
Hilbert-Pachpatte Type
Inequalities

Josip Pečarić, Ivan Perić
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1. Introduction

An interesting feature of one of the forms of Hilbert-Pachpatte type inequalities, is
that it controls the size (in the sense ofLp or lp spaces ) of the modified Hilbert
transform of a function or of a series with the size of its derivate or its backward
differences, respectively. We start with the following results of Zhongxue Lü from
[9], for both continuous and discrete cases. For a sequencea : N0 → R, the sequence
∇a : N → R is defined by∇a(n) = a(n)−a(n−1). For a functionu : (0,∞) → R,
u′ denotes the usual derivative ofu.

Theorem A. Letp > 1, 1
p
+ 1

q
= 1, s > 2−min{p, q}, andf(x), g(y) be real-valued

continuous functions defined on[0,∞), respectively, and letf(0) = g(0) = 0, and

0 <

∫ ∞

0

∫ x

0

x1−s|f ′(τ)|pdτdx <∞, 0 <

∫ ∞

0

∫ y

0

y1−s|g′(δ)|qdδdy <∞,

then

(1.1)
∫ ∞

0

∫ ∞

0

|f(x)||g(y)|
(qxp−1 + pyq−1)(x+ y)s

dxdy

≤
B
(

q+s−2
q

, p+s−2
p

)
pq

·
(∫ ∞

0

∫ x

0

x1−s|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

y1−s|g′(δ)|qdδdy
) 1

q

.

Theorem B. Letp > 1, 1
p

+ 1
q

= 1, s > 2−min{p, q}, and{a(m)} and{b(n)} be
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two sequences of real numbers wherem,n ∈ N0, anda(0) = b(0) = 0, and

0 <
∞∑

m=1

m∑
τ=1

m1−s|∇a(τ)|p <∞, 0 <
∞∑

n=1

n∑
δ=1

n1−s|∇b(δ)|q <∞,

then

(1.2)
∞∑

m=1

∞∑
n=1

|am||bn|
(qmp−1 + pnq−1)(m+ n)s

≤
B
(

q+s−2
q

, p+s−2
p

)
pq

·

(
∞∑

m=1

m∑
τ=1

m1−s|∇a(τ)|p
) 1

p

×

(
∞∑

n=1

n∑
δ=1

n1−s|∇b(δ)|q
) 1

q

.

Note that the conditions > 2 − min{p, q} from TheoremB is not sufficient.
Namely, the author of the proof of TheoremB used the following result

(1.3)
∞∑

n=1

1

(m+ n)s

(m
n

) 2−s
q
< B

(
q + s− 2

q
,
p+ s− 2

p

)
m1−s,

for m ∈ {1, 2, . . .} ands > 2 − min{p, q}. For p = q = 2, s = 18 andm = 1,
the left-hand side of (1.3) is greater than the right-hand side of (1.3). Therefore, we
refer to a paper of Krnić and Pěcaríc, [4], where the next inequality is given:

(1.4)
∞∑

n=1

1

(m+ n)s

mα1

nα2
< m1−s+α1−α2B(1− α2, s+ α2 − 1),
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where0 < s ≤ 14, 1− s < α2 < 1 for s ≤ 2 and−1 ≤ α2 < 1 for s > 2. By using
this result, here we shall obtain a generalization of TheoremB but with the condition
2−min{p, q} < s ≤ 2 + min{p, q}. Also, the following result is given in [9]:

(1.5)
∞∑

n=1

1

ms + ns

(m
n

) 2−s
q
<

1

s
B

(
q + s− 2

sq
,
p+ s− 2

sp

)
m1−s,

form ∈ {1, 2, . . .} ands > 2−min{p, q}. Similarly as before, forp = q = 2, s = 6
andm = 1, the left-hand side of (1.5) is greater than the right-hand side of (1.5).
The case of nontrivial weights is essential in TheoremA and TheoremB, since for
s = 1 only the trivial functions and sequences satisfy the assumptions.

In 1951, Bonsall established the following conditions for non-conjugate expo-
nents (see [1]). Let p andq be real parameters, such that

(1.6) p > 1, q > 1,
1

p
+

1

q
≥ 1,

and letp′ andq′ respectively be their conjugate exponents, that is,1
p

+ 1
p′

= 1 and
1
q

+ 1
q′

= 1. Further, define

(1.7) λ =
1

p′
+

1

q′

and note that0 < λ ≤ 1 for all p andq as in (1.6). In particular,λ = 1 holds if and
only if q = p′, that is, only whenp andq are mutually conjugate. Otherwise, we have
0 < λ < 1, and in such casesp andq will be referred to as non-conjugate exponents.
Also, in this paper we shall obtain some generalizations of (1.1). It will be done in
simplier way than in [9]. Our results will be based on the following results of Pečaríc
et al., [2], for the non-conjugate and conjugate exponents.
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Theorem C. Let p, p′, q, q′ and λ be as in (1.6) and (1.7). If K, ϕ, ψ, f and g
are non-negative measurable functions, then the following inequalities hold and are
equivalent

(1.8)
∫

Ω2

Kλ(x, y)f(x)g(y)dxdy ≤
(∫

Ω

(ϕFf)p(x)dx

) 1
p
(∫

Ω

(ψGg)q(y)dy

) 1
q

and

(1.9)

(∫
Ω

(
1

ψG(y)

∫
Ω

Kλ(x, y)f(x)dx

)q′

dy

) 1
q′

≤
(∫

Ω

(ϕFf)p(x)dx

) 1
p

,

where the functionsF, G are defined by

F (x) =

(∫
Ω

K(x, y)

ψq′(y)
dy

) 1
q′

and G(y) =

(∫
Ω

K(x, y)

ϕp′(x)
dx

) 1
p′

.

The next inequalities from [5] can be seen as a special case of (1.8) and (1.9)
respectively for the conjugate exponents:

(1.10)
∫

Ω2

K(x, y)f(x)g(y)dxdy

≤
(∫

Ω

ϕp(x)F (x)fp(x)dx

) 1
p
(∫

Ω

ψq(y)G(y)gq(y)dy

) 1
q

and

(1.11)
∫

Ω

G1−p(y)ψ−p(y)

(∫
Ω

K(x, y)f(x)dx

)p

dy ≤
∫

Ω

ϕp(x)F (x)fp(x)dx,
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vol. 9, iss. 1, art. 9, 2008

Title Page

Contents

JJ II

J I

Page 7 of 27

Go Back

Full Screen

Close

where

(1.12) F (x) =

∫
Ω

K(x, y)

ψp(y)
dy and G(y) =

∫
Ω

K(x, y)

ϕq(x)
dx.

In particular, inequalities (1.10) and (1.11) are equivalent.
On the other hand, here we also refer to a paper of Brnetić et al., [8], where a

general Hilbert-type inequality was obtained forn ≥ 2 conjugate exponents, that
is, real parametersp1, . . . , pn > 1, such that

∑n
i=1

1
pi

= 1. Namely, we letK :

Ωn → R andφij : Ω → R, i, j = 1, . . . , n, be non-negative measurable functions. If∏n
i,j=1 φij(xj) = 1, then the inequality

(1.13)
∫

Ωn

K(x1, . . . , xn)
n∏

i=1

fi(xi) dx1 . . . dxn

≤
n∏

i=1

(∫
Ω

Fi(xi)(φiifi)
pi(xi) dxi

) 1
pi

,

holds for all non-negative measurable functionsf1, . . . , fn : Ω → R, where

(1.14) Fi(xi) =

∫
Ωn−1

K(x1, . . . , xn)
n∏

j=1,j 6=i

φpi

ij (xj)dx1 . . . dxi−1dxi+1 . . . dxn,

for i = 1, . . . , n.
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2. Integral Case

In this section we shall state our main results. We suppose that all integrals converge
and shall omit these types of conditions. Thus, we have the following.

Theorem 2.1. Let 1
p

+ 1
q

= 1 with p > 1. If K(x, y), ϕ(x), ψ(y) are non-negative
functions andf(x), g(y) are absolutely continuous functions such thatf(0) =
g(0) = 0, then the following inequalities hold∫ ∞

0

∫ ∞

0

K(x, y)|f(x)| |g(y)|
qxp−1 + pyq−1

dxdy(2.1)

≤
∫ ∞

0

∫ ∞

0

K(x, y)|f(x)| |g(y)|d
(
x

1
p

)
d
(
y

1
q

)
≤ 1

pq

(∫ ∞

0

∫ x

0

ϕp(x)F (x)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

ψq(y)G(y)|g′(δ)|qdδdy
) 1

q

,

and

(2.2)
∫ ∞

0

G1−p(y)ψ−p(y)

(∫ ∞

0

K(x, y)|f(x)|d
(
x

1
p

))p

dy

≤ 1

pp

∫ ∞

0

∫ x

0

ϕp(x)F (x)|f ′(τ)|pdτdx,

whereF (x) andG(y) are defined as in (1.12).
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Proof. By using Hölder’s inequality, (see also [9]), we have

(2.3) |f(x)| |g(y)| ≤ x
1
q y

1
p

(∫ x

0

|f ′(τ)|pdτ
) 1

p
(∫ y

0

|g′(δ)|qdδ
) 1

q

.

From (2.3) and using the elementary inequality

(2.4) xy ≤ xp

p
+
yq

q
, x ≥ 0, y ≥ 0,

1

p
+

1

q
= 1, p > 1,

we observe that

(2.5)
pq|f(x)| |g(y)|
qxp−1 + pyq−1

≤ |f(x)| |g(y)|
x

1
q y

1
p

≤
(∫ x

0

|f ′(τ)|pdτ
) 1

p
(∫ y

0

|g′(δ)|qdδ
) 1

q

and therefore

pq

∫ ∞

0

∫ ∞

0

K(x, y)|f(x)| |g(y)|
qxp−1 + pyq−1

dxdy(2.6)

≤
∫ ∞

0

∫ ∞

0

K(x, y)

x
1
q y

1
p

|f(x)||g(y)|dxdy

≤
∫ ∞

0

∫ ∞

0

K(x, y)

(∫ x

0

|f ′(τ)|pdτ
) 1

p
(∫ y

0

|g′(δ)|qdδ
) 1

q

dxdy.

Applying the substitutions

f1(x) =

(∫ x

0

|f ′(τ)|pdτ
) 1

p

, g1(y) =

(∫ y

0

|g′(δ)|qdδ
) 1

q
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and (1.10), we obtain∫ ∞

0

∫ ∞

0

K(x, y)f1(x)g1(y)dxdy(2.7)

≤
(∫ ∞

0

ϕp(x)F (x)fp
1 (x)dx

) 1
p
(∫ ∞

0

ψq(y)G(y)gq
1(y)dy

) 1
q

=

(∫ ∞

0

∫ x

0

ϕp(x)F (x)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

ψq(y)G(y)|g′(δ)|qdδdy
) 1

q

.

By using (2.6) and (2.7) we obtain (2.1). The second inequality (2.2) can be proved
by applying (1.11) and the inequality

|f(x)| ≤ x
1
q

(∫ x

0

|f ′(t)|pdt
) 1

p

.

Now we can apply our main result to non-negative homogeneous functions. Re-
call that for a homogeneous function of degree−s, s > 0, the equalityK(tx, ty) =
t−sK(x, y) is satisfied. Further, we define

k(α) :=

∫ ∞

0

K(1, u)u−αdu

and suppose thatk(α) < ∞ for 1 − s < α < 1. To prove first application of our
main results we need the following lemma.

http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au


Hilbert-Pachpatte Type
Inequalities
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and Predrag Vuković
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Lemma 2.2. If s > 0, 1 − s < α < 1 andK(x, y) is a non-negative homogeneous
function of degree−s, then

(2.8)
∫ ∞

0

K(x, y)

(
x

y

)α

dy = x1−sk(α).

Proof. By using the substitutionu = y
x

and the fact thatK(x, y) is homogeneous
function, the equation (2.8) follows easily.

Corollary 2.3. Let s > 0, 1
p

+ 1
q

= 1 with p > 1. If f(x), g(y) are absolutely
continuous functions such thatf(0) = g(0) = 0, andK(x, y) is a non-negative
symmetrical and homogeneous function of degree−s, then the following inequalities
hold ∫ ∞

0

∫ ∞

0

K(x, y)|f(x)| |g(y)|
qxp−1 + pyq−1

dxdy(2.9)

≤
∫ ∞

0

∫ ∞

0

K(x, y)|f(x)| |g(y)|d
(
x

1
p

)
d
(
y

1
q

)
≤ L

pq

(∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

y1−s+q(A2−A1)|g′(δ)|qdδdy
) 1

q

and

(2.10)
∫ ∞

0

y(p−1)(s−1)+p(A1−A2)

(∫ ∞

0

K(x, y)|f(x)|d(x
1
p )

)p

dy

≤
(
L

p

)p ∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx,
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Josip Pečarić, Ivan Perić
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whereA1 ∈ (1−s
q
, 1

q
), A2 ∈ (1−s

p
, 1

p
) andL = k(pA2)

1
pk(qA1)

1
q .

Proof. LetF (x), G(y) be the functions defined as in (1.12). Settingϕ(x) = xA1 and
ψ(y) = yA2 , by Lemma2.2we obtain∫ ∞

0

∫ x

0

ϕp(x)F (x)|f ′pdτdx(2.11)

=

∫ ∞

0

∫ x

0

|f ′(τ)|p
(∫ ∞

0

K(x, y)

(
x

y

)pA2

dy

)
xp(A1−A2)dτdx

= k(pA2)

∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx,

and similarly

(2.12)
∫ ∞

0

∫ y

0

ψq(y)G(y)|g′(δ)|qdδdy

= k(qA1)

∫ ∞

0

∫ y

0

y1−s+q(A2−A1)|g′(δ)|qdδdy.

From (2.1), (2.11) and (2.12), we get (2.9). Similarly, the inequality (2.10) follows
from (2.2).

We proceed with some special homogeneous functions. First, by puttingK(x, y) =
1

(x+y)s in Corollary2.3, we get the following.

Corollary 2.4. Let s > 0, 1
p

+ 1
q

= 1 with p > 1. If f(x), g(y) are absolutely
continuous functions such thatf(0) = g(0) = 0, then the following inequalities
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hold ∫ ∞

0

∫ ∞

0

|f(x)| |g(y)|
(qxp−1 + pyq−1)(x+ y)s

dxdy

≤
∫ ∞

0

∫ ∞

0

|f(x)| |g(y)|
(x+ y)s

d
(
x

1
p

)
d
(
y

1
q

)
≤ L1

pq

(∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

y1−s+q(A2−A1)|g′(δ)|qdδdy
) 1

q

and∫ ∞

0

y(p−1)(s−1)+p(A1−A2)

(∫ ∞

0

|f(x)|
(x+ y)s

d
(
x

1
p

))p

dy

≤
(
L1

p

)p ∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx,

whereA1 ∈ (1−s
q
, 1

q
), A2 ∈ (1−s

p
, 1

p
) and

L1 = [B(1− pA2, pA2 + s− 1)]
1
p [B(1− qA1, qA1 + s− 1)]

1
q .

Remark1. By puttingA1 = A2 = 2−s
pq

in Corollary 2.4, with the conditions >
2−min{p, q}, we obtain TheoremA from the introduction.

Since the functionK(x, y) =
ln y

x

y−x
is symmetrical and homogeneous of degree

−1, by using Corollary2.3we obtain:
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Corollary 2.5. Let 1
p

+ 1
q

= 1 with p > 1. If f(x), g(y) are absolutely continuous
functions such thatf(0) = g(0) = 0, then the following inequalities hold∫ ∞

0

∫ ∞

0

ln y
x
|f(x)| |g(y)|

(qxp−1 + pyq−1)(y − x)
dxdy

≤
∫ ∞

0

∫ ∞

0

ln y
x
|f(x)| |g(y)|
y − x

d
(
x

1
p

)
d
(
y

1
q

)
≤ L2

pq

(∫ ∞

0

∫ x

0

xp(A1−A2)|f ′(τ)|pdτdx
) 1

p
(∫ ∞

0

∫ y

0

yq(A2−A1)|g′(δ)|qdδdy
) 1

q

and∫ ∞

0

yp(A1−A2)

(∫ ∞

0

|f(x)| ln y
x

y − x
d
(
x

1
p

))p

dy ≤
(
L2

p

)p ∫ ∞

0

∫ x

0

xp(A1−A2)|f ′(τ)|pdτdx,

whereA1 ∈ (0, 1
q
), A2 ∈ (0, 1

p
) and

L2 = π2(sin pA2π)−
2
p (sin qA1π)−

2
q .

Similarly, for the symmetrical homogeneous function of degree−s, K(x, y) =
1

max{x,y}s , we have:

Corollary 2.6. Let s > 0, 1
p

+ 1
q

= 1 with p > 1. If f(x), g(y) are absolutely
continuous functions such thatf(0) = g(0) = 0, then the following inequalities
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vol. 9, iss. 1, art. 9, 2008

Title Page

Contents

JJ II

J I

Page 15 of 27

Go Back

Full Screen

Close

hold ∫ ∞

0

∫ ∞

0

|f(x)| |g(y)|
(qxp−1 + pyq−1) max{x, y}s

dxdy

≤
∫ ∞

0

∫ ∞

0

|f(x)| |g(y)|
max{x, y}s

d
(
x

1
p

)
d
(
y

1
q

)
≤ L3

pq

(∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

y1−s+q(A2−A1)|g′(δ)|qdδdy
) 1

q

and∫ ∞

0

y(p−1)(s−1)+p(A1−A2)

(∫ ∞

0

|f(x)|
max{x, y}s

d
(
x

1
p

))p

dy

≤
(
L3

p

)p ∫ ∞

0

∫ x

0

x1−s+p(A1−A2)|f ′(τ)|pdτdx,

whereA1 ∈
(

1−s
q
, 1

q

)
, A2 ∈

(
1−s
p
, 1

p

)
andL3 = k(pA2)

1
pk(qA1)

1
q , wherek(α) =

s
(1−α)(s+α−1)

.

At the end of this section we give a generalization of the inequality (2.1) from
Theorem2.1. In the proof we used a general Hilbert-type inequality (1.13) of Brnetíc
et al., [8].

Theorem 2.7. Letn ∈ N, n ≥ 2,
∑n

i=1
1
pi

= 1 with pi > 1, i = 1, . . . , n. Let qi, αi,

i = 1, . . . , n, are defined with1
qi

= 1 − 1
pi

andαi =
∏n

j=1,j 6=i pj. If K(x1, . . . , xn),

φij(xj), i, j = 1, . . . , n, are non-negative functions such that
∏n

i,j=1 φij(xj) = 1,
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andfi(xi), i = 1, . . . , n, are absolutely continuous functions such thatfi(0) = 0,
i = 1, . . . , n, then the following inequality holds∫ ∞

0

. . .

∫ ∞

0

K(x1, . . . , xn)
∏n

i=1 |fi(xi)|∑n
i=1 αix

pi−1
i

dx1 . . . dxn

≤
∫ ∞

0

. . .

∫ ∞

0

K(x1, . . . , xn)
n∏

i=1

|fi(xi)|d
(
x

1
p1
1

)
. . . d

(
x

1
pn
n

)

≤ 1

p1 . . . pn

n∏
i=1

(∫ ∞

0

∫ xi

0

φpi

ii (xi)Fi(xi)|f
′

i (τi)|pidτidxi

) 1
pi

,

whereFi(xi) are defined as in (1.14) for i = 1, . . . , n.
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3. Discrete Case

We also give results for the discrete case. For that, we apply the following result
from [5].

Theorem 3.1. If {a(m)} and {b(n)} are non-negative real sequences,K(x, y) is
non-negative homogeneous function of degree−s strictly decreasing in both param-
etersx andy, 1

p
+ 1

q
= 1, p > 1, A, B, α, β > 0, then the following inequalities

hold and are equivalent

(3.1)
∞∑

m=1

∞∑
n=1

K(Amα, Bnβ)ambn

< N

(
∞∑

m=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)ap
m

) 1
p

·

(
∞∑

n=1

nβ(1−s)+βq(A2−A1)+(q−1)(1−β)bqn

) 1
q

,

and

(3.2)
∞∑

n=1

nβ(s−1)(p−1)+pβ(A1−A2)+β−1

(
∞∑

m=1

K(Amα, Bnβ)am

)p

< Np

∞∑
m=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)ap
m,

whereA1 ∈ (max{1−s
q
, α−1

αq
}, 1

q
), A2 ∈

(
max

{
1−s
p
, β−1

βp

}
, 1

p

)
and

(3.3) N = α−
1
qβ−

1
pA

2−s
p

+A1−A2−1B
2−s

q
+A2−A1−1k(pA2)

1
pk(2− s− qA1)

1
q .
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Applying Theorem3.1, we obtain the following.

Corollary 3.2. Let s > 0, 1
p

+ 1
q

= 1 with p > 1. Let {a(m)} and{b(n)} be two
sequences of real numbers wherem,n ∈ N0, and a(0) = b(0) = 0. If K(x, y)
is a non-negative homogeneous function of degree−s strictly decreasing in both
parametersx andy, A, B, α, β > 0, then the following inequalities hold

∞∑
m=1

∞∑
n=1

K(Amα, Bnβ)|am| |bn|
qmp−1 + pnq−1

≤ 1

pq

∞∑
m=1

∞∑
n=1

K(Amα, Bnβ)|am| |bn|
m

1
qn

1
p

(3.4)

<
N

pq

(
∞∑

m=1

m∑
τ=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)|∇a(τ)|p
) 1

p

·

(
∞∑

n=1

n∑
δ=1

nβ(1−s)+βq(A2−A1)+(q−1)(1−β)|∇b(δ)|q
) 1

q

,

and

(3.5)
∞∑

n=1

nβ(s−1)(p−1)+pβ(A1−A2)+β−1

(
∞∑

m=1

K(Amα, Bnβ)
|am|
m

1
q

)p

< Np

∞∑
m=1

m∑
τ=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)|∇a(τ)|p,

whereA1 ∈
(
max

{
1−s

q
, α−1

αq

}
, 1

q

)
, A2 ∈

(
max

{
1−s
p
, β−1

βp

}
, 1

p

)
and the constant

N is defined as in (3.3).
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Proof. By using Hölder’s inequality, (see also [9]), we have

(3.6) |am| |bn| ≤ m
1
qn

1
p

(
m∑

τ=1

|∇a(τ)|p
) 1

p
(

n∑
δ=1

|∇b(δ)|q
) 1

q

.

From (2.4) and (3.6), we get

(3.7)
pq|am| |bn|

qmp−1 + pnq−1
≤ |am| |bn|

m
1
qn

1
p

≤

(
m∑

τ=1

|∇a(τ)|p
) 1

p
(

n∑
δ=1

|∇b(δ)|q
) 1

q

,

and therefore

pq
∞∑

m=1

∞∑
n=1

K(Amα, Bnβ)|am| |bn|
qmp−1 + pnq−1

(3.8)

≤
∞∑

m=1

∞∑
n=1

K(Amα, Bnβ)|am| |bn|
m

1
qn

1
p

≤
∞∑

m=1

∞∑
n=1

K(Amα, Bnβ)

(
m∑

τ=1

|∇a(τ)|p
) 1

p
(

n∑
δ=1

|∇b(δ)|q
) 1

q

.

Applying the substitutions̃am = (
∑m

τ=1 |∇a(τ)|p)
1
p , b̃n = (

∑n
δ=1 |∇b(δ)|q)

1
q and

(3.1), we have

∞∑
m=1

∞∑
n=1

K(Amα, Bnβ)ãmb̃n(3.9)

http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au


Hilbert-Pachpatte Type
Inequalities
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< N

(
∞∑

m=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)ãp
m

) 1
p

·

(
∞∑

n=1

nβ(1−s)+βq(A2−A1)+(q−1)(1−β)b̃qn

) 1
q

,

=

(
∞∑

m=1

m∑
τ=1

mα(1−s)+αp(A1−A2)+(p−1)(1−α)|∇a(τ)|p
) 1

p

·

(
∞∑

n=1

n∑
δ=1

nβ(1−s)+βq(A2−A1)+(q−1)(1−β)|∇b(δ)|q
) 1

q

,

whereA1 ∈ (max{1−s
q
, α−1

αq
}, 1

q
), A2 ∈ (max{1−s

p
, β−1

βp
}, 1

p
) and the constantN is

defined as in (3.3). Now, by applying (3.8) and (3.9) we obtain (3.4). The second
inequality (3.5) can be proved by using (3.2) and the inequality

|am| ≤ m
1
q

(
m∑

τ=1

|∇a(τ)|p
) 1

p

.

Remark2. If the functionK(x, y) from the previous corollary is symmetrical, then
k(2−s− qA1) = k(qA1). So, ifK(x, y) = 1

(x+y)s , then we can putA1 = A2 = 2−s
pq
,

A = B = α = β = 1 in Corollary3.2and obtain TheoremB from the introduction
but with the condition2−min{p, q} < s < 2.

By using (1.4), see [4], we will obtain a larger interval for the parameters. More
precisely, we have:
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Corollary 3.3. Let 1
p

+ 1
q

= 1 with p > 1 and2−min{p, q} < s ≤ 2 + min{p, q}.
Let {a(m)} and {b(n)} be two sequences of real numbers wherem,n ∈ N0, and
a(0) = b(0) = 0. Then the following inequalities hold

∞∑
m=1

∞∑
n=1

|am| |bn|
(qmp−1 + pnq−1)(m+ n)s

(3.10)

≤ 1

pq

∞∑
m=1

∞∑
n=1

|am| |bn|
m

1
qn

1
p (m+ n)s

<
N1

pq

(
∞∑

m=1

m∑
τ=1

m1−s|∇a(τ)|p
) 1

p

·

(
∞∑

n=1

n∑
δ=1

n1−s|∇b(δ)|q
) 1

q

,

and

(3.11)
∞∑

n=1

n(s−1)(p−1)

(
∞∑

m=1

|am|
m

1
q (m+ n)s

)p

< Np
1

∞∑
m=1

m∑
τ=1

m1−s|∇a(τ)|p,

whereN1 = B( s+q−2
q

, s+p−2
p

).

Proof. As in the proof of Corollary3.2, by using Hölder’s inequality we obtain
∞∑

m=1

∞∑
n=1

|am| |bn|
(qmp−1 + pnq−1)(m+ n)s

≤ 1

pq

∞∑
m=1

∞∑
n=1

|am| |bn|
m

1
qn

1
p (m+ n)s

≤ 1

pq

∞∑
m=1

∞∑
n=1

1

(m+ n)s

(
m∑

τ=1

|∇a(τ)|p
) 1

p
(

n∑
δ=1

|∇b(δ)|q
) 1

q (m
n

) 2−s
pq
( n
m

) 2−s
pq
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and Predrag Vuković
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≤ 1

pq

(
∞∑

m=1

m∑
τ=1

(
∞∑

n=1

1

(m+ n)s

(m
n

) 2−s
q

)
|∇a(τ)|p

) 1
p

·

(
∞∑

n=1

n∑
δ=1

(
∞∑

m=1

1

(m+ n)s

( n
m

) 2−s
p

)
|∇b(δ)|q

) 1
q

.

Now, the inequality (3.10) follows from (1.4). Let us show that the inequality (3.11)
is valid. For this purpose we use the following inequality from [4]

(3.12)
∞∑

n=1

n(s−1)(p−1)

(
∞∑

m=1

am

(m+ n)s

)p

< L1

∞∑
m=1

m1−sap
m,

where2−min{p, q} < s ≤ 2 + min{p, q} andL1 = B( s+p−2
p

, s+q−2
q

). Setting

am =

(
m∑

τ=1

|∇a(τ)|p
) 1

p

in (3.12) and using

|am| ≤ m
1
q

(
m∑

τ=1

|∇a(τ)|p
) 1

p

,

the inequality (3.11) follows easily.
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and Predrag Vuković

vol. 9, iss. 1, art. 9, 2008

Title Page

Contents

JJ II

J I

Page 23 of 27

Go Back

Full Screen

Close

4. Non-conjugate Exponents

Let p, p′, q, q′ andλ be as in (1.6) and (1.7). To obtain an analogous result for
the case of non-conjugate exponents, we introduce real parametersr′, r such that
p ≤ r′ ≤ q′ and 1

r′
+ 1

r
= 1. For example, we can define1

r′
= 1

q′
+ 1−λ

2
or r′ = (2−λ)p.

It is easy to see that

(4.1) x
1
p′ y

1
q′ ≤ 1

rr′

(
rx

r′
p′ + r′y

r
q′

)
, x ≥ 0, y ≥ 0,

and

(4.2) |f(x)| |g(y)| ≤ x
1
p′ y

1
q′

(∫ x

0

|f ′(τ)|pdτ
) 1

p
(∫ y

0

|g′(δ)|qdδ
) 1

q

,

hold, wheref(x), g(y) are absolutely continuous functions on(0,∞).
Applying TheoremC, (4.1) and (4.2) in the same way as in the proof of Theorem

2.1, we obtain the following result for non-conjugate exponents.

Theorem 4.1. Let p, p′, q, q′ and λ be as in (1.6) and (1.7). Let r′, r be real
parameters such thatp ≤ r′ ≤ q′ and 1

r′
+ 1

r
= 1. If K(x, y), ϕ(x), ψ(y) are

non-negative functions andf(x), g(y) are absolutely continuous functions such that
f(0) = g(0) = 0, then the following inequalities hold∫ ∞

0

∫ ∞

0

Kλ(x, y)|f(x)| |g(y)|

rx
r′
p′ + r′y

r
q′

dxdy(4.3)

≤ pq

rr′

∫ ∞

0

∫ ∞

0

Kλ(x, y)|f(x)| |g(y)|d
(
x

1
p

)
d
(
y

1
q

)
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≤ 1

rr′

(∫ ∞

0

∫ x

0

(ϕF )p(x)|f ′(τ)|pdτdx
) 1

p

×
(∫ ∞

0

∫ y

0

(ψG)q(y)|g′(δ)|qdδdy
) 1

q

,

and

(4.4)

(∫ ∞

0

(
1

ψG(y)

∫ ∞

0

Kλ(x, y)|f(x)|d(x
1
p )

)q′

dy

) 1
q′

≤ 1

p

(∫ ∞

0

∫ x

0

(ϕF )p(x)|f ′(τ)|pdτdx
) 1

p

,

whereF (x) andG(y) are defined as in TheoremC.

Obviously, Theorem4.1 is the generalization of Theorem2.1. Namely, ifλ = 1,
r′ = p and r = q, then the inequalities (4.3) and (4.4) become respectively the
inequalities (2.1) and (2.2). If K(x, y) is a non-negative symmetrical and homoge-
neous function of degree−s, s > 0, then we obtain:

Corollary 4.2. Lets > 0, p, p′, q, q′ andλ be as in (1.6) and (1.7). If f(x), g(y) are
absolutely continuous functions such thatf(0) = g(0) = 0, andK(x, y) is a non-
negative symmetrical and homogeneous function of degree−s, then the following
inequalities hold∫ ∞

0

∫ ∞

0

Kλ(x, y)|f(x)| |g(y)|
qx(p−1)(2−λ) + py(q−1)(2−λ)

dxdy(4.5)
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≤ 1

2− λ

∫ ∞

0

∫ ∞

0

Kλ(x, y)|f(x)| |g(y)|d
(
x

1
p

)
d
(
y

1
q

)
≤ M

pq(2− λ)

(∫ ∞

0

∫ x

0

x
p
q′ (1−s)+p(A1−A2)|f ′(τ)|pdτdx

) 1
p

·
(∫ ∞

0

∫ y

0

y
q
p′ (1−s)+q(A2−A1)|g′(δ)|qdδdy

) 1
q

and

(4.6)

(∫ ∞

0

y
q′
p′ (s−1)+q′(A1−A2)

(∫ ∞

0

Kλ(x, y)|f(x)|d
(
x

1
p

))q′

dy

) 1
q′

≤ M

p

(∫ ∞

0

∫ x

0

x
p
q′ (1−s)+p(A1−A2)|f ′(τ)|pdτdx

) 1
p

,

whereA1 ∈
(

1−s
p′
, 1

p′

)
, A2 ∈

(
1−s
q′
, 1

q′

)
andM = k(p′A1)

1
p′ k(q′A2)

1
q′ .

Proof. The proof follows directly from Theorem4.1 settingr′ = (2 − λ)p, r =
(2− λ)q, ϕ(x) = xA1 andψ(y) = yA2 in the inequalities (4.3) and (4.4). Namely, if
F (x) andG(y) are the functions defined by

F (x) =

(∫ ∞

0

K(x, y)

ψq′(y)
dy

) 1
q′

and G(y) =

(∫ ∞

0

K(x, y)

ϕp′(x)
dx

) 1
p′

,
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then applying Lemma2.2we have

(ϕF )p(x) = xpA1

(∫ ∞

0

K(x, y)y−q′A2dy

) p
q′

(4.7)

= xpA1−pA2

(∫ ∞

0

K(x, y)

(
x

y

)q′A2

dy

) p
q′

= x
p
q′ (1−s)+p(A1−A2)

k
p
q′ (q′A2),

and similarly

(4.8) (ψG)q(y) = y
q
p′ (1−s)+q(A2−A1)

k
q
p′ (p′A1).

Now, by using (4.3), (4.7) and (4.8) we obtain (4.5).
The second inequality (4.6) follows directly from (4.4).

Remark3. SettingK(x, y) = 1
(x+y)s in Corollary4.2we obtain that the constantM

is equal toM = B(1− p′A1, p
′A1 + s− 1)

1
p′B(1− q′A2, q

′A2 + s− 1)
1
q′ .
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