2).

To this end, we observe that by using Corollar{ and Lemma2.4, the claim
can be proved by similar arguments as i, ffor n > 2m and as in §], for
n =2m.

To prove @.8), for n = 2m — 1, we derive from Corollary.2 that

1 _
A(ZE,y) ~ <|ZL’ - y|2 \% xnyn)Q ~ |fL’—y| :
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Now since| x — z |<| z—Z|, we deduce that

Az, y) 2 |z = 2+ 27|
= o=z + |z =y = (Alz, 2) + Aly, 2)).
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Next we purpose to study and to characterize the digss(R"} ) for n > 2m.
We recall that foi0) < o < n, we say that a Borel measurable functipm
R" belongs to the clask, ,(R") (see []) if ¢ satisfies the following condition

(3.1) lim sup /( ]q(—y)\_ dy = 0.

=0 zeRrn —yl<rrre o=y
+ z—y|<r) +

The usual Kato clas&’, (R’ ), corresponds ta = 2.

Remark 2. Letn > 2m. Using Corollary2.3, the classk,, (R’ ) obviously
includes the clas#(s,, ,(R"). In particular, i, (R ) C K, »(R7).

Example 3.1. Suppose that fop > 2i > 1, we have
m

2p
= [ ()7 ) <
T€RY J(|lz—y|<1)NR™ Tn

theng € K., »(R%).
Indeed, let) < » < 1 andz € R7, then using Remark and the Holder
inequality we get

Yn
L ) o) dy
z—y|<r)NR7} *n
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2
) Un 1
j/i min (—),1-——ﬁ:%mwﬂw
(jz—y|<r)NR? Ty, |z — |

y 2p P
= /] min (i),llﬂwfw
(le—y|<r)NR? Tn
p—1
1 p
% / L (n—2m) dy :
(lz—y|<r)NR% |(L’ — y| p—1
Hence
yn 1 2mp—n
Sup _ mm(xa y)él(y)dy <Mgr » —0asr—0.
2€RY J (Jo—y|<r)nRY Tn

Proposition 3.1. Letp > max (;%,1) and f € L? (R?) . Then

T g Kol
provided
) n>2m, A <2andA <2m — 2 andp > max(0,A) or
i) n=2mandA <min(2,2m — %) <p or

i) n=2m—1,A<2and)\ <2m — g andp > max(1, A).
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Proof. Letp > max (3%, 1) andg > 1suchthag + . = 1.
For f € LP(R%), » € R} and0 < r < 1, put

" )|
I=1(z,r ::/ In G, ) — g
S A MRS

Note that if|[z —y| < r, then(|z| + 1) ~ (Jy| + 1). So, we distinguish the
following cases:

Case 1.n > 2m. Assume thah < 2 andX < 2m — 2. Lety > max(0, )
and putA™ = max(\,0). Then using Corollary?2.2, (1.6) and the fact that
|z —y| < |x — 7|, we deduce by the Holder inequality that

|f(y)] 1 a
=y dy < 7] ay
B(a,r)NRY |[E - y|n+/\+—2m b B(z,r)NRY | T — y|(n+)\+—2m)q

< ™3 ~*"which tends to zero if — 0.

n

Case 2.n = 2m. Assume thak < min ( 2,2m — 5) < pu.

Using Propositior2.1and the Holder inequality, we deduce that

1

q q q
Yn 4rnyn 1
r=0 / ( ) <log<1+ )) W
| Hp( (lo—yl<r)nRz \Zn [z =y} ) (|y| + 1)e=Nay?
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1
n ! 4 nJn 1 1 q
(le—yl<r)nDy \Tn |z =yl (Jy| + 1)=Nay)
1
n 1 42,Yn 4 1 q
+ (/ (;,_) (log (1 L Aoy 2)) . Aqdy>
(le=yl<r)nDz \Tn |z =y (ly| + 1)=Nay

= Il + 127
where
I_Estimates for the C_;ree_zn
Di={y € R}y <|r—yl’) and Dy = {y € BL : o —yP <y} Cnctonandcharscezaton o
. ) Gauss Semigroup in the Half
So, using thalog(1 + t) < t, fort > 0 and Lemm&.4, we obtain Space
1 Imed Bachar
y(2—>\)q q
ne(f e,
(jo—yl<r)nDy 1T — Y[* Title Page
1 % Contents
= [l
(jo—y|<r)nDy T — Y[ <4< >
< r*™=»~* which converges to zero as— 0. < >
On the other hand, from Lemn2a4 and the fact that|z| + 1) ~ (|y| + 1), we Go Back
obtain Close
1
1 cxp,)? 4 q Quit
I = — ,\(/ (log(1+< )2>> dy) )
wp(lz] + 1)E=N\ S amyi<rnps |z — y| Page 21 of 33
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wherec = 1 + /5. Lety € ] max(0, \), min(2, 2m — Sl
Sincelog(1 + t?) < t7, for t > 0, then

1
I’Yf)‘ 1 E
e
(|| + )= \ Ja—yj<rynp, [T — Y[

1

1 i
Lo
(Ja—y|<r)nDs 1T — Y[

< r?™~» =7 which converges to zero as— 0.

A

Case 3.n = 2m — 1. Assume thak < 2 and\ < 2m — % Lety > max(1, \).
Using Corollary2.2 and the Hélder inequality, we obtain

y(2—>\)q q
I= / — dy
B(z,r)ND1 |:E - y|q (|y| + 1)(M_/\)q

. / yT(LQ—)\)q dy %
B(z,r)NDs ’l’ - g’q (’y‘ + 1)(#7/\)[1

- Il +IQ

Now, ify € Dy, then|z —g| ~ |x — y| and so

1 ! . _
I = / | = 7>~ % ~*, which tends to zero as— 0.
B(z,r)ND1 |ZL’ — y| a
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On the other hand, if € D, then|z — |* ~ .y, and by Lemma&.4, we have

furtherz,, ~ y,. This implies that
1
q 1-
q
Zn (r A cxy)

fo)\
I = S (/ dy) = T
(‘I| + 1)“ A B(z,r)ND2 (|Z“ + ]')M A

n
e, which converges to zero as— 0.
O

n
q
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<

The proof of the next results are similar to the case- 1 andn > 3, which

has been considered if][ Since reference’] is not available, | have chosen
to reproduce it here. e
Proposition 3.2. Letq € K,,,(R"), then for each compadi C R" we have Imed Bachar
y2
su — dy < oo. .
xGREL /(g;+L)mRn L+ 2nyn 4l dy Title Page
Proof. Letq € K., »(R"), then by (L.3) there exists > 0 such that Contents
Yn «“ "
sup | (. 9) a(w) dy < 1,
2€RY J (Jz—y|<r)NR7 Tn < >
,a, € R N LsuchthalR N L C 1<LJ Bla;, ). Go Back
Close
Quit

Letaq,as, ..
Since fora, b € (0, 00), we havem <1+ |a—1|,then foreach,y,z €
Page 23 of 33
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14+ (n, + 20)Yn
b 2)¥n 1142014 a2 — )

1+ 2y,
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Using this fact and Corollarg.2, we obtain:
Forn > 2m,

B [t (1t [ — )
1+ 2.y, — 1+ (zn + 20)Yn

X [z + 2 —y|> + 4z + 20)y0)

n—2m

|z + 2z —y|

Yn

me,n(x+Zay>‘

Forn = 2m, using further that* <log(1 +1t), V¢ > 0, we have

Estimates for the Green
function and Characterization of
a Certain Kato Class by the

yg [1 + Zn(l + |£L’n - yn|)] Gauss Semigroup in the Half
L+ zpyn = 14 (20 + 20)Un Space
2 Yn Imed Bachar
X ||+ 2z — + 4z, + 20)Yn| —————Gmn(r + 2, 7).
I ylI” + 4( )y ](xn o ( y)
Forn=2m —1 Title Page
Contents
v (L2 fon = gal) ——
L+ xpyn = 14 (20 + 20)¥n
<t 2=yl + 4w+ 2l Gt 20) e
Tn T Zn Go Back
Now, if z € L and|x + z — y| < r, then Close
2 Quit
yn Un Gm,n(x + Z, y)

L+ 20y, = (2n + 20) Page 24 of 33
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Hence

2
—— la(y)| dy
/(x+L)mR1 1+ znyn

p

Yn

= / 5 Gmn(@ +ai,y) la(y)[ dy < p.
2‘21 (lztai—y|<r)NR% (zn + (az)n)

So

2
Yn
sup [y dy < o
2eR? J@+rynrr L+ Tnln

Corollary 3.3. Letq € K,, ,(R".).Then we have fok/ > 0,

/ y2 lq(y)| dy < oc.
(ly|<M)NE"

Proposition 3.4. Letq € K,,, ,(R"}), then for each fixed > 0, we have

(32)  supsup /(| B Y it 2,) la(y)| dy == M(a) < co.
T—y|l>a

t<1 zeR?} NR7 T

Proof. Letq € K,,, ,(R"),0 < ¢t < 1 and without loss of generality assume that
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0 <a< 1. Thenby (.12 and (L.7), it follows that

Un
sup / —p(t,z,y)|q(y)| dy
(jz—y|>a)

:pERi QRZL_ T,

< e o [ 2 ) B )
D € Ssu exX — .
- t5+1 acE]Rpi R™ P 8 1+ TnYn i Y

To conclude, it is sufficient to prove that

Estimates for the Green

2 9 function and Characterization of
|$ B yl Yn d a Certain Kato Class by the
sup exXp | — 3 1 |Q(y)| y < o0. Gauss Semigroup in the Half
zeR} JRY + TnYn Space
Indeed, using Propositioh 2, we have Imed Bachar
yr ~
sup / — 2 q(y)| dy := M < oo. Title Page
zeR? J(@+B0,1)nR? 1+ Tnln
Contents
Now since any balB(0, k), of radiusk > 1 in R" can be covered by, k" := « )
a(n) balls of radiusl, where A4, is a constant depending only an(see p, p.
67]), then there exists;, as, . . . , aq(n) € R? such that < 4
R* N B(0,k)C U Ba;1). Go Back
1<i<a(n)
Close
Using the fact that for each y, 2 € R, Quit

14 (zn + 20)Yn
1+ 2y,
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it follows that for allz € R’} andk > 1 :

2
—— la(y)|dy
/(m+B(0,k))mR1 1+ zpyn

a(n)

<>/ Yoty dy

B(z+a;,1)NRY 1+ TnYn

=1
a(n) yg

= - lq(y)| dy
i—1 /B(I+ai,1)ﬂR1 1+ (T + (@i)n)Yn

< A, k" M.

Hence for allz € R}, we have

e —y*\ v
—_ n d
[ e ( ) )l

00 0421{72 ,y2
< E exp (— ) / ——|q(y)| dy
8 /) Jika<la—yl<(k+1)alnry L+ Tnln

k=0

~ a’k?
= AnMZ(k’ + 1)"exp (— 3 ) < 0.
k=0

Thus

2 2
r—=y Yn
sup/ exp | 8' 1 lq(y)| dy < oo,
veR” JRn + TnYn

which completes the proof.
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Theorem 3.5. Letn > 2m andq € B(R’ ). Then the following assertions are
equivalent:

1.ge Knn(R%)

t Yn
2.lim sup fp. Jy ==s"""p(s,x,y)q(y)| dsdy = 0.
z€RY an

Proof. 2) = 1) Assume that

lim sup/ / In gm-1 p(s,z,y) |q(y)| dsdy = 0.

t—0 zE€R™

Then by Propositio2.6, there existg > 0 such that forx > 0 we have

JA—
(lz—y|<a)nR? Tn

which shows that the functiopsatisfies {.3).
Conversely suppose thate K, ,(R"}). Lete > 0, then there exist§ <
a < 1 such that

Yn
sup
2€R% J (jz—y|<a)RT Tn

ol iy < [ / Yo gmtp(s, 2, ) la(y)| dsdy,

man(T,y) lq(y)| dy < e.

Estimates for the Green
function and Characterization of
a Certain Kato Class by the
Gauss Semigroup in the Half

Space

Imed Bachar

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 28 of 33

J. Ineq. Pure and Appl. Math. 6(4) Art. 119, 2005

httn-//itinarm it adir ann


http://jipam.vu.edu.au/
mailto:Imed.Bachar@ipeit.rnu.tn
http://jipam.vu.edu.au/

On the other hand, using Propositiarb and @.2), we have fol) < ¢t < 1

yn m
/ / (s, z,9) a(y)| dsdy
Ly
j/ /—"Sm‘lp(s,x,y)lq(y)ldsdy
(lz—yl<a)nR7Y JO Tn

t
Yn m—
+ / / Yn gn1p(s, 2, y) laly)| dsdy
(lz=y[>a)NRY} J0O Tn

j/(l I G () [a(y)] dy

z—y|<a)NRY Tn

/ / I (s, 2, ) la(y)] dyds
(lz—y|[>a)NRY Ln
<e+ tM

which implies that

lim sup/ / In gm—1 p(s,z,y) |q(y)| dsdy = 0.

t—0 zER™

Corollary 3.6. Letn > 2m andq € B(R%). Fora > 0 andz € R’} put

> —asyn m—
:/ / e s "p(s,2,y) lq(y)| dsdy.
1 Jo "
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Then
qec Kmn(Rﬁ-) g alirfw ”Gaquo =

where||Goql|, = sup |Gag(z)|.
xERi

Proof. (see []). Letq € K, ,(R"} ), a > 0 and put

Yn -
= Sup/ / "p(s,2,y) la(y)| dyds.

Godle) :/ [/ /n Zgmlp(s, z,y) !fJ(y)Idyds] dt
/ / / (s %3/>|q(y>!dyds] dt.

1
It follows that, —a(«) < ||Gagl| o,
e
On the other hand, far> 0 andk € N such thatt <t < k + 1, we have

Gt <> [ [ /k“ [
< ala) /0

< a(a) /000 e H(t+ 1)dt = 2a(a),

Then we have

p(s,7,y) lq(y)] ddeI dt

e "(m+1)dt
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. ) 1
which gives that-a(a) < [|Gaq|| . < 2a(w).
e
Hence the results follow from Theoresb. O]
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