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Abstract

Classical inequalities like Jensen and its reverse are used to obtain some el-
ementary numerical inequalities for convex functions. Furthermore, imposing
restrictions on the data points several new constrained inequalities are given.
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It is well known ([1], [Z]) that a continous functionf, convex in a real interval
I C R has the property

(1.1) f (Pi Zpkak> < = S mefla),
" k=1 " k=1

wherea, € I,1 < k < n are given data points and, p,, ..., p, is a set of
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nonnegative real numbers constrainedXy_, pr. = F;. If f is concave the Functions
preceding mequa_lllty |s.revers_ed. N _ RG. Popescu and
A broad consideration of inequalities for convex functions can be found, J.L. Diaz-Barrero
among others, in {], [4]). Furthermore, in}] a reverse of Jensen’s inequality
is presented. It states thatf, ps, ..., p, are real numbers such that > Title Page
0,pr <0for2 <k <nandP, > 0, then
Contents
L\ 1\ «“« S
(1.2) S (Fn ZPk%) > Fnzpkf(ak>
k=1 k=1 < >
holds, wheref : I — R is a convex function if anda, € I,1 < k < n are Go Back
such thatpin Y1z € 1. 1f fis concave 1.2) is reversed. Our aim in this Close
paper is to use the preceding results to get new inequalities for convex functions. _
In addition, when the:,’s are constrained some inequalities are obtained. Quit
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In the sequel, applying the preceding results and some numerical identities,
some elementary inequalities are obtained. We begin with:

Theorem 2.1.Letag, aq, ..., a, be nonnegative real numbers. Then, the fol-
lowing inequality

|3 (5] <5 |2 (Do

2

[i (Z) (1+ az)

k=0 k=0 k=0

holds.

Proof. Sincef(t) = %7 is convexinj0, +o0), then setting, = () /2", 0 <

k < n, into (1.1) and taking into account the well known identi}y,_, (}) =

2", we have
n 1 n -2 1 n %
n\ a n n etk
=11+ = < — — .
exp (Z (k) 277,) [ +2nZ(k>&k] = QnZ(k) (1 + ay)?
k=0 k=0 k=0
After rearranging terms, the inequality claimed immediately follows and the
proof is complete. ]

Theorem 2.2. Let py,ps,...,p, be a set of nonnegative real numbers con-
strained by 7 _, pr, = P;. If a1, as, ..., a, are positive real numbers, then

n Dh é n n 2
1 1
[H(ak%—\/l—i-a%) ] SFZpkak—i- 1+<F2pkak>
=1

k=1
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holds.

Proof. Let f : (0, +00) — R be the function defined bt
Then, we havef’'(t) = m>0andf ()——m
concave and applyind.(1) yields

In(t++/1 + £2).

) =
< 0. Therefore,f is

2
1 — 1 —

B Zpkak + 41+ (F ZPWk)
" k=1 " k=1
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1
1 - e RE, [P d
>3 ;pk In (ak +/1+ ag) =In [H (ak +y/1+ ag) ] . I

k=1

Taking into account thaf(t) = log(t) is injective, the statement immediately

. Title Page
follows and this completes the proof. ]
Contents
. 1 : .
Settingp, = —, 1 < k < n into the preceding result we get <« b
n
Corollary 2.3. Letay,as, ..., a, be a set of positive real numbers. Then < [
n 1/n ] n n 2 Go Back
I (o) < b S s (o)
k=1 k=1 k=1
Quit
holds. Page 5 of 12
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Corollary 2.4. Foralln > 1,

n

"
H (Tk-l—\/l—kT,?) < 3 (Tn+1+\/9+T3+1)

k=1

holds.

An interesting result involving Fibonacci numbers that can be proved using

convex functions is the following
Theorem 2.5. Letn be a positive integer anélbe a whole number. Then,

(ﬁ+ﬁ+m+ﬁw - + o+ > F2F2,,

R P%‘4}

holds, whereF), is then!” Fibonacci number defined i, = 0, F; = 1 and for
alln > 2, F,=F,_1+ F,_s.

Proof. Taking into account that? + F? +- - -+ F? = F, F,,1, as is well known,
and the fact that the functiofi: (0, 00) — R, defined byf(¢) = 1/t is convex,

we get after setting; = %ﬂ l1<i<nanda =F,F'?1<i<n:
1 < 1 1 1 1
N TR )Rl e R o

Fpi1 + Fria + + Fria
From the preceding expression immediately follows

~+%ﬂ

1 1
(Ff + Fy + + g ot } F2F2,

F2€_4 Ff

n

P
and this completes the proof. O
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Finally, using the reverse Jensen’s inequality, we state and prove:

Theorem 2.6.Letag, ay, ..., a, be positive real numbers such that> a; >
- > a, andletpg = n(n+ 1) andp, = —k,k=1,2,...,n. Then

Dk n+1
@) (Zpkak) (Z k) <("] ) .
Proof. Settingf(t) =
Zk ) k= n( n+1 f

%, that is convex if(0, +-00), and taking into account that
(1 2) we have

( (n+1) ZPk%) = +1 Zpkf (ax)
or
2 " - 2 " p
k
- a >__ = Ll
(n(n—i—l) kX;pk k> “n(n+1) ;ak

from which, after rearranging term.() immediately follows and the proof is
complete. O
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In the sequel, imposing restrictions an, x,, . .., x,, some inequalities with
constraints are given. We begin with the following.

Theorem 3.1.Letpy, po, ..., p, € [0,1) be a set of real numbers constrained
by > i pe = P;. If 1, 20,..., x, are positive real numbers such thélt +

++-+ - =1,then

n n
1 . o
2 Certain Inequalities for Convex
x g — | > P q
(Zpk k> ( Pk ] — Functions
k=1 k=1 "k

P.G. Popescu and
holds. J.L. Diaz-Barrero

Proof. Taking into account the weighted AM-HM inequality, we have

Z P Title Page
DTy =
Contents
k=1 Zk: 1 <_)
Tk <4< >
Since0 < pj, < 1for1 <k <n,then: < + From which, we get p >
T
b, b, . Go Back
> ke <xk> z’“ ! pk Close
Then, Quit
Page 8 of 12
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Corollary 3.2. If x;, x9, ..., z, are positive real numbers such thét+ i +
-4 .- =1, then

Proof. Settingp, = 1/xy, 1 < k < ninto TheorenB.1lyields

S (£4) (5 ) -(£2) -

completing the proof. O

Finally, we give two inequalities similar to the ones obtaineddnfgr the
triangle.

Theorem 3.3. Leta, b andc be positive real numbers such that- b + ¢ = 1.
Then, the following inequality

CLa(a-&-Qb) . bb(b+20) . Cc(c-&—2a) >

W

holds.

Proof. Sincea + b+ ¢ = 1, thena? + b* + ¢* 4+ 2(ab + be + ca) = 1. Therefore,
choosingp, = a2, py = V%, p3 = 2, py = 2ab, ps = 2bc, ps = 2ca and
x1 = 1/a,x9 = 1/b, x5 = 1/¢, x4y = 1/a, x5 = 1/b, x¢ = 1/¢, and applying
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Jensen’s inequality to the functigf{t) = Int that is concave for all > 0, we
obtain

1 1 1 1 1 1
In{a’®= + b= + 02— + 2ab— 4+ 2bc— + 2ca—
a b a b c
1
> q?ln = +b21nb+c 1n——|—2abln—+2601ng+20aln—
c

from which, we get

1
In3 > In (aa(a+2b) . pb(b+2¢) . Cc(c+2tl))

and this completes the proof. O

Theorem 3.4. Let a, b, c be positive numbers such thal + bc + ca = abe.
Then,

Vavb/c(a+ b+ c¢) > abe
holds.
Proof. Sinceab + be + ca = abe, thent + 1 + 1 = 1. So, choosing; = 2,
P = % p == and:m = ab, x5 = bc, v3 = ca, and applying Jensen’s inequality
to f(t) = tagaln we get

1 1 1
In(a+b+c)> —lnab+glnbc+—lnca
a c

or
1,1 1.1

1,1
a+b+c>aate . brta.cets,
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Now, taking into account that + % + 1 = 1, we obtain:a + b+ ¢ > o'~ -
bl=c - ¢!~«, from which the statement immediately follows and the proof is
complete. O
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