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1. Introduction

In the paper4], S.S. Dragomir introduced the notion of@-Appell type sequence
of functions as a sequeneg, wy, ..., w,, forn > 1, of real absolutely continuous

functions defined ofu, b], such that
wy, = wg_1, a.e.0na,b], k=1,...,n.

For such a sequence the author proved a generalisation of MitthR&aric integration-
by-parts formula

b
(L.1) [ woltig(tyde = 4, + B,
where .
A =) (=1 [wi(b)g* D (b) — wi(a)g® " (a)]
k=1
and

B = (17 [ w0

for everyg : [a, b]—R such thay™~!) is absolutely continuous dn, b] andw, g™ €
L1[a, b]. Using identity (L.1) the author proved the following inequality

(1.2) < [hwall, 19" 1,

/b wo(t)g(t)dt — A,

for w, € Lyla,b], ¢ € L,la,b], wherep,q € [1,00] and1/p + 1/q = 1, giving
explicitly some interesting special cases. For some similar inequalities, seéjalso [
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[6] and [7]. The aim of this paper is to give a generalization of the integration-by-
parts formula{.1), by replacing thevy-Appell type sequence of functions by a more
general sequence of functions, and to generalize inequaliy, @s well as to prove
some related inequalities.

Integration-by-parts Formula
A. Civljak, Lj. Dedi¢ and M. Mati¢
vol. 8, iss. 4, art. 93, 2007

Title Page
Contents
44 44
< >
Page 4 of 26
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

2. Integration-by-parts Formula for Measures

Fora,b € R, a < b, let C[a, b] be the Banach space of all continuous functions
f : [a,b]—R with the max norm, and/|a, b] the Banach space of all real Borel
measures ofu, b] with the total variation norm. Fqi € M|a, b] define the function
iy la,b] =R, n > 1, by

7 = —1 — )" tdu(s
) = gy [ (697G
Note that , .
jnlt) = gy | (= m(s)s, =2
and , .
|fin (t)] < % lpll, te€la,b], n>1.

The functionj, is differentiable i (t) = fi,-1(t) andf,(a) = 0, for everyn > 2,
while forn =1

u(t) = /[ n(s) =l 1),

which means thafi; (¢) is equal to the distribution function of. A sequence of
functionsP, : [a,b] — R, n > 1, is called au-harmonic sequence of functions on
[a, b] if

P(t)=P,1(t), n>2; Pi(t)=c+(t), tE]la,b,
for somec € R. The sequencéi,, n > 1) is an example of a-harmonic sequence

of functions onfa, b. The notion of au-harmonic sequence of functions has been
introduced in B]. See also]].
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Remarkl. Let w, : [a,b] — R be an absolutely integrable function and fete
M a, b] be defined by
du(t) = wo(t)dt.

If (P,,n > 1) is au-harmonic sequence of functions @pnb|, thenwy, P, ..., P,
is awg-Appell type sequence of functions an b].

Foru € Mla,b] let u = uy — p_ be the Jordan-Hahn decompositionofvhere
w1+ andy_ are orthogonal and positive measures. Then we have p, + p— and

el = Ll (T, 01) = Nl + el = o ([, B]) + o ([a, b]).
The measure € M|a, b] is said to be balanced jif([a, b]) = 0. This is equivalent to
1
el = M=l = 5 Nl -

Measureu € M]a, b] is calledn-balanced ifii, (b) = 0. We see that d-balanced
measure is the same as a balanced measure. We also write

(i) = /[ ), k20
a,b

for the k-th moment of.

Lemma 2.1. For everyf € Cla, bl andu € M|a, b] we have
[ b]f(t)dm(t) =) b]f(t)du(t) — n{a})f(a).
Proof. Definel, J : Cla,b] x M[a,b] — R by

I(f,p) = | f()din(t)

[a,b]
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and
J(fop) = [ b]f(t)du(t) — u({a}) f(a).

Thenl and.J are continuous bilinear functionals, since

(LGl < Al TG )l < 20 F Il

Let us prove that' (f,u) = J(f,u) for every f € Cla,b] and every discrete
measurq: € M|a, b|.

Forz € [a,b] let u = 9, be the Dirac measure at i.e. the measure defined by

J F()do,(t) = f(x).

[a,b]

If a<axz<b, then

3 5 B 0, alt<zx
@) =aath =y | C
and by a simple calculation we have
I(f,6:) = [ f()dfu(t) = [ f@)
[a,b] [a,b]
= | ft) oz ({a}) f(a) = J(f, ).

[a,b]

Similarly, if x = a, then
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and by a similar calculation we have

I(f,00) = [ f(®)diu(t) =0= f(a) - f(a)

[a,b]

= [ f()dda(t) = da({a}) f(a) = J(f.6.).

[a,b]

Therefore, for every € C|a, b] and everyr € [a, b] we havel (f,0,) = J(f,0.).
Every discrete measuyec M a, b] has the form

n = Z Ck(s;rk’
k>1
where(cy, k > 1) is a sequence iR such that
Z |ck| < o0,
E>1

and{zy; k > 1} is a subset ofa, b].
By using the continuity off and.J, for every f € C|a,b] and every discrete
measureg. € M|a, b] we have

f lu —[< ch51k> :chj<f76$k)

k>1 E>1

= chj(fv 5:}%) =J (fv ch62k>
k>1 k>1

= J(f, ).

Integration-by-parts Formula
A. Civljak, Lj. Dedi¢ and M. Mati¢
vol. 8, iss. 4, art. 93, 2007

Title Page
Contents
44 44
< >
Page 8 of 26
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

Since the Banach subspagé[a, b], of all discrete measures is weaklglense
in Mla,b] and the functionald(f,-) and J(f,-) are also weakly continuous we
conclude thaf (f, u) = J(f, ) forevery f € Cla, bl andu € M]a, b]. O

Theorem 2.2.Letf : [a,b] — R be such thay ("~ has bounded variation for some
n > 1. Then for every:-harmonic sequencg’,, n > 1) we have

1) 10t = s () + 5,4 B
where

@2 8= S0 [RGB 0]
and h

(2.3) R,=(-1)" /[ ) P,(t)df "V (¢).

Proof. By partial integration, for, > 2, we have

R,=(-1)" [ P,(t)df™ "
(1) /[ G
— (C1)" [Pa(®) "I (b) — Pu(a) " ()]
—(=1)" [ Poa(t)f" V(t)d
(-1) /[ P07y

= (=1)" [Pua(0) "D (b) = Pu(a)f" "V (@)] + Rocr.
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By LemmaZ2.1we have

Ry — /[ G0

= —[P(b) f(b) = Pu(a) f(a)] + - f(#)dPi(t)
= —[P(b)f(b) — Pu(a)f(a)] + . f(t)din(t)
= — [Py(b)f(b) — Pu(a)f(a)] + - f@)du(t) — p({a})f(a).

Therefore, by iteration, we have

n

Ry =) (=1 [Pu(0) f*D(0) = Pe(a) f*V(a)] +

k=1 [a’b]

f@)dp(t) — p({a}) f(a),

which proves our assertion. O

Remark2. By Remarkl we see that identityX( 1) is a generalization of the integration-
by-parts formula{.1).

Corollary 2.3. Let f : [a,b] — R be such thatf("~! has bounded variation for
somen > 1. Then for every:, € M|a, b] we have

F(t)dp(t) = Su + Ra,
0

where

n

Su= (=1 u(b) f*0(b)

k=1
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and

Ro= (-0 [ jaldr® ).

[a,b}
Proof. Apply the theorem above for the-harmonic sequenacgi,,» > 1) and note
that i, (a) = 0, forn > 2. O

Corollary 2.4. Let f : [a,b] — R be such thatf"=! has bounded variation for
somen > 1. Then for every: € [a, b] we have

) = 30 SIS 0 + Rua),

where [y

Proof. Apply Corollary2.3for . = §, and note that in this case

; (t —ax)"! ;
[I,k(t) = W, X S t S b, and ,uk(t) = 0, a S t < xZ,

Ry(z) =

fork > 1. O

Corollary 2.5. Let f : [a,b] — R be such thatf("~! has bounded variation for
somen > 1. Further, let(c,,, m > 1) be a sequence iR such that

Z|cm| < 0

m>1
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and let{x,,;m > 1} C [a,b]. Then

k 1
Ecmfxm—ggcm Y1)+ em Bl
m>1 m>1 k=1 m>1

whereR,,(x,,) is from Corollary2.4.

Proof. Apply Corollary?2.3for the discrete measufe= ) ., ¢nds,,

Integration-by-parts Formula
A. Civljak, Lj. Dedi¢ and M. Mati¢

vol. 8, iss. 4, art. 93, 2007

Title Page
Contents
44 44
< >
Page 12 of 26
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

3. Some Ostrowski-type Inequalities

In this section we shall use the same notations as above.

Theorem 3.1.Let f : [a,b] — R be such thatf("~Y is L-Lipschitzian for some
n > 1. Then for every:-harmonic sequence’,, n > 1) we have

F(t)du(t) — p(fa}) £ <L/WP ) dt,

[a.b]
wheres,, is defined by{.2).
Proof. By Theorem2.2we have

/[a’b} Pn(t)dﬂ”—l)(t)' < L/ab P, (1)| dt,

which proves our assertion. O]

(3.1)

|Rn| =

Corollary 3.2. If f is L-Lipschitzian, then for everyc R andyu € M|a, b] we have

b
‘ f&)du(t) <L / | + (1)) dt.
[a,b] a

Proof. Putn = 1 in the theorem above and note thatt) = ¢ + ji;(t), for some
ceR. O

— il[a, b)) f(b) — c[f () — f(a)]

Corollary 3.3. If f is L-Lipschitzian, then for every > 0 and ;. > 0 we have
[ 0t = o, 8 £0) = el0) = 1)

< Lle(b—a) + fi2(0)]
< L(b—a)(c+[ull).
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Proof. Apply Corollary 3.2 and note that in this case

b b
[l im@lde= [ fe+ o)

= c(b—a) + fiz(b)
<clb—a)+ (b—a)|ul
= (b - a)(c + HMH) Integration-by-parts Formula

n A. Civljak, Lj. Dedi¢ and M. Mati¢

vol. 8, iss. 4, art. 93, 2007
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for everyz € [a, b].

Proof. Apply Corollary3.2for ¢ = —ji; (). Then

¢+ () = p((z,0),  m(r) = p(la, z])

and
b x b
/ () + fin (1)t = / () — (1)) dt + / (in(t) — fia () dt
= (22 — a = b)u(x) — 2fiz(x) + fi2(D).
]

Corollary 3.6. Let f : [a,b] — R be such thatf™~Y is L-Lipschitzian for some
n > 1. Then for every. € M|a, b] we have

(b—a)"
n!

b
] IRICITCREARY: / (D)) dt < Ll

wheres,, is from Corollary?2.3.
Proof. Apply the theorem above for theharmonic sequenagi,,,n > 1). O

Corollary 3.7. Let f : [a,b] — R be such thatf»~) is L-Lipschitzian for some
n > 1. Then for every: € [a, b] we have

|f<x> -y %ﬂk-”(b)

(b— )"

<
- n!

L.
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Proof. Apply Corollary3.6for ;1 = §, and note that in this case
t — k—1
i) = i< and et =0, a<t<u
(k—1)!
fork > 1. O

Corollary 3.8. Let f : [a,b] — R be such thatf™™~1 is L-Lipschitzian, for some
n > 1. Further, let(c,,, m > 1) be a sequence iR such that

D leml < o0
m>1

and let{x,,;m > 1} C [a,b]. Then

Z Cmf xm Z Z Cm f(k_l)(b>

m2>1 m>1 k=1

L
<23 fenl (6= )"

m>1

< To—ay Y fenl.

m>1
Proof. Apply Corollary3.6for the discrete measufe= 3 -, ¢,0s,,- O
Theorem 3.9.Let f : [a,b] — R be such thaf ™) has bounded variation for some
n > 1. Then for every,-harmonic sequencg’,, n > 1) we have

b

F()dp(t) = p({a})f(a) = S,| < max [P,()] \/ (/")

tela,b]

‘ [a,b]
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where\/’ (f(*~1) is the total variation off "~ on[a, ).

Proof. By Theorem2.2we have

tela,b]

R, = ] /[ b] Pn(t)df("”(t)' < max [P0 \/ (),

which proves our assertion. O]

Corollary 3.10. If f is a function of bounded variation, then for every R and
w € Mla,b] we have

b

< max e+ fn(0) V().

t€(a,b]

F@)dp(t) = p(la, b)) f(b) = c[f(b) = f(a)]

[a,b]

Proof. Putn = 1 in the theorem above. O

Corollary 3.11. If f is a function of bounded variation, then for every> 0 and
1 > 0 we have

f@)dp(t) — p(la, 0]) f(b) — ¢ [f(b) — f(a)]

[a,b]

b
<le+ ull V()
a

Proof. In this case we have

max |e+ fu(t)] = et () = e+ |lul
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Corollary 3.12. Let f be a function of bounded variatiorty,,,, » > 1) a sequence
in [0, c0) such that
S e < o0

m>1
and let{x,,;m > 1} C [a,b]. Then for every: > 0 we have
b
Integration-by-parts Formula
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Corollary 3.14. Let f : [a,b] — R be such thatf™~! has bounded variation for
somen > 1. Then for every, € M|a, b] we have

FO)du(t) — Su| < max | ()] \/ (£

‘ [a,b] t€la,b]

< 2 Ve )

a

wheresS,, is from Corollary?2.3.
Proof. Apply the theorem above for theharmonic sequendgi,,,n > 1). O

Corollary 3.15. Let f : [a,b] — R be such thatf™~! has bounded variation for
somen > 1. Then for every: € [a, b] we have

(@b (b= 2" \'} e
flx) — —f( )| < ~—L f(n
(z) ; (k—1)! (b) (n—1)! \/( ).
Proof. Apply Corollary3.14for ;1 = 4, and note that in this case
B (b _ I)n—l
trél[g}b(] ’Nn( )‘ - (n o 1)‘ :

]

Corollary 3.16. Let f : [a,b] — R be such thatf™~Y has bounded variation for
somen > 1. Further, let(c,,, m > 1) be a sequence iR such that

Z|cm\ < 00

m>1
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and let{x,,;m > 1} C [a,b]. Then

> enflam) = 3 S en B 0

m>1 m>1 k=1

= \/f(” ) Z|c (b
b—a)" ! b 1
<(n_)1) \/ (fnb Z’Cm’

m>1

IN

| /\

Proof. Apply Corollary3.14for the discrete measufe= > -, ¢, O

Theorem 3.17.Let f : [a,b] — R be such thaf™ € L,[a, b] for somen > 1. Then
for everyu-harmonic sequence’,, n > 1) we have

F@)dp(t) — p({a}) f(a) —

[a,]

wherep, ¢ € [1,00] and1/p+1/q = 1.

< [1Pall 11F Iy,

Proof. By Theorem?.2 and the Hélder inequality we have

/ab] (1) df "D (t) /[a,b] Pn(t)f(n)(t)dt‘

< ([mors) ([irora)

= 1 Pull, £ lp-

| Rn| =
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Remark3. We see that the inequality of the theorem above is a generalization of
inequality (L.2).

Corollary 3.18. Let f : [a,b] — R be such thayf™ € L,[a, b] for somen > 1, and

w € Mla,b]. Then

F@)du(t) = Sul < llfally 111

[a,b]
bh— n—1+1/q Integration-by-parts Formula
< (b—a) 77 Il el ||f(n)||p, A. Civljak, Lj. Dedi¢ and M. Mati¢
(n—1!(n—1)g+1] vol. 8, iss. 4, art. 93, 2007
wherep, ¢ € [1,00] and1/p+1/q = 1.
Proof. Apply the theorem above for theharmonic sequendgi,,,n > 1). O Tifle Page

Corollary 3.19. Let f : [a,b] — R be such thatf™ € L,[a,b], for somen > 1.

Contents
Further, let(c,,,m > 1) be a sequence iR such that
D lem| < o0 « 33
m>1
and let{z,,;m > 1} C [a b] Then < >
‘Z e f (@ Z Z cm f(’“ D (b) Page 21 of 26
m>1 H " )nlrl k=1 Go Back
f p 1+1
> lem| (b — 2m)"™ /e Full Screen
(n=1)![(n = 1)g+1]" mz
(b—a)- 1+1/qu u e
l/q Z | m|
(n—1)!(n - 1 journal of inequalities
wherep, ¢ € [1,00] and1 1/q = 1. in pure and applied
P, q € [1,00) /P / q ) mathematics
Proof. Apply the theorem above for the discrete meagure ) -, c;0s,, - O e,
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4. Some Gruss-type Inequalities

Let f : [a,b] — R be such thaf™ ¢ L.[a,b], for somen > 1. Then
mp, < f™(t) < M,, t¢€la,b], ae.

for some real constants,, and\/,,.

Theorem 4.1.Let f : [a,b] — R be such thatf™™ € L.a,b], for somen > 1.
Further, let( Py, k > 1) be apu-harmonic sequence such that

Pt (a) = Py (),

for that particularn. Then

Mn - n b
< iplar

} f@)du(t) — p({a})f(a) — Sn

la,b

Proof. Apply Theorenm?.2for the special case wheft” ! is absolutely continuous
and its derivativef (™) existinga.e., is bounded:.e. Define the measure, by

dv,(t) = —P, (t) dt.
Then ,
vn(la, b]) = — / Py (t)dt = Py (a) — Paya (b) =0,

which means that,, is balanced. Further,

b
loall = [ 122 0t
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and by I, Theorem 2]

b
il =| [ R 1001
Mn — My
< ]
Mn - n b
e NI
2 a
which proves our assertion. ]

Corollary 4.2. Let f : [a,b] — R be such thatf"™ ¢ L.[a,b], for somen > 1.
Then for everyn + 1)-balanced measurg € M|a, b| b we have

mn
/ () dt

M, mn( —a)”
<
<Moo OOy,

F(t)dp(t) — S,

‘ [a,b]

whereS,, is from Corollary?2.3.

Proof. Apply Theorem4.1 for the p-harmonic sequencgi,, £ > 1) and note that
the conditionP,; (a) = P, (b) reduces tqi,; (b) = 0, which means that is
(n + 1)-balanced. O

Corollary 4.3. Let f : [a,b] — R be such thatf™™ ¢ L.[a,b] for somen > 1.
Further, let(c,,,m > 1) be a sequence iR such that

Z|cm\ < 00

m>1
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and let{x,,;m > 1} C [a, b] satisfy the condition

Then

Mn_mn n
s2—n,<b—a> > lenl

m>1
Proof. Apply Corollary4.2for the discrete measufe=} -, ¢,0s,,- O

Corollary 4.4. Letf : [a,b] — R be such thaf™ € L.[a,b] for somen > 1. Then
for everyy € Mla,b], such that allk-moments of. are zero fork = 0,...,n, we

have
m”/|n )| dt

M, —m, (b—a)"
<
- 2 n!
Proof. By [1, Theorem 5], the conditiom(x) = 0,k = 0,...,n
S, = 0. O

f(t)du(t)‘

‘ [a,b]

el

is equivalent

,n + 1. Apply Corollary 4.2 and note that in this case
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Corollary 4.5. Let f : [a,b] — R be such thatf(™ ¢ L.[a,b] for somen > 1.
Further, let(c,,,m > 1) be a sequence IR such that

Z|cm| < 00

m>1

and let{z,,;m > 1} C [a,]]. If

E cm:E cmxm:--'zg cm@y, =0,

m>1 m>1 m>1
then
M, —m, n
Z Cmf(xm) S T Z |Cm| (b - xm)
m>1 n: m>1
Mn — My n
< T(b - a’) m§>:1 |Cm| :
Proof. Apply Corollary4.4for the discrete measufe= 3 -, ¢;ds,,- O
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