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ABSTRACT. Inthis paper we will give the behavior of tire-derivative near origin of sine series
with convex coefficients.
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1. INTRODUCTION AND PRELIMINARIES

Let us denote by
(1.2) Z ap sinnx,
n=1

the sine series of the functiofi(z) with coefficientsa,, such thate,, | 0 or a, — 0 and
A%a, = Aa, — Aan41 > 0, Aa, = a, — a,4. It is a known fact that under these conditions,
series[(1.]1) converges uniformly in the interyak « < 27 — 0, V§ > 0 (see[2, p. 95]). In the
following we will denote byg(xz) the sum of the serief (1.1), i.e

(1.2) g(x) = ian sinnx.

Many authors have investigated the behaviors of the sérigs (1.1), near the origin with convex
coefficients. Young in[[9] gave the estimation f@(z)| near the origin from the upper side.
Later Salem (seé [4], [5]) proved the following estimation for the behavior of the fungtion
near the origin

g(.ﬁE) ~ My,
for

<z <

T om=12....
m+1 m
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Hartman and Winter (segl[3]), proved that

na
lim == Z "

holds fora,, | 0. In this context Telyakovskii (see [7]) has proved the behavior near the origin
of the sine series with convex coefficients. He has compared his own results with those of
Shogunbenkov (segl[6]) and Aljancic et al. (s€e [1]).

In the sequel we will mention some results which are useful for further work. Dirichlet’s
kernels are denoted by

n

1 sm(n—i—%)t
D, (t) —§+ZCOSM_W’
k=1 2

~ i cos £ — cos n+l t

D,(t) =) sinkt=—2 : <t ) ,
— 2sm§

and ( )
— 1 t ~ cos (n+ %)t
D, (t) = —=cot = Dnt:——2

(1) = =g cotg + Dult) 2sin L

LetE,(t) =1+ >, e*andE_,(t) = 5 + >_;_, e ** then the following holds:

Lemma 1.1([8]). Letr be a non-negative integer. Then for &l = < 7 and alln > 1 the
following estimates hold

@ |B- (@) <
@ ]D““ )| < =
3) ‘D ‘<47m+0(

).

2. RESULTS

Theorem 2.1. Leta, be a sequence of scalars such that:

(1) a, | 0;
2) 3% n"Aa, < oo, forr=0,1,2,...,

thenfor =5 <z < =, m=1,2,... the following estimate is valid

m\? 3, r—3
Zn an <n:z;+ ) +O{Zan { <—+§> +n’m }}—i—o(m).
Proof. Applying Abel’s transform we obtain
(2.1) g9(r) = Aa,Dy(x)
n=1

whereD, (x) = S r_, sin kx is Dirichlet's conjugate kernel. Let us denote g8 (z) ther—th
derivatives for the functiog. Let

2.2) i Aan D" (),
=1

be ther-th derivatives of the series in the relatipn (2.1).
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From the given conditions in the theorem and Lemima 1.1(2), sgriés (2.2) converges uniformly
in (0, 7], so the following relation holds

(2.3) ¢(@) =Y Aa,D," ()
n=1
From the last relation we have
(2.4) g"(z) = Z Aanﬁn(r) (x) + Z Aanﬁnm (z) = Li(x) + Lx(z).
n=1 n=m+1

In the following we will estimate sumg,(x) and I5(z). Let us start with estimation of the
second sum. From the second condition in Lehmp 1.1, the second condition of the theorem and
fact thatmL+1 <z <, we have

oo nr oo
2.5 I <A - Aa,— <8 "Aay, = :
(2.5) o(z) < Am Z (n—— < 8m Z n"Aa, = o(m)

n=m-+1 n=m-+1

For the first sum we have the following estimation

ZAanD“ )= 30 [BY ) = DY, 0)] = amea D),

n=1

whereD{” (z) = 0. Knowing that
IN)S") (x) — lN?flT,)l(a:) =n'sin (nx + %),

taking into consideration Lemna 1.1 and the conditions in Theprem 2.1, we have

- Z n” sin <nx + %) +O(m May,).
n=1

In the last relation we can use the known fact thatr = = + O(z?) for x — 0. The following
relation then holds

" T " T 3
=Sras(oe 4 ) 10 S (- 5)
;na<nx+2)+ ;na nx+2

Taking into consideration the fact that is a monotone sequence we obtain

mam_—g ndan,

+ 8m" !

from which it follows that
m 1, < 4m'3 Z nla,.
n=1

From the above relations we have the following estimationfor),

(2.6) Ii(z) = nzm:lnran <an + %) +0 {zm; an {nr (n:p + %)3 + n3mr_3] } .

n—=

Now proof of Theorem 2]1 follows fronj (2.4}, (2.5) and (2.6). O

Remark 2.2. The above result is a generalization of that giveriin [7].
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Corollary 2.3. Leta, be sequence of scalars such that | 0. Then for_=- < z < X,
=1,2,...,the following relation holds

- inan:p + 0 <% in?’an) .
n=1 n=1

Theorem 2.4.Let(a,,) be a sequence of scalars such that the following conditions hold:
(1) a, — 0andAa, >0
(2) Y02 n"t A%, < oo, forr=0,1,2,....

Thenfor =5 <z <, m=1,2,... the following estimate is valid

g (z) < M(r) {m’"Jr2 (@ + Aay,] + Z n't! (% + g) Aa, + o(m)} ,

whereM (r) is a constant which depends only an

Proof. Applying Abel’s transform we obtain

inrAan ZA aan < inrﬂA%n < 0.
n=1

=1 n=1
From the convergence of the sergi‘;l n"Aa, and Condition 2 in Lemn‘@.l we obtain that

> Aa, DY) (x)
n=1

converges uniformly iff0, |, so the following relation is valid

g (x Z Aa, D)

From the other side we have that

respectively,

9" (x) = a2m (cot ) - Z Aa,D, " (x) + i Aa,D,"(x)

A (r)
(2.7) =5 (Cot 2) + Ji(z) + Jo(x).
For 7 < x < 7-, we will have the following estimation
AN M 42
(2.8) (cot) < =g < M(ym™2

On the other hand it is known that

D(r ZZ sin <Zl’ + ) < ntl (nx + %) < an 1 (% + g) .

From last two relatlons we have the following estimation fofx),

(2.9) )< Z ! ( ) Aay,.
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In the following we will estimate the second sufs(z). Applying the Abel transform we have
[e%¢) n m—1
- Z A%a, Zﬁim () — Aay, Z D, (x)
n=m =0 1=0
[e%¢) n m—1
=3 Ak, {ZEJ” (2) - ZEJ”(@},
n=m =0

=0
because® " AZa, = Aay,.
Taking into consideration Lemn@ 1, we have the following estimation

i)ﬁim ‘ <47TZ +MZ$+1 < M(r)ymn"*.
=0

In a similar way we can prove that

ni_:l (E(”’(x)) < M(r)ym"™*2.

Now the estimation of/;(x) can be expressed in the following way

(2.10) | Jo(z)] < M(r {m > 0t A%, + mT+2Aam}
= M(r){m""?Aa,, + o(m)}.
The proof of the theorem follows from relations (2.7), {2.B8),](2.9) and [2.10). O

Remark 2.5. The above theorem is a generalization of the result obtainéd in [7], from the upper
side for the case: > 11.

Corollary 2.6. Leta,, — 0 be a convex sequence of scalars. If

™ ™

— <z < —m=>11
m+1 m

then the following estimation holds

m—1 m—1

1
—Cot—+—Zn2Aan<g()<7cot—+ ZnQAan

Remark 2.7. Telyakovskii compared his own results with those given by Hartman, Winter (see

[3]), then with results given by Salem (sée [4], [5]). Taking into consideration Cor¢llary 2.3 and

Corollary[2.6 for the case = 0, we can compare our results with the results mentioned above.
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