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ABSTRACT. By making use of the principle of differential subordination, the authors investigate
several inclusion relationships and other interesting properties of certain subclasses of meromor-
phically multivalent functions which are defined here by means of a linear operator. They also
indicate relevant connections of the various results presented in this paper with those obtained in
earlier works.
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1. I NTRODUCTION AND DEFINITIONS

For any integerm > −p, let Σp,m denote the class of all meromorphic functionsf(z) nor-
malized by

(1.1) f(z) = z−p +
∞∑

k=m

akz
k (p ∈ N := {1, 2, 3, · · · }),

which are analytic andp-valent in the punctured unit disk

U∗ = {z : z ∈ C and 0 < |z| < 1} = U \ {0}.
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2 H. M. SRIVASTAVA AND J. PATEL

For convenience, we write
Σp,−p+1 = Σp.

If f(z) andg(z) are analytic inU, we say thatf(z) is subordinate tog(z), written symboli-
cally as follows:

f ≺ g in U or f(z) ≺ g(z) (z ∈ U),

if there exists a Schwarz functionw(z), which (by definition) is analytic inU with

w(0) = 0 and |w(z)| < 1 (z ∈ U)

such that
f(z) = g

(
w(z)

)
(z ∈ U).

Indeed it is known that

f(z) ≺ g(z) (z ∈ U) =⇒ f(0) = g(0) and f(U) ⊂ g(U).

In particular, if the functiong(z) is univalent inU, we have the following equivalence (cf., e.g.,
[5]; see also [6, p. 4]):

f(z) ≺ g(z) (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊂ g(U).

For functionsf(z) ∈ Σp,m, given by (1.1), andg(z) ∈ Σp,m defined by

(1.2) g(z) = z−p +
∞∑

k=m

bkz
k (m > −p; p ∈ N),

we define the Hadamard product (or convolution) off(z) andg(z) by

(1.3) (f ? g)(z) := z−p +
∞∑

k=m

akbkz
k =: (g ? f)(z) (m > −p; p ∈ N; z ∈ U).

Following the recent work of Liu and Srivastava [3], for a functionf(z) in the classΣp,m,
given by (1.1), we now define a linear operatorDn by

D0f(z) = f(z),

D1f(z) = z−p +
∞∑

k=m

(p+ k + 1)akz
k =

(
zp+1f(z)

)′
zp

,

and (in general)

Dnf(z) = D
(
Dn−1f(z)

)
= z−p +

∞∑
k=m

(p+ k + 1)nakz
k

=

(
zp+1Dn−1f(z)

)′
zp

(n ∈ N).(1.4)

It is easily verified from (1.4) that

(1.5) z
(
Dnf(z)

)′
= Dn+1f(z)− (p+ 1)Dnf(z)

(
f ∈ Σp,m; n ∈ N0 := N ∪ {0}

)
.

The casem = 0 of the linear operatorDn was introduced recently by Liu and Srivastava [3],
who investigated (among other things) several inclusion relationships involving various sub-
classes of meromorphicallyp-valent functions, which they defined by means of the linear op-
eratorDn (see also [2]). A special case of the linear operatorDn for p = 1 andm = 0
was considered earlier by Uralegaddi and Somanatha [13]. Aouf and Hossen [1] also obtained
several results involving the operatorDn for m = 0 andp ∈ N.

Making use of the principle of differential subordination as well as the linear operatorDn,
we now introduce a subclass of the function classΣp,m as follows.
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APPLICATIONS OFDIFFERENTIAL SUBORDINATION 3

Definition. For fixed parametersA andB (−1 5 B < A 5 1), we say that a function
f(z) ∈ Σp,m is in the classΣn

p,m(A,B), if it satisfies the following subordination condition:

(1.6) −
zp+1

(
Dnf(z)

)′
p

≺ 1 + Az

1 +Bz
(n ∈ N0; z ∈ U).

In view of the definition of differential subordination, (1.6) is equivalent to the following
condition: ∣∣∣∣∣ zp+1

(
Dnf(z)

)′
+ p

Bzp+1
(
Dnf(z)

)′
+ pA

∣∣∣∣∣ < 1 (z ∈ U).

For convenience, we write

Σn
p,m

(
1− 2α

p
,−1

)
= Σn

p,m (α) ,

whereΣn
p,m(α) denotes the class of functions inΣp,m satisfying the following inequality:

<
(
− zp+1

(
Dnf(z)

)′)
> α (0 5 α < p; z ∈ U).

In particular, we have
Σn

p,0 (A,B) = Rn,p(A,B),

whereRn,p(A,B) is the function class introduced and studied by Liu and Srivastava [3]. The
function classH(p;A,B), considered by Mogra [7], happens to be afurther special case of the
Liu-Srivastava classRn,p(A,B) whenn = 0.

In the present paper, we derive several inclusion relationships for the function classΣn
p,m(A,B)

and investigate various other properties of functions belonging to the classΣn
p,m(A,B), which

we have defined here by means of the linear operatorDn. These include (for example) some
mapping properties involving the linear operatorDn. Relevant connections of the results pre-
sented in this paper with those obtained in earlier works are also pointed out.

2. PRELIMINARY L EMMAS

In proving our main results, we need each of the following lemmas.

Lemma 1 (Miller and Mocanu [5]; see also [6]). Let the functionh(z) be analytic and convex
(univalent) in U with h(0) = 1. Suppose also that the functionφ(z) given by

(2.1) φ(z) = 1 + cp+mz
p+m + cp+m+1z

p+m+1 + · · ·
is analytic inU. If

(2.2) φ(z) +
zφ′(z)

γ
≺ h(z)

(
<(γ) = 0; γ 6= 0; z ∈ U

)
,

then

φ(z) ≺ ψ(z) =
γ

p+m
z−

γ
p+m

∫ z

0

t
γ

p+m
−1 h(t)dt ≺ h(z) (z ∈ U),

andψ(z) is the best dominant of(2.2).

With a view to stating a well-known result (Lemma 2 below), we denote byP(γ) the class of
functionsϕ(z) given by

(2.3) ϕ(z) = 1 + b1z + b2z
2 + · · · ,

which are analytic inU and satisfy the following inequality:

<
(
ϕ(z)

)
> γ (0 5 γ < 1; z ∈ U).
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4 H. M. SRIVASTAVA AND J. PATEL

Lemma 2 (cf., e.g., Pashkouleva [9]). Let the functionϕ(z), given by(2.3), be in the class
P(γ). Then

<{ϕ(z)} = 2γ − 1 +
2(1− γ)

1 + |z|
(0 5 γ < 1; z ∈ U).

Lemma 3 (see [12]). For 0 5 γ1, γ2 < 1,

P(γ1) ? P(γ2) ⊂ P(γ3)
(
γ3 := 1− 2(1− γ1)(1− γ2)

)
.

The result is the best possible.

For real or complex numbersa, b, andc (c /∈ Z−
0 := {0,−1,−2, · · · }), theGauss hyperge-

ometric functionis defined by

2F1(a, b; c; z) = 1 +
ab

c
· z
1!

+
a(a+ 1)b(b+ 1)

c(c+ 1)
· z

2

2!
+ · · · .

We note that the above series converges absolutely forz ∈ U and hence represents an analytic
function inU (see, for details, [14, Chapter 14]).

Each of the identities (asserted by Lemma 4 below) is well-known (cf., e.g., [14, Chapter
14]).

Lemma 4. For real or complex parametersa, b, andc (c /∈ Z−
0 ),

(2.4)
∫ 1

0

tb−1(1− t)c−b−1(1− zt)−a dt

=
Γ(b)Γ(c− b)

Γ(c)
2F1(a, b; c; z)

(
<(c) > <(b) > 0

)
;

(2.5) 2F1(a, b; c; z) = (1− z)−a
2F1

(
a, c− b; c;

z

z − 1

)
;

(2.6) 2F1(a, b; c; z) = 2F1(a, b− 1; c; z) +
az

c
2F1(a+ 1, b; c+ 1; z);

(2.7) 2F1

(
a, b;

a+ b+ 1

2
;
1

2

)
=

√
π Γ

(
a+ b+ 1

2

)
Γ

(
a+ 1

2

)
Γ

(
b+ 1

2

) .
We now recall a result due to Singh and Singh [11] as Lemma 5 below.

Lemma 5. LetΦ(z) be analytic inU with

Φ(0) = 1 and <
(
Φ(z)

)
>

1

2
(z ∈ U).

Then, for any functionF (z) analytic inU, (Φ ? F )(U) is contained in the convex hull ofF (U).

J. Inequal. Pure and Appl. Math., 6(3) Art. 88, 2005 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


APPLICATIONS OFDIFFERENTIAL SUBORDINATION 5

3. THE M AIN SUBORDINATION THEOREMS AND THE ASSOCIATED FUNCTIONAL

I NEQUALITIES

Unless otherwise mentioned, we shall assumethroughout the sequelthatm is an integer
greater than−p, and that

−1 5 B < A 5 1, λ > 0, n ∈ N0, and p ∈ N.

Theorem 1. Let the functionf(z) defined by(1.1) satisfy the following subordination condition:

−
(1− λ)zp+1

(
Dnf(z)

)′
+ λzp+1

(
Dn+1f(z)

)′
p

≺ 1 + Az

1 +Bz
(z ∈ U).

Then

(3.1) −
zp+1

(
Dnf(z)

)′
p

≺ Q(z) ≺ 1 + Az

1 +Bz
(z ∈ U),

where the functionQ(z) given by

Q(z) =


A

B
+

(
1− A

B

)
(1 +Bz)−1

2F1

(
1, 1;

1

λ(p+m)
+ 1;

Bz

1 +Bz

)
(B 6= 0)

1 +
A

λ(p+m) + 1
z (B = 0)

is the best dominant of(3.1). Furthermore,

(3.2) <

(
−
zp+1

(
Dnf(z)

)′
p

)
> ρ (z ∈ U),

where

ρ =


A

B
+

(
1− A

B

)
(1−B)−1

2F1

(
1, 1;

1

λ(p+m)
+ 1;

B

B − 1

)
(B 6= 0)

1− A

λ(p+m) + 1
(B = 0).

The inequality in(3.2) is the best possible.

Proof. Consider the functionφ(z) defined by

(3.3) φ(z) = −
zp+1

(
Dnf(z)

)′
p

(z ∈ U).

Thenφ(z) is of the form (2.1) and is analytic inU. Applying the identity (1.5) in (3.3) and
differentiating the resulting equation with respect toz, we get

−
(1− λ)zp+1

(
Dnf(z)

)′
+ λzp+1

(
Dn+1f(z)

)′
p

= φ(z) + λ zφ′(z) ≺ 1 + Az

1 +Bz
(z ∈ U).
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6 H. M. SRIVASTAVA AND J. PATEL

Now, by using Lemma 1 forγ = 1/λ, we deduce that

−
zp+1

(
Dnf(z)

)′
p

≺ Q(z)

=
1

λ(p+m)
z−
{

1/λ(p+m)
} ∫ z

0

t

{
1/λ(p+m)

}
−1

(
1 + At

1 +Bt

)
dt

=


A

B
+

(
1− A

B

)
(1 +Bz)−1

2F1

(
1, 1;

1

λ(p+m)
+ 1;

Bz

1 +Bz

)
(B 6= 0)

1 +
A

λ(p+m) + 1
z (B = 0),

by change of variables followed by the use of the identities (2.4), (2.5), and (2.6) (with b = 1
andc = a+ 1). This proves the assertion (3.1) of Theorem 1.

Next, in order to prove the assertion (3.2) of Theorem 1, it suffices to show that

(3.4) inf
|z|<1

{
<
(
Q(z)

)}
= Q(−1).

Indeed, for|z| 5 r < 1,

<
(

1 + Az

1 +Bz

)
=

1− Ar

1−Br
(|z| 5 r < 1)).

Upon setting

G(s, z) =
1 + Asz

1 +Bsz
and dν(s) =

1

λ(p+m)
s{1/λ(p+m)}−1 ds (0 5 s 5 1),

which is a positive measure on the closed interval[0, 1], we get

Q(z) =

∫ 1

0

G(s, z) dν(s),

so that

<
(
Q(z)

)
=
∫ 1

0

(
1− Asr

1−Bsr

)
dν(s) = Q(−r) (|z| 5 r < 1).

Letting r → 1− in the above inequality, we obtain the assertion (3.2) of Theorem 1.
Finally, the estimate in (3.2) is the best possible as the functionQ(z) is the best dominant of

(3.1). �

Forλ = 1 andm = 0, Theorem 1 yields the following result which improves the correspond-
ing work of Liu and Srivastava [3, Theorem 1].

Corollary 1. The following inclusion property holds true for the function classRn,p(A,B):

Rn+1,p(A,B) ⊂ Rn,p(1− 2%,−1) ⊂ Rn,p(A,B),

where

% =


A

B
+

(
1− A

B

)
(1−B)−1

2F1

(
1, 1;

1

p
+ 1;

B

B − 1

)
(B 6= 0)

1− A

p+ 1
(B = 0).

The result is the best possible.
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APPLICATIONS OFDIFFERENTIAL SUBORDINATION 7

Putting

A = 1− 2α

p
, B = −1, λ = 1, n = 0, and m = −p+ 2

in Theorem 1, we get Corollary 2 below.

Corollary 2. If f(z) ∈ Σp,−p+2 satisfies the following inequality:

<
(
− zp+1

{
(p+ 2)f ′(z) + zf ′′(z)

})
> α (0 5 α < p; z ∈ U),

then
<
(
− zp+1f ′(z)

)
> α + (p− α)

(π
2
− 1
)

(z ∈ U).

The result is the best possible.

Remark 1. From Corollary2, we note that, iff(z) ∈ Σp,−p+2 satisfies the following inequality:

<
(
− zp+1 {(p+ 2)f ′(z) + zf ′′(z)}

)
> −p(π − 2)

4− π
(z ∈ U),

then
<
(
− zp+1f ′(z)

)
> 0 (z ∈ U).

This result is the best possible.

The result (asserted by Remark 1 above) was also obtained by Pap [8].

Theorem 2. If f(z) ∈ Σn
p,m(α) (0 5 α < p), then

(3.5) <
(
− zp+1

{
(1− λ)

(
Dnf(z)

)′
+ λ
(
Dn+1f(z)

)′})
> α (|z| < R),

where

R =
(√

1 + λ2(p+m)2 − λ(p+m)
) 1

p+m
.

The result is the best possible.

Proof. We begin by writing

(3.6) −zp+1
(
Dnf(z)

)′
= α+ (p− α)u(z) (z ∈ U).

Then, clearly,u(z) is of the form (2.1), is analytic inU, and has a positive real part inU. Making
use of the identity (1.5) in (3.6) and differentiating the resulting equation with respect toz, we
observe that

(3.7) −
zp+1

(
(1− λ)

(
Dnf(z)

)′
+ λ
(
Dn+1f(z)

)′)
+ α

p− α
= u(z) + λzu′(z).

Now, by applying the following estimate [4]:

|zu′(z)|
<{u(z)}

5
2(p+m)rp+m

1− r2(p+m)
(|z| = r < 1)

in (3.7), we get

(3.8) <

−zp+1
(
(1− λ)

(
Dnf(z)

)′
+ λ
(
Dn+1f(z)

)′)
+ α

p− α


= <

(
u(z)

)
·
(

1− 2λ(p+m)rp+m

1− r2(p+m)

)
.
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8 H. M. SRIVASTAVA AND J. PATEL

It is easily seen that the right-hand side of (3.8) is positive, provided thatr < R, whereR is
given as in Theorem 2. This proves the assertion (3.5) of Theorem 2.

In order to show that the boundR is the best possible, we consider the functionf(z) ∈ Σp,m

defined by

−zp+1
(
Dnf(z)

)′
= α+ (p− α)

1 + zp+m

1− zp+m
(0 5 α < p; z ∈ U).

Noting that

−
zp+1

(
(1− λ)

(
Dnf(z)

)′
+ λ
(
Dn+1f(z)

)′)
+ α

p− α

=
1− z2(p+m) + 2λ(p+m)zp+m

(1− z)2(p+m)
= 0

for

z = R · exp

(
iπ

p+m

)
,

we complete the proof of Theorem 2. �

Puttingλ = 1 in Theorem 2, we deduce the following result.

Corollary 3. If f(z) ∈ Σn
p,m(α) (0 5 α < p), thenf(z) ∈ Σn+1

p,m (α) for |z| < R̃, where

R̃ =
(√

1 + (p+m)2 − (p+m)
) 1

p+m
.

The result is the best possible.

Theorem 3. Letf(z) ∈ Σn
p,m(A,B) and let

(3.9) Fδ,p(f)(z) =
δ

zδ+p

∫ z

0

tδ+p−1f(t)dt (δ > 0; z ∈ U∗).

Then

(3.10) −
zp+1

(
DnFδ,p(f)(z)

)′
p

≺ Θ(z) ≺ 1 + Az

1 +Bz
(z ∈ U),

where the functionΘ(z) given by

Θ(z) =


A

B
+

(
1− A

B

)
(1 +Bz)−1

2F1

(
1, 1;

δ

p+m
+ 1;

Bz

1 +Bz

)
(B 6= 0)

1 +
Aδ

δ + p+m
z (B = 0)

is the best dominant of(3.10). Furthermore,

(3.11) <

(
−
zp+1

(
DnFδ,p(f)(z)

)′
p

)
> κ (z ∈ U),

where

κ =


A

B
+

(
1− A

B

)
(1−B)−1

2F1

(
1, 1;

δ

p+m
+ 1;

B

B − 1

)
(B 6= 0)

1− Aδ

δ + p+m
(B = 0).

The result is the best possible.
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Proof. Setting

(3.12) φ(z) = −
zp+1

(
DnFδ,p(f)(z)

)′
p

(z ∈ U),

we note thatφ(z) is of the form (2.1) and is analytic inU. Using the following operator identity:

(3.13) z
(
DnFδ,p(f)(z)

)′
= δ Dnf(z)− (δ + p)DnFδ,p(f)(z)

in (3.12), and differentiating the resulting equation with respect toz, we find that

−
zp+1

(
Dnf(z)

)′
p

= φ(z) +
zφ′(z)

δ
≺ 1 + Az

1 +Bz
(z ∈ U).

Now the remaining part of Theorem 3 follows by employing the techniques that we used in
proving Theorem 1 above. �

Settingm = 0 in Theorem 3, we obtain the following result which improves the correspond-
ing work of Liu and Srivastava [3, Theorem 2].

Corollary 4. If δ > 0 andf(z) ∈ Rn,p(A,B), then

Fδ,p(f)(z) ∈ Rn,p(1− 2ξ,−1) ⊂ Rn,p(A,B),

where

ξ =


A

B
+

(
1− A

B

)
(1−B)−1

2F1

(
1, 1;

δ

p
+ 1;

B

B − 1

)
(B 6= 0)

1− Aδ

δ + p
(B = 0).

The result is the best possible.

Remark 2. By observing that

(3.14) zp+1
(
DnFδ,p(f)(z)

)′
=

δ

zδ

∫ z

0

tδ+p
(
Dnf(t)

)′
dt (f ∈ Σp,m; z ∈ U),

Corollary 4 can be restated as follows.

If δ > 0 andf(z) ∈Rn,p(A,B), then

<
(
− δ

pzδ

∫ z

0

tδ+p
(
Dnf(t)

)′
dt

)
> ξ (z ∈ U),

whereξ is given as in Corollary4.
In view of (3.14), Theorem 3 for

A = 1− 2α

p
, B = −1, and n = 0

yields

Corollary 5. If δ > 0 and iff(z) ∈ Σp,m satisfies the following inequality:

<
(
− zp+1f ′(z)

)
> α (0 5 α < p; z ∈ U),

then

<
(
− δ

zδ

∫ z

0

tδ+pf ′(t)dt

)
> α + (p− α)

[
2F1

(
1, 1;

δ

p+m
+ 1;

1

2

)
− 1

]
(z ∈ U).

The result is the best possible.
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Theorem 4. Letf(z) ∈ Σp,m. Suppose also thatg(z) ∈ Σp,m satisfies the following inequality:

<
(
zpDng(z)

)
> 0 (z ∈ U).

If ∣∣∣∣Dnf(z)

Dng(z)
− 1

∣∣∣∣ < 1 (n ∈ N0; z ∈ U),

then

<

(
−
z
(
Dnf(z)

)′
Dnf(z)

)
> 0 (|z| < R0),

where

R0 =

√
9(p+m)2 + 4p(2p+m)− 3(p+m)

2(2p+m)
.

Proof. Letting

(3.15) w(z) =
Dnf(z)

Dng(z)
− 1 = κp+mz

p+m + κp+m+1z
p+m+1 + · · · ,

we note thatw(z) is analytic inU, with

w(0) = 0 and
∣∣w(z)

∣∣ 5 |z|p+m (z ∈ U).

Then, by applying the familiar Schwarz lemma, we get

w(z) = zp+mΨ(z),

where the functionΨ(z) is analytic inU and∣∣Ψ(z)
∣∣ 5 1 (z ∈ U).

Therefore, (3.15) leads us to

(3.16) Dnf(z) = Dng(z)
(
1 + zp+mΨ(z)

)
(z ∈ U).

Making use of logarithmic differentiation in (3.16), we obtain

(3.17)
z
(
Dnf(z)

)′
Dnf(z)

=
z
(
Dng(z)

)′
Dng(z)

+
zp+m

{
(p+m)Ψ(z) + zΨ′(z)

}
1 + zp+mΨ(z)

.

Settingφ(z) = zpDng(z), we see that the functionφ(z) is of the form (2.1), is analytic inU,

<(φ(z)) > 0 (z ∈ U),

and
z
(
Dng(z)

)′
Dng(z)

=
zφ′(z)

φ(z)
− p,

so that we find from (3.17) that

(3.18) <

(
−
z
(
Dnf(z)

)′
Dnf(z)

)
= p−

∣∣∣∣zφ′(z)φ(z)

∣∣∣∣−
∣∣∣∣∣zp+m

{
(p+m)Ψ(z) + zΨ′(z)

}
1 + zp+mΨ(z)

∣∣∣∣∣ (z ∈ U).

Now, by using the following known estimates [10] (see also [4]):∣∣∣∣φ′(z)φ(z)

∣∣∣∣ 5 2(p+m)rp+m−1

1− r2(p+m)
and

∣∣∣∣(p+m)Ψ(z) + zΨ′(z)

1 + zp+mΨ(z)

∣∣∣∣ 5 (p+m)

1− rp+m
(|z| = r < 1)

in (3.18), we obtain

<

(
−
z
(
Dnf(z)

)′
Dnf(z)

)
=
p− 3(p+m)rp+m − (2p+m)r2(p+m)

1− r2(p+m)
(|z| = r < 1),
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which is certainly positive, provided thatr < R0,R0 being given as in Theorem 4. �

Theorem 5. Let−1 5 Bj < Aj 5 1 (j = 1, 2). If each of the functionsfj(z) ∈ Σp satisfies
the following subordination condition:

(3.19) (1− λ)zpDnfj(z) + λzpDn+1fj(z) ≺
1 + Ajz

1 +Bjz
(j = 1, 2; z ∈ U),

then

(3.20) (1− λ)zpDnH(z) + λzpDn+1H(z) ≺ 1 + (1− 2η)z

1− z
(z ∈ U),

where

H(z) = Dn(f1 ? f2)(z)

and

η = 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

[
1− 1

2
2F1

(
1, 1;

1

λ
+ 1;

1

2

)]
.

The result is the best possible whenB1 = B2 = −1.

Proof. Suppose that each of the functionsfj(z) ∈ Σp (j = 1, 2) satisfies the condition (3.19).
Then, by letting

(3.21) ϕj(z) = (1− λ)zpDnfj(z) + λzpDn+1fj(z) (j = 1, 2),

we have

ϕj(z) ∈ P(γj)

(
γj =

1− Aj

1−Bj

; j = 1, 2

)
.

By making use of the operator identity (1.5) in (3.21), we observe that

Dnfj(z) =
1

λ
z−p−(1/λ)

∫ z

0

t(1/λ)−1 ϕj(t)dt (j = 1, 2),

which, in view of the definition ofH(z) given already with (3.20), yields

(3.22) DnH(z) =
1

λ
z−p−(1/λ)

∫ z

0

t(1/λ)−1 ϕ0(t)dt,

where, for convenience,

ϕ0(z) = (1− λ)zpDnH(z) + λzpDn+1H(z)

=
1

λ
z−(1/λ)

∫ z

0

t(1/λ)−1 (ϕ1 ? ϕ2)(t)dt.(3.23)

Sinceϕ1(z) ∈ P(γ1) andϕ2(z) ∈ P(γ2), it follows from Lemma 3 that

(3.24) (ϕ1 ? ϕ2)(z) ∈ P(γ3)
(
γ3 = 1− 2(1− γ1)(1− γ2)

)
.
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Now, by using (3.24) in (3.23) and then appealing to Lemma 2 and Lemma 4, we get

<
{
ϕ0(z)

}
=

1

λ

∫ 1

0

u(1/λ)−1<
{
(ϕ1 ? ϕ2)

}
(uz)du

=
1

λ

∫ 1

0

u(1/λ)−1

(
2γ3 − 1 +

2(1− γ3)

1 + u|z|

)
du

>
1

λ

∫ 1

0

u(1/λ)−1

(
2γ3 − 1 +

2(1− γ3)

1 + u

)
du

= 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

(
1− 1

λ

∫ 1

0

u(1/λ)−1(1 + u)−1du

)
= 1− 4(A1 −B1)(A2 −B2)

(1−B1)(1−B2)

[
1− 1

2
2F1

(
1, 1;

1

λ
+ 1;

1

2

)]
= η (z ∈ U).

WhenB1 = B2 = −1, we consider the functionsfj(z) ∈ Σp (j = 1, 2), which satisfy the
hypothesis (3.19) of Theorem 5 and are defined by

Dnfj(z) =
1

λ
z−(1/λ)

∫ z

0

t(1/λ)−1

(
1 + Ajt

1− z

)
dt (j = 1, 2).

Thus it follows from (3.23) and Lemma 4 that

ϕ0(z) =
1

λ

∫ 1

0

u(1/λ)−1

(
1− (1 + A1)(1 + A2) +

(1 + A1)(1 + A2)

1− uz

)
du

= 1− (1 + A1)(1 + A2) + (1 + A1)(1 + A2)(1− z)−1
2F1

(
1, 1;

1

λ
+ 1;

z

z − 1

)
−→ 1− (1 + A1)(1 + A2) +

1

2
(1 + A1)(1 + A2) 2F1

(
1, 1;

1

λ
+ 1;

1

2

)
as z → −1,

which evidently completes the proof of Theorem 5. �

By setting
Aj = 1− 2αj, Bj = −1 (j = 1, 2), and n = 0

in Theorem 5, we obtain the following result which refines the work of Yang [15, Theorem 4].

Corollary 6. If the functionsfj(z) ∈ Σp (j = 1, 2) satisfy the following inequality:

(3.25) <
(
(1 + λp)zpfj(z) + λzp+1f ′j(z)

)
> αj (0 5 αj < 1; j = 1, 2; z ∈ U),

then
<
(
(1 + λp)zp(f1 ? f2)(z) + λzp+1(f1 ? f2)

′(z)
)
> η0 (z ∈ U),

where

η0 = 1− 4(1− α1)(1− α2)

[
1− 1

2
2F1

(
1, 1;

1

λ
+ 1;

1

2

)]
.

The result is the best possible.

Theorem 6. If f(z) ∈ Σp,m satisfies the following subordination condition:

(1− λ)zpDnf(z) + λzpDn+1f(z) ≺ 1 + Az

1 +Bz
(z ∈ U),

then
<
((
zpDnf(z)

)1/q
)
> ρ1/q (q ∈ N; z ∈ U),
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whereρ is given as in Theorem1. The result is the best possible.

Proof. Defining the functionφ(z) by

(3.26) φ(z) = zpDnf(z) (f ∈ Σp,m; z ∈ U),

we see that the functionφ(z) is of the form (2.1) and is analytic inU. Using the identity (1.5)
in (3.26) and differentiating the resulting equation with respect toz, we find that

(1− λ)zpDnf(z) + λzpDn+1f(z) = φ(z) + λ zφ′(z) ≺ 1 + Az

1 +Bz
(z ∈ U).

Now, by following the lines of proof of Theorem 1mutatis mutandis, and using the elementary
inequality:

<
(
w1/q

)
=
(
<(w)

)1/q (
<(w) > 0; q ∈ N

)
,

we arrive at the result asserted by Theorem 6. �

Upon setting

A =

[
2F1

(
1, 1;

1

λ(p+m)
+ 1;

1

2

)
− 1

]
·
[
2− 2F1

(
1, 1;

1

λ(p+m)
+ 1;

1

2

)]−1

,

B = −1, n = 0, and q = 1

in Theorem 6, we deduce Corollary 7 below.

Corollary 7. If f(z) ∈ Σp,m satisfies the following inequality:

(3.27) <
(
(1 + λp)zpf(z) + λzp+1f ′(z)

)
>

3− 2 2F1

(
1, 1; 1

λ(p+m)
+ 1; 1

2

)
2
[
2− 2F1

(
1, 1; 1

λ(p+m)
+ 1; 1

2

)] (z ∈ U),

then

<
(
zpf(z)

)
>

1

2
(z ∈ U).

The result is the best possible.

From Corollary 6 and Theorem 6 (form = −p + 1, A = 1 − 2η0, B = −1, andq = 1), we
deduce the following result.

Corollary 8. If the functionsfj(z) ∈ Σp (j = 1, 2) satisfy the inequality(3.25), then

<
(
zp(f1 ? f2)(z)

)
> η0 + (1− η0)

[
2F1

(
1, 1;

1

λ
+ 1;

1

2

)
− 1

]
(z ∈ U),

whereη0 is given as in Corollary6. The result is the best possible.

Theorem 7. Letf(z) ∈ Σn
p,m(A,B) and letg(z) ∈ Σp,m satisfy the following inequality:

<
(
zpg(z)

)
>

1

2
(z ∈ U).

Then
(f ? g)(z) ∈ Σn

p,m(A,B).

Proof. We have

−
zp+1

(
Dn(f ? g)(z)

)′
p

= −
zp+1

(
Dnf(z)

)′
p

? zpg(z) (z ∈ U).

Since

<
(
zpg(z)

)
>

1

2
(z ∈ U)
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and the function
1 + Az

1 +Bz
is convex (univalent) inU, it follows from (1.6) and Lemma 5 that

(f ? g)(z) ∈ Σn
p,m(A,B).

This completes the proof of Theorem 7. �

In view of Corollary 7 and Theorem 7, we have Corollary 9 below.

Corollary 9. If f(z) ∈ Σn
p,m(A,B) and the functiong(z) ∈ Σp,m satisfies the inequality(3.27),

then
(f ? g)(z) ∈ Σn

p,m(A,B).

REFERENCES

[1] M.K. AOUF AND H.M. HOSSEN, New criteria for meromorphicp-valent starlike functions,
Tsukuba J. Math., 17 (1993), 481–486.

[2] J.-L. LIU AND H.M. SRIVASTAVA, Classes of meromorphically multivalent functions associated
with the generalized hypergeometric function,Math. Comput. Modelling, 39 (2004), 21–34.

[3] J.-L. LIU AND H.M. SRIVASTAVA, Subclasses of meromorphically multivalent functions associ-
ated with a certain linear operator,Math. Comput. Modelling, 39 (2004), 35–44.

[4] T.H. MacGREGOR, Radius of univalence of certain analytic functions,Proc. Amer. Math. Soc., 14
(1963), 514–520.

[5] S.S. MILLER AND P.T. MOCANU, Differential subordinations and univalent functions,Michigan
Math. J., 28 (1981), 157–171.

[6] S.S. MILLER AND P.T. MOCANU,Differential Subordinations: Theory and Applications, Series
on Monographs and Textbooks in Pure and Applied Mathematics, Vol. 225, Marcel Dekker, New
York and Basel, 2000.

[7] M.L. MOGRA, Meromorphic multivalent functions with positive coefficients. I and II,Math.
Japon., 35 (1990), 1–11 and 1089–1098.

[8] M. PAP, On certain subclasses of meromorphicm-valent close-to-convex functions,Pure Math.
Appl., 9 (1998), 155–163.

[9] D.Ž. PASHKOULEVA, The starlikeness and spiral-convexity of certain subclasses of analytic func-
tions, in : H.M. Srivastava and S. Owa (Editors),Current Topics in Analytic Function Theory, pp.
266–273, World Scientific Publishing Company, Singapore, New Jersey, London and Hong Kong,
1992.

[10] J. PATEL, Radii ofγ-spirallikeness of certain analytic functions,J. Math. Phys. Sci., 27 (1993),
321–334.

[11] R. SINGH AND S. SINGH, Convolution properties of a class of starlike functions,Proc. Amer.
Math. Soc., 106(1989), 145–152.

[12] J. STANKIEWICZ AND Z. STANKIEWICZ, Some applications of the Hadamard convolution in
the theory of functions,Ann. Univ. Mariae Curie-Skłodowska Sect. A, 40 (1986), 251–265.

[13] B.A. URALEGADDI AND C. SOMANATHA, New criteria for meromorphic starlike univalent
functions,Bull. Austral. Math. Soc., 43 (1991), 137–140.

[14] E.T. WHITTAKER AND G.N. WATSON,A Course on Modern Analysis: An Introduction to the
General Theory of Infinite Processes and of Analytic Functions; With an Account of the Principal

J. Inequal. Pure and Appl. Math., 6(3) Art. 88, 2005 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


APPLICATIONS OFDIFFERENTIAL SUBORDINATION 15

Transcendental Functions, Fourth Edition (Reprinted), Cambridge University Press, Cambridge,
1927.

[15] D.-G. YANG, Certain convolution operators for meromorphic functions,Southeast Asian Bull.
Math., 25 (2001), 175–186.

J. Inequal. Pure and Appl. Math., 6(3) Art. 88, 2005 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/

	1. Introduction and Definitions
	2. Preliminary Lemmas
	3. The Main Subordination Theorems and The Associated Functional Inequalities
	References

