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ABSTRACT. Weighted distributions in general and length-biased distributions in particular are
very useful and convenient for the analysis of lifetime data. These distributions occur naturally
for some sampling plans in reliability, ecology, biometry and survival analysis. In this note an
increasing failure rate property for lifetime distributions is used to define a natural ordering of the
weighted reliability measures. Some useful bounds, probability weighted moment inequalities
and variability orderings for weighted and unweighted reliability measures and related functions
are presented. Stochastic comparisons and moment inequalities for weighted reliability measures
and related functions are given.
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1. INTRODUCTION

Weighted distributions occur frequently in research related to reliability, bio-medicine, ecol-
ogy and several other areas. If item lengths are distributed according to the distribution function
(df) F, and if the probability of selecting any particular item is proportional to its length, then
the lengths of the sampled items have the length-biased distribution. If data is unknowingly
sampled from a weighted distribution as opposed to the parent distribution, the reliability func-
tion, hazard function and mean residual life function may be over or underestimated, depending
on the weight function. For size-biased or length-biased distributions in which the weight func-
tion is increasing monotonically, the analyst usually gives an over optimistic estimate of the
reliability function and the mean residual life function. A survey of applications of weighted
distributions in general and length-biased distributions in particular are given by Patil and Rao
[8]. Vardi [10] derived a non-parametric maximum likelihood estimate of a lifetime distribution
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2 BRODERICK O. OLUYEDE

F', on the basis of two independent samples, one sample ofisitem F, and the other a sam-
ple of sizen, from the length-biased distribution @ and studied its distributional properties.
Gupta and Keating [4] obtained results on relations for reliability measures under length-biased
sampling. Oluyede [7] obtained useful results on inequalities and selection of experiments for
length-biased distributions, and investigated certain modified length-biased cross-entropy mea-
sures. Also, see Daniels|[2], Bhattacharyya et al [1], Zelen and Feinleib [11] and references
therein for additional results on weighted distributions.

Let X be a non-negative random variable with distribution functioand probability density
function (pdf) f. The weighted random variabl€,, , has a survival function given by,

(1) G () = F@)EEVZ<(5V)<};F($)),

whereTy(z) = [°(F(u)W' (u)du)/F(z),andW (u) = dW (u)/du, assuming thaty’ (z) F (z)

— 0 asz — oo. The probability density function of the survival function given([in {1.1) is re-
ferred to as a weighted distribution with weight functin(z) > 0. If W(z) = = in (1.7),

the resulting function is referred to as the length-biased reliability function. The purpose of this
note is to establish and compare inequalities for weighted distributions including length-biased
distributions. An increasing failure rate property (IFRP) for lifetime distributions is used to de-
fine a natural ordering of the weighted reliability measures and some implications are explored.
We establish some moment type inequalities for the comparisons of length-biased and weighted
distributions with the parent distributions. Some important utility notions, including useful and
meaningful inequalities, are presented in Sedtion 2. Seftion 3 is concerned with orderings, in-
cluding the increasing failure rate property (IFRP) ordering for weighted reliability measures
and related functions. Stochastic comparisons and moment inequalities involving reliability
functions, are presented in Sectjgn 4.

2. UTILITY NOTIONS AND BASIC RESULTS

In this section, we give some definitions and useful conceptsFLa¢ the set of absolutely
continuous distribution functions satisfying
(2.1) H0)=0, lim H(z)=1, sup{z:H(z) <1} =oc.
Note that if the mean of a random variablefnis finite, it is positive. We begin by presenting
some definitions. Let’ andG denote the distribution functions of the random variatieand
Y respectively. Also, lef’(z) = 1 — F(z) andG(z) = 1 — G(x) be the respective reliability
functions. A class of moments, called probability weighted moments (PWM), was introduced
by Greenwood et al [3].

Definition 2.1. The PWM is given by
(2.2) M,.; = E[X'F'F"),
wherel, k, j are real numbers anfl(z) = 1 — F(z).

Example 2.1(IRLS and Hazard Functions)n the iterative reweighted least-square (IRLS)
algorithm for the maximum likelihood fitting of the binary regression model, the expressions in
the algorithm for the weights are given by,

(2.3) W= (f(0) " F(0)F(0)
which can be expressed in terms of the hazard functigri@) and\x(0), that is,
2.4) = SO IO e

' FO)F@) 707
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where the relationship between the fitted response probabiléynd the linear predictat is

given byp = F(0), the derivativedd/dp = 1/f(0), and f(0) = dF(0)/d0 is the probability
density function of the predictor. Clearly, the expectation of the expression for the weights
in the reweighted least-square (IRLS) algorithm for maximum likelihood fitting of the binary
regression model is the probability weighted momenttfgf)) 2, that is,

(2.5) E[W™ = E[(f(0)) *F(O)F(0)].

Following Greenwood et al [3], we define the following probability weighted moment (PWM)
order for life distributiong” andG.

Definition 2.2. Let F andG be inF, and sepp = [ + 1, thenF is said to be larger thafy in
PWM((, k, j) ordering,(F' > pwar k) G) if

(2.6) /t i () P ()P (2) > [ G ()G (2)dG ()

forallt > 0.

Next we present some basic definitions for the comparisons of reliability functions of two
random variables( andY. These definitions involve the hazard functidp(z) = f(z)/F(x),
and the reverse hazard functibp(xz) = f(z)/F(x), wheref(z) = dF(x)/dx is the probabil-
ity density function (pdf) of the random variablé. Note that the functiorhz(x) behaves like
the density functiory (x) in the upper tail off'(x). See Szekli[[9] for details on these and other
ageing concepts.

Definition 2.3.

() Let X andY be random variables with distribution functioAsandG respectively. We
say thatX is larger thany in stochastic orderingX >, Y) if F(t) > G(¢t) for all
t > 0.

(i) A random variableX with distribution functionf’ is said to have a decreasing (increas-
ing) hazard rate if and only i (x + t)/F(x) is increasing (decreasing) in> 0, for
everyt > 0.

(i) Supposey, andy,, are finite. We says preceeddd in mean residual life and write
G <, H ifforeveryt > 0,

(2.7) JREOUE / "Gy

The MR ordering is a partial ordering on the class of distributions of non-negative random
variables with finite mean. Note thatdf; and H, are length-biased distribution functions with
F <4 K andp, = p,, thenG, >, H;, whereG,(t) = pj' [~ zdF(z), and H,(t) =
pi [ xdK (z) respectively.

Definition 2.4.
() If FF andG are inF, we say thatG has more tail at the origin thah, denoted by
F <rop G, if
(2.8) ha(x) > hp(zx),

wherehp(z) = f(z)/F(z), for all z > 0, is the reverse hazard function.
(ii) If F andG are inF, we say thaty has larger tail thad’, denoted byF" <,.rp G, if

Ar(z) _ Ag(x)
he(@) = ha(z)’
where)r(z) = f(x)/F(z), forall z > 0.

(2.9)
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(i) A life distribution F'is said to have a larger increasing failure rate than the life distribu-
tion G, denoted byF >;rrp G, if and only if

P(X>I2|X>y1) > P(Y>ZE2|X>ZL’1)
P(X >y|X >y1) = PY >y X >uy1)
forall x; < x9, 1 < y1, Y1 < Y2, T2 < Yo.

(2.10)

The next definition is mainly due to Lohl[6].
Definition 2.5. An absolutely continuous distribution functidfion (0, co) for which lim He)
z—0
exists is:
() new better than used in average failure rate (NBAFR) if
t
30 (0) = lim ! / Ar(2)dz
0

t—0t

(2.11) <t /t Ap(z)de,
0

fort > 0,
(i) new better than used in failure rate (NBUFR) if there exists a version-aff the failure
or hazard rate such that

(2.12) Ae(0) < Ar(t),

for all t > 0, where \z(0) is given by ). The inequalities are reversed for new
better than used in average failure rate (NBAFR) and new worse than used in failure
rate (NWUFR) respectively.

The class of NBUFR (NWUFR) enjoys many desirable properties under several reliability op-
erations. This class also includes any life distribution with{0) = 0. Clearly, F € NBUFR
if and only if

(2.13) F(r+1) < exp{—Ap(0)t} F(z),
forall z,t > 0.

Theorem 2.1. LetG,(t) and H,(t) be length-biased reliability functions. If there exists- 0
such that for every > 0 and3 > 0, there is at, such that

)\GZ(U + ﬁt) > )‘Hl (t) + a,
for everyt > t,, thenG,(t) > H,(t) for all t > t,, andG; >,,, H, for all t > t,.
Proof. For allt > t, and some: > 0, we have fort, < t; < ts,

(2.14) / * Nt > / " (Bt + alts — 1),

t1 t1
This is equivalent to

(t1)

(2.15)

o

(0]
VR
Ql
=
N———

V

o

(0]
7 N
I

) + alty — ty),

=
—~
~
no
SN—

that is, o -
El(tl) > El(tQ) ea(tz—tl)
Hi(ty) Hi(to)
Hence, there exists, > t, such thaG;(t) > H,(t), for all t > ¢,.
Consequentlys; >, H, forall ¢ > t,. O
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Theorem 2.2.Let I’ be absolutely continuous @, o). Suppose&'(z)/x has a limitast — 0
from above. Thelt € NWUFR impliesG € NWUF R, whereG,(t) = g [~ zdF (z).

Proof. Note thatF € NWUF R if and only if

(2.16) F(x+1t) > exp{—Ap(0)t} F(z),
forall z,¢ > 0. The left side of[(2.16) satisfies
(2.17) Gz +1t) > F(z +1),

forall z,¢ > 0, whereG,(t) = pyp' [~ xdF(x). Now,

/0 Ap(@)de < /0 N (2)da

forall t > 0, so that

(2.18) Ap(0)t < Ay (O),
forall t > 0. From {2.17) and (2.18) we have
(2.19) exp{—Ar(0)1}F(z) > exp{—Aq, (0)1}G, (x),
forall z,¢ > 0.
Consequently,
(2.20) Gi(z +1t) = F(z +1) = exp{=Ap(0)t} F(z) > exp{~Ag,(0)t}G,(x),
forall z,t > 0. O

In a similar manner, one can show thatiif, i = 1, 2, are length-biased distribution functions
on [0, 00) for which lim, .o+ G;(z)/z < oo andlim, o+ Fj(x)/z < oo, i = 1,2, thenG x
G2 € NWUFR. This follows from the fact that7; « Go(x) < Fy % Fy(x) < Fi(x)Fy(x) for
everyz € (0,00), whereG; = G is the convolution of the distribution functiorts, and G,
respectively.

Example 2.2(Rayleigh Distribution) The Rayleigh distribution plays an important role in ap-
plied probability and statistics. The probability density function is given by,

(2.21) f(z;0) = 271207 exp {— (g)Q} ,

forx > 0, > 0. The corresponding length-biased reliability and hazard functions are given
by,
F(z;0) = 2[1 — ®(V2x/6)]

Ar(a;0) = Y2OW22/0)

01 — (v2x/0)]
where® and ¢ are the standard normal distribution and density functions, respectively. Let
Xy be the corresponding weighted random variable with weight fundtiw) = x. The
probability density function oy is given by,

(2.22) 9,(z;0) = 206? exp {— (%)2} ,

for z > 0,6 > 0. The reliability and hazard functions a€&(z;0) = exp{—(z/6)*}, z > 0,
and\g,(z;0) = 22/6, x > 0, respectively. Clearly7;(z +t;0) > F(x+t;6), forall z,t > 0,
andg,(0) = 0. In view of Theorenf2.2, we get thaG, € NWUFR.

and
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3. SOME ORDERINGS FOR WEIGHTED RELIABILITY MEASURES

Let X be a non-negative random variable with distribution functitband mean: = E(X)
and letX, be a non-negative random variable with distribution function

(3.1) Fw) = I P(); 2 t)dt.

x > 0. The k" moment of the random variablé, is given by

E(XF) = k;/oo 2*VE (2)dx

0

SRR (t)dt
a UE
E(XkJrl)
3.2 =\ 7
&2 <k FDnr
whereF(-) = 1 — F(-) andy, = [;° F(u)du. The distribution functior#, (z) is called the
stationary renewal distribution with mean remamlng or residual life given by
1 *
(3.3) t :_—/ F(y)dy,
nt) =z | T
t > 0. The mean remaining life and failure rate functionfGfare given by
T Fy)uly)dy
(3.4) i ()= 2L
F(t)u(t)

and\.(t) = [u(t)]~! respectivelyt > 0.
If W(z) = z in equation|[(1.]L), then the corresponding probability density function (pdf) is
called the length-biased pdf and is given by

rJj\xr
35 g (x) = 2L
0
x > 0. The corresponding’” moment is
k+1
(3.6) E(X]) = M.
HE

Proposition 3.1. B(X%) > E(X}) for k < 0 and BE(X*) < E(XF) for k > 0.

Proposition 3.2. Let G, be a weighted distribution function with increasing weight function
W(zx), x > 0, and F' the parent distribution function respectively, thEn<,rp Gy .

Proof. Let G, be a weighted distribution function with increasing weight funclitiz), ~ >
0, then,

(3.7) Gw(x) > F(x),
for all x > 0. Equivalently,
(3.8) Gw(z) — F(x)Gw(z) > F(x) — F(2)Gw(x),
for all z > 0. This is equivalent to
(3.9) Fla) , Gwlw)
F(z) — Gw(z)
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for all z > 0, which in turn is seen to be equivalent to

f@)/F(x) _ gw(x)/Gw(z)
(3.10) F@)/F(z) = gw(e)[Gu(z)’
for all x > 0. ConsequentlyF’ <;rp Gy . O

Example 3.1 (Exponential Distribution) The most useful model in reliability studies is the
exponential failure model with pdf given by,

(3.11) F(a:0) = 6L exp {—%}

for x > 0 andd > 0. Itis well known that the reliability and failure rate functions d@rér; ) =
exp{—z/0} and\p(z;0) = 6! respectively. Let¥V (z) = x, then the reliability and hazard
functions are given byGyy (2;60) = {1+ £} exp{—z/6} andA¢,, (z,0) = 779y respectively.
Clearly, Gy (x;0) > F(x;0) and\g,, (z,0) < Ap(z;0), forallz > 0 andd > 0. In view of
Proposition) 3.RF <.rp Gw.

Proposition 3.3. Let G, be a weighted distribution function with increasing weight function

W (z), x > 0,and F' the parent distribution function respectivelyl#(z) = z andz > u, > 0
thenF” <roPp GW.

Proof. Let W (z) = z, then the length-biased reliability function is given by

(3.12) @W(x) — M’
Hp
whereVp(r) = E(X|X > z) is the vitality function. ClearlyG., () > F(x), forall z > 0.
>

Now, if z > pp > 0, thengw () = 212 > f(x), so that(G,, (x))™" > (F(x))~, and
flz) _ gw()

(3.13) hp(x) = F@) = G () = hgyy (7).

Consequently,

(3.14) hay () > hp(z),

forallx > pur > 0. O

Proposition 3.4. Let G, be a weighted distribution function with increasing weight function
W (z), z > 0, and F' the parent distribution function respectively, th@p, <;rrp F.

Proof. Note that\g,, (z) < Ap(z) for all z > 0, wheneverlW(z) is an increasing weight
function, where\r-(z) = f(z)/F(z), F(z) > 0. However\g,, (v) < Ar(z) implies

* _dGw(t) < dF(t)
(3.15) /x Tw(t) S/m )’
that is,
(3.16) Fy2) — F(x2) < Gw (12) — Gw (x2)

F(y1) — F(x1) Gw(y1) — GW($1)’

forall x1 < xq9, 21 < y1, 11 < Y2, T2 < y2. COnsequently,

7(1’2) - F(yz) < @W(@) - EW(ZD)

F(z1) — F(y) ~ Gw(z1) = Gw(n)’

for all T < X2, T1 <Y1, Y1 < Yo, T2 < Yo, andGW <IFRP F. O

(3.17)
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Example 3.2 (Pareto Distribution) The Pareto distribution arises in reliability studies as a
gamma mixture of the exponential distribution. See Harris [5]. The reliability and failure rate
functions are given by (z; o, 3) = (1 + Bz)~%, andAp(z; o, ) = aB(1 + Bz)~, for z > 0,

B > 0,anda > 1. Let W(z) = z, then the corresponding length-biased reliability and hazard
functions are

Gw(z; o, B) = (1 + Bx) (1 + afz) = F(z; 0, B)[1 + afa],
and

o (a:0,) = a1 + gy O,
forz > 0,3 > 0,anda > 1. Clearly Gy (z; 8) > F(x; 3) andAg,, (z; 8) < Ap(x; 3). In view

of Propositiont 3.4Gw <irrp F.

4., COMPARISONS AND MOMENT INEQUALITIES FOR RELIABILITY MEASURES

Let f,, andg,, be two non-negative integrable functions, possibly weighted probability den-
sity functions. A natural and common approach to ordering of distribution funcfioasd
G with probability density functiong and g (pdf) respectively is concerned with the rate at
which the density tends to zero at infinity. A pdfis said to have a lighter tail than a pdf
if f(x)/g(x) — 0asxz — oo. Letg, andg, be the length-biased and weighted probabil-
ity density functions respectively. The length-biased probability density function is a weighted
probability density function with weight functioi’(x) = x. The corresponding length-biased
reliability function is given by

@.1) G,(z) = W

whereVr(z) = E(X|X > z) is the vitality function and the length-biased probability density
function (pdf) is given by, (z) = L% Note thatf(z)/g,(x) = p, /© — 0 asz — oo, that

Hp
is, the length-biased distribution has a heavier tail than the original distribution. Indeed,
(4.2) G,(z) > F(z),
forall z > 0.

Theorem 4.1.Let G, be a weighted distribution function with weight functidn(z), = > 0,
and I the parent distribution function. i (z) = z and Ep X* < Ep(X* ) /up forall k > 0,
then

(4.3) Ve, (t) = / h e dGy (z) > Wp(t),
0

forall t > 0.
Proof.

o * o (ta)
Ve, ()= [ e"dGw(z)= [ Y dGw (z)
W 0 0 k!
k=0
OO tk oo tk E Xk-‘rl
= Z EEGWXk — E a
k=0 o o HF

e tk oo (t )k
> ;HEFX’“ :/0 ;%d}?(:p)
(4.4) = Up(t),
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forall ¢t > 0. O

Example 4.1 (Gamma Distribution) The gamma distribution is used to model lifetimes of
various practical situations, including lengths of time between catastrophic events, and lengths
of time between emergency arrivals at a hospital. The pdf is given by,

(4.5) lasaB) = o™ e
forx > 0, > 0,andg > 0. Clearly, V(t) = <[%>a , for t < . The length-biased gamma
pdf is given by,

ﬁaJrl a+1-1_-—pzx
(4.6) glz;a, ) = TaT l)x e

Y

a+1
forz > 0,a > 0, andf > 0. Note thatU,, (t) = (%) , fort < 3. In view of Theorem
[4.1, we getthatr,, (t) > Up(t) forall ¢ > 0.

Theorem 4.2. Let G, be a weighted distribution function with increasing weight function
W (z), x > 0,and F' the parent distribution function. f is a non-negative and non-decreasing
function on(0, co), then

(4.7) | @@ < [T ewrtei

forall t > 0andp > 0.

Proof. Note thatG, (z) < F(z) for all z > 0, wheneverlV (z) is increasing inx. For any
integerk > 1, G¥ (x ) < F*(z). It follows therefore that
(4.8) / P ()G (z)de < / YP(x)F*(x
forall ¢ > 0 andp > 0. The result follows by letting — 0. 0J
Theorem 4.3.LetW (z) = = > pp and G, the length-biased reliability function, then
(4.9) / PGy (2)dGy(x) > / 2P F(2)dF (x),
0 0
forall t > 0.

Proof. Note that forz > ur > 0, G;(x) > F(z) andg/(z) > f(x). So thatz?'G)(z) >
P~ F(z), and

(4.10) / G (A () > / () dF (),

Consequently, t t

(4.11) /Oo 2P1G(2)dG(x) > /OO 2P F(2)dF (),

by lettingt — 0*. O : O

Corollary 4.4. Let G, be the length-biased distribution function, then under the conditions of

Theoren 4.2,

(4.12) | s < [ dan

whereg, (z) = %ff) is the length-biased probability density function, ang ur < oc.

J. Inequal. Pure and Appl. Math?(1) Art. 28, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

10 BRODERICKO. OLUYEDE

Example 4.2 (Log-logistic Distribution) The log-logistic distribution is a useful model that
provides a good fit to a wide variety of data, including mortality, precipitation, and stream
flow. The log-logistic distribution is mathematically tractable and provides a reasonably good
alternative to the Weibull distribution. The reliability function is given by,

_
1+ (2)"
forz > 0, a > 0,andf > 1. The hazard function is

GIGM

1+ (2)"
forz > 0,a >0,ands > 1. The PWM withl = 1, j = s,andk =0 is
®* O
)P0
aF(s—I—l—i—%)F(l—%)
I'(s+2) ’

fors=0,1,2,...,andg > 1. Applying Definition[2.2, and Theorem 4.2, for fixed we have
F >pwuma,s0 G, if and only if

1 1 1 1
I'fs+1+—)T'{1l——|>T(s+1+— T (1—-——].
< 51) ( 51) B ( 52) ( 52)
In particular,F' > pywar1,1,0) G, if and only if

1+ 5 S 1+ 5
20 Hr = 203, Ha>
where

[ R (14 8) 5 ()

For fixed3, F' >pwna,s0) G, ifand only if a; > .

F(x;a,8) =

E[X(F(X))*(F(X))"] = / mx[l

(4.13) -
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