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ABSTRACT. We present some sufficient conditions for which a Banach spadas normal
structure in term of the modulus 6f-convexity, modulus of *-convexity and the coefficient
of weak orthogonality. Some known results are improved.
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1. INTRODUCTION

We assume thaX’ and X* stand for a Banach space and its dual space, respectivelyx By
and Bx we denote the unit sphere and the unit ball of a Banach s§acespectively. Let”
be a nonempty bounded closed convex subset of a Banach Spakenapping? : C — C'is
said to be nonexpansive provided the inequality

[Tz — Tyl < ||z —y|

holds for everyz,y € C. A Banach spac« is said to have the fixed point property if every
nonexpansive mapping : C — C has a fixed point, wher€' is a nonempty bounded closed
convex subset of a Banach space

Recall that a Banach spacéis said to be uniformly non-square if there exists- 0 such
that||z + y||/2 < 1-dor|z —y||/2 <1— 0 whenever,y € Sx. A bounded convex subset
K of a Banach spac¥ is said to have normal structure if for every convex subbseif K that
contains more than one point, there exists a point A such that

sup{||zo —yll -y € H} <sup{|lz —yll : 2,y € H}.
A Banach spacg is said to have weak normal structure if every weakly compact convex subset

of X that contains more than one point has normal structure. In reflexive spaces, both notions
coincide. A Banach spack is said to have uniform normal structure if there exists ¢ < 1
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such that for any closed bounded convex subSef X that contains more than one point, there
existsx, € K such that

sup{||lzo —y|| : v € K} < csup{||lz — 9| : z,y € K}.

It was proved by W.A. Kirk that every reflexive Banach space with normal structure has the
fixed point property (seé [9]).

The WORTH property was introduced by B. Simslin/[15] as follows: a Banach spdtas
the WORTH property if

lim {10 + 2] =l = ]| =0
n—oo

for all z € X and all weakly null sequencds:,,}. In [16], Sims introduced the following
geometric constant

w(X) =sup {)\ > 0: A-liminf ||z, + | < liminf ||z, — xH} :

where the supremum is taken over all the weakly null sequeficgsin X and all elements

of X. It was proved tha§ < w(X) < 1. Itis known thatX has the WORTH property if and

only if w(X) = 1. We also note here that X' ) = w(X™*) in a reflexive Banach space (see [7]).
In [1] and [2], Gao introduced the modulus@fconvexity and modulus df*-convexity of

a Banach spac¥, respectively, as follows:

1
Ux(€) := inf{l — §Hx+y|| cx,y € Sy, f(x —y) > e for somef € Vx},

Wx(e) := inf{%f(x—y) cx,y € Sx, ||z — y|| > e for somef e Vx}.

HereV, := {f € Sx- : f(z) = ||z||}. S. Saejung (see [11], [12]) studied the above modulus
extensively, and obtained some useful results as follows :

(1) If Ux(e) > 0orW*(e) > 0 for somee € (0,2), thenX is uniformly non-square.

(2) If Ux(e) > 5 max{0,e — 1} for somee € (0,2), thenX has uniform normal structure.
Further, ifUx(¢) > max{0,e — 1} for somee € (0,2), thenX and X* has uniform
normal structure.

(3) If Wi(e) > : max{0,e — 1} for somee € (0,2), thenX andX* has uniform normal
structure.

In a recent paperl [4], Gao introduced the following quadratic parameter, which is defined as
E(X) = sup {|lz +y[* + [l — y[|* s 2,y € Sx }.

The constant is also a significant tool in the geometric theory of Banach spaces. Furthermore,
Gao obtained the values &f(X') for some classical Banach spaces. In terms of the constant,
he obtained some sufficient conditions for a Banach spatehave uniform normal structure,
which plays an important role in fixed point theory.
In this paper, we will show that a Banach spacénas uniform normal structure whenever
1 —w(X 1 —w(X
Ux(1+w(X)) > % or Wil +w(X)) > %
These results improve S. Saejung’s and Gao’s results. Furthermore, sufficient conditions for
uniform normal structure in terms df (X ) andw(X) have been obtained which improve the
results in[[3].
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2. UNIFORM NORMAL STRUCTURE

As our proof uses the ultraproduct technique, we start by making some basic definitions.
Let be a filter on/. Then,{z;} is said to be convergent towith respect td{, denoted by
limy z; = x, if for each neighborhoodl of z, {i € I : z; € V} € U. Afilter U/ on I is called
an ultrafilter if it is maximal with respect to the ordering of set inclusion. An ultrafilter is called
trivial if it is of the form {A : A C I,i, € A} for somei, € I. We will use the fact that i is
an ultrafilter, then

(1) foranyA C I, eitherAellorl A el
(2) if {x;} has a cluster point, thenlim,, x; exists and equals.

Let {X;} be a family of Banach spaces ahd(7, X;) denote the subspace of the product
space equipped with the norfiiz;)|| = sup,c; ||2:]| < oo. LetU be an ultrafilter or/ and
Ny = {(z;) € lo({,X;) = limy||z;|| = 0}. The ultraproduct of X, };c; is the quotient
spacd.. (I, X;)/Ny equipped with the quotient norm. We will uge,),, to denote the element
of the ultraproduct. In the following, we will restrict our sétto beN (the set ofi/ natural
numbers), and leX; = X, : € N, for some Banach space. For an ultrafilteZ/ onN, we use

Xu to denote the ultraproduct. Note thatifis nontrivial, thenX can be embedded mtkiu
isometrically.

Lemma 2.1(seel5]) Let X be a Banach space without weak normal structure, then there exists
a weakly null sequencgr, }>° ; C Sx such that

lim ||:1cn —z|| =1forall z € co{z,};,
n

Theorem 2.2.1f Ux (1 + w(X)) > H"T(X) thenX has uniform normal structure.

Proof. It suffices to prove thak has weak normal structure whenever

1 —w(X
Ux (1 + w(X)) > %
In fact, since; < w(X) <1, we have
1 X
Ux(G) > W( ) >0

for somee € (0, 2). This implies thatX is super-reflexive, and théiy (¢) = U () (seel[11]).
Now suppose thaX fails to have weak normal structure. Then, by the Lemmp 2.1, there exists
a weakly null sequencgr,, }5°°, in Sx such that

lim ||z, — z|| = 1 forall z € co{x,}.> ;.
Take{f,} C Sx- such thatf, € V, forall n € N. By the reflexivity of X*, without loss

of generality we may assume thft — f for somef € Bx- (where— denotes weak star
convergence). We now choose a subsequenée,gf* ;, denoted again byz, }> ,, such that

. 1 1
i s 2l = 1, (s = D)l < 0 folena) <

for all n € N. It follows that

1171111 fot1(@n) = li7£n<fn+1 — )(@n) + f(25) = 0.

PUtZ = (Zpi1 — Tn)ur § = [W(X)(Zps1 + 20)]u, @andf = (—f,)y. By the definition ofu(X)
and Lemma 2]1, then

Ifl = f@) =z =1
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and
171l = [llw(X)(@nt1 + Zo)lull < [[Tni1 — 20l = 1.
Furthermore, we have

F(@ = §) = Tim(— ) (1 = (X)) @ns1 = (1+w(X))za)
=1+ w(X),

13+ 7 = tim |1+ w(X)) 1 — (1= (X))
> lim( fus1) (1 + 0(X))2001 = (1= w(X))an )

=1+ w(X).
From the definition ot/x (¢), we have

Ux(1 +w(X)) = Ug(1 + (X)) < -8
which is a contradiction. Therefore
Ux(1+w(X)) > 1_+<X)
implies thatX has uniform normal structure. O

Remark 1. Compare to the result of S. Saejung (2). ket 1 + w(X). ThenUx(e) > %
implies thatX has uniform normal structure from Theor2.2. It is well known @ag

w(X) < 1, therefore5;* > %< wheneverw(X) > 3, therefore Theorern 2.2 strengthens the
result of S. Saejung (2).

The modulus of convexity ok is the functiondx (¢) : [0,2] — [0, 1] defined by

oxte) =int {1 = P20y € oyl = )

. |z +
:mf{l i — ezl <Lyl <1, |l —yl > ep.

The functiondx (¢) is strictly increasing offeg (X ), 2]. Hereey(X) = sup{e : dx(¢) = 0} is the
characteristic of convexity ak'. Also, X is uniformly nonsquare provided(X) < 2. Some
sufficient conditions for which a Banach spak¥ehas uniform normal structure in terms of the
modulus of convexity have been widely studied(in [3], [5],/[13],/[18]. It is easy to prove that
Ux(€) > dx(€), therefore we have the following corollary which strengthens Theorem 6 of Gao

[3].
Corollary 2.3. If §x((1 + w(X)) > I_WT(X) thenX has uniform normal structure.

Remark 2. In fact, it is well known that/(X) < e if and only if 6x(¢) > 1 — 5 (see [6]).
Therefore Corollary 2|3 is equivalent &.X') < 1 + w(X) implies thatX has uniform normal
structure (see [7, Theorem 2]). MoreoverXifis the Bynum spack. .., thenX does not have
normal structure andy((1 + w(X)) = PWT(X) Hence Theorem 2.2 and Coroll.3 are
sharp.

It is well known thatey(X) = 2p%.(0). Here, p’x(0) = lim; pXt(t), wherepx(t) is the
modulus of smoothness defined as

t — 1
pX(t):sup{Hx—i_ y||—2k|]x vl —1:x,y€SX}.
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Therefore we have the following corollary.
Corollary 2.4. If 6x(2w(X)) > “"T(X) thenX and X* have uniform normal structure.

Proof. From2w(X) < 1+ w(X) and the monotonicity of x (¢), we have thafX has uniform
normal structure from Corollafy .3. Itis well known thatX) = w(X*) in a reflexive Banach
space. So the inequalityy.(0) < w(X), or, equivalently,eo(X) < 2w(X) imply X* has
uniform normal structure (sele [10], [13]). From the definitiorn@fX ), obviously the condition
Ix(2w(X)) > 1—me implies thate, (X)) < 2w(X). SoX* have uniform normal structure.[]

Theorem 2.5.1f W3 (1 + w(X)) > 24X thenX has uniform normal structure.

Proof. It suffices to prove thak” has weak normal structure wheneVgf (14+w (X)) > 1_me

In fact, since! < w(X) < 1, we havelV;(2¢) > =4 > ( for somee € (0,2). This implies
that X is super-reflexive, and’s (¢) = W;i((e) (seel[12]). Repeating the arguments in the proof

of Theorem 2.2, and = (z,, — 21 )u» 7 = [wW(X) (Tns1 + )], @andf = (f,)u. Then
f(@)=|zl=1 and|y| <1
Furthermore, we have

17 =gl = lim [|(1 + (X)) 21 = (1 = w(X))an]]

> Tim(frs1) (14 0(X)) 2001 = (1= w(X))2n ) = 1+ w(X),

1~ . 1.,
57 =9) = Slim(f) (1= w(X))z, = (1 +w(X))ans)
1 w(X)
- 5 _
However, this implies
1 —w(X
Wil +w(X)) = Wil +w(X)) < %
which is a contradiction. Therefore
1 —w(X
Wi (1 +w(X)) > %
implies thatX has uniform normal structure. 0J

Remark 3. Similarly, the above theorem strengthens the result of S. Saejung (3), whenever
w(X) > 3. SinceWx (¢) > dx(e), therefore we also obtain Corollgry 2.3 from Theofen 2.5.

The following theorem can be found in [14].
Theorem 2.6.Let X be a Banach space, we have
E(X) = sup{e® +4(1 — 6x(€))* : € € (0,2]}
Remark 4. Lettinge — 2~ in Theorenj 2.6, we obtain the following inequality
B(X) > 4+ [eo( X))
Corollary 2.7. If E(X) < 2(1 + w(X))?, thenX and X* have uniform normal structure.
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Proof. From Theore6E(X) < 2(1+w(X))? implies thaty x ((1 +w(X)) > 1_me soX

has uniform normal structure from Corolldry R.3. It is well known th&f) < 2w(X) implies
that X* have uniform normal structure. Therefore, from Renjdri4X) < 4(1 + w(X)?)
implies thatX* have uniform normal structure. Obviously

E(X) <2(1 +w(X))* <4(1 +w(X)?)
implies X* have uniform normal structure. O

Remark 5. In [3], Gao obtained that i/(X) < 1 + 2w(X) + 5(w(X))?, thenX has uniform
normal structure. Comparing the result of Gao and Cordllafy 2.7, we have the following equality

21+ w(X))? — 1 —2w(X) = 5(w(X))* = (1 —w(X))(Bw(X) +1).
Itis well known that; < w(X) < 1, so whenu(X) < 1, we have
(1 —w(X))Bw(X)+1) >0.

Therefore Corollary 2]7 is strict generalization of Gao’s result. Moreover this is extended to
conclude uniform normal structure fof*. In fact repeating the arguments in [7], we have that
E(by, ) = 3+ 2V/2, whereb, ., is the Bynum space which does not have normal structure

andE(X) = 2(1 4+ w(X))? (note thatu(bs, ) = ¥2) Therefore Corollar? is sharp.
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